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HE Opinions of the Moderns concerning the Author of 
the Elements of Geometry, which go under Euclid's 
name, are very different and contrary to one another. Peter 
Ramus aſcribes the Propoſitions, as well as their Demonſtra- 
tions, to Theon; others think the Propoſitions to be Euclid's, 
but that the Demonſtrations are Theon's; and others main- 
tain that all the Propoſitions and their Demonſtrations are 
Euclid's own. John Buteo and Sir Henry Savile are the 
Authors of greateſt Note who aſſert this laſt, and the greater 
part of Geometers have ever ſince been of this Opinion, as 
they thought if the moſt probable. Sir Henry Savile, after 
the ſeveral Arguments he brings to prove it, makes this Con- 
cluſion (Page 13. Praelect.) That, excepting a very few 
« Interpolations, Explications, and Additions, Theon altered 
„ nothing in Euclid.” But, by often conſidering and com- 
paring together the Definitions and Demonſtrations as they 
are in the Greek Editions we now have, I found that Theon, 
or whoever was the Editor of the preſent Greek Text, by 
adding ſome things, ſuppreſſing others, and mixing his own 
with Euclid's Demonſtrations, had changed more things to 
the worſe than is commonly ſuppoſed, and thoſe not of ſmall 
moment, eſpecially in the Fifth and -Eleventh Books of the 
Elements, which this Editor has greatly vitiated. for inſtance, 
by ſubſtituting a ſhorter, but inſufficient Demonſtration, of 
the 18th Prop. of the gth Book, in place of the legitimate 
one which Euclid had given; and by taking out of this Book, 
beſides other things, the good Definition which Eudoxus or 
Euclid had given of Compound Ratio, and giving an abſurd 
one in place of it in the 5th Definition of the 6th Book, 
which neither Euclid, Archimedes, Appollonius, nor any 
Geometer before Theon's Time, ever made uſe of, and of 
which there is not to be found the leaſt appearance in any of 
their Writings; and, as this Definition did much embarraſs 
' Beginners, and is quite uſeleſs, it is now thrown out of the 
Elements, and another, which without doubt Euclid had 

given, is put in its proper place among the Definitions of the 
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5th Book, by which the Doctrine of Compound Ratios is ren- 
dercd plain and eaſy. Beſides, among the Definitions of the 
11th Book, there is this, which is the 1oth, viz. * Equal 
„and ſimilar ſolid figures are thoſe which are contained by 
* ſimilar planes of the ſame number and magnitude.“ Now, 
this Propofition is a Theorem, not a Definition, becauſe the 
equality of figures of any kind muſt be demonſtrated, and 
not aſſumed, and therefore, tho' this were a true Propoſition, 
it ought to have been demonſtrated, But indeed this Propoſi- 
tion, which makes the 1oth Definition of the 11th Book, 
is not univerſally true, except in the caſe in which each of 
the ſolid angles of the figures is contained by no more than 
three plane angles; for, in other caſes, two ſolid figures may 
be contained by ſimilar planes of the ſame number and magni- 
tude, and yet be unequal to one another; as ſhall be made 
evident in the Notes ſubjoined to theſe Elements. In like 
manner, in the Demonſtration of the. 26th Prop. of ther 1th 
Book, it is taken for granted, that thoſe ſolid angles are e- 
qual to one another which are contained by plane angles of 
the ſame number and magnitude placed in the fame order ; 
but neither is this univerſally true, except in the caſe in which 
the folid angles are contained by no more than three 
plane angles; nor of this caſe is there any Demonſtration in 
the Elements we now have, tho” it be quite neceflary there 4 
ſhould be one. Now upon the1oth Definition of this Book de- 
pend the 25th and 28th Propoſitions of it; and upon the 
25th and 26th depend other eight, viz. the 27th, 3 1ſt. 
32d, 33d, 34th, 36th, 37th, and 4oth of the ſame Book. 
and the 12th of the 12th Book depends upon the 8th of the 
fame, and this 8th, and the Corollary of Propoſition 17th, 
and Prop. 18th of the 12th Book depend upon the gth Defi- 
nition of the 11th Book, which is not a right Definition, be- 
cauſe there may be ſolids contained by the ſame number of ſi- 
milar plane figures, which are not ſimilar unto one another, 
in the true ſenſe of ſimilarity received by all Geometers. and 
all theſe Propoſitions have, for theſe reaſons, been inſuffi- 
ciently demonſtrated ſince Theon's time hitherto. . Befides, 
there are ſeveral other things, which have. nothing of Eu- 
clid's accuracy, and which plainly ſhew that his Elements 
have been much corrupted by unskilful Geometers. and tho? 
theſe are not ſo groſs as the others now mentioned, they 
ought by no means to remain uncorrected. 


Upon 
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Upon theſe Accounts it appeared neceſſary, and I hope 
will prove acceptable to all Lovers of Accurate Reaſoning, and 
of Mathematical Learning, to remove ſuch Blemiſhes, and 
reſtore the principal Books of the Elements to their original 
Accuracy, as far as I was able; eſpecially ſince theſe Elements 
are the Foundation of a Science by which the Inveſtigation 
and * Diſcovery of uſeful Truths, at leaſt in Mathematical 
Learning, is promoted as far as the limited Powers of the 
Mind allow; and which likewiſe is of the greateſt Uſe in the 
Arts both of Peace and War, to many of which Geometry is 
abſolutely neceſſary. This I have endeavoured to do by 
taking away the inaccurate and falſe Reaſonings which un- 
skilful Editors have put into the place of ſome of the genuine 
Demonſtrations of Euclid, who has ever been juſtly celcbra- 
ted as the moſt accurate of Geometers, and by reſtoring 
to him thoſe Things which Theon or others have ſuppreſſed, 
and which have theſe many Ages been buried in Oblivion. 

In this third Edition, Ptolomy's Propoſition concerning a 
property of quadrilateral figures in a circle is added at the 
end of the ſixth Book, Alſo the Note on the 29th Prop. 
Book 1, is altered, and made more explicit, And a more 
general Demonſtration is given inſtead of that which was in 
the Note on the 1oth Definition of Book 11th. beſides the 
Tranſlation is much amended by the friendly aſſiſtance of a 
learned Gentleman, 

To which is alſo added, the Elements of Plain and Sphe- 
rical Trigonometry, which are commonly taught after the 
Elements of Euclid. 
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Point! is that which ta no parts, or which hath no gte Notes. 


magnitude. 
b ie 
A line is length without breadth. 
X III. 
* extremities of a line are points. 
J IV. 
A ſtraight line is that which lies evenly between its extreme 
| 3 points. | Bas eK EC f — —  — — e 
= 
A ſuperficies | is that which hath only length and breadth. 
VI. 
The extremities of a ſuperficies are lines, 
VII. 


A plane ſuperficies is that in which any two points being taken, 3% N. 
the ſtraight line between them lies wholly in that ſuperficies. 
VIII. 


* A plane angle is the bo of two lines to one ano- gee N. 
ther in a plane, which meet together, bus are not in the 


** ſame direction. 5 5 
„ "Op 
A plane rectilineal angle is the inclination &* two frraight 


lines to one another, which meet together, bug 2 are not in 
the ſame ſtraight line, 9 ; 
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N. B. When ſeveral angles are at one point B, any one 
* of them is expreſſed by three letters, of which the letter that 
is at the vertex of the angle, that is, at the point in which 
* the ſtraight lines that contain the angle meet one another, 1s 
put between the other two letters, and one of theſe two is 
* ſomewhere upon one of thoſe ſtraight lines, and the other 
* upon, the other line, thus the angle which is contained by 
* the ſtraight lines AB, CB is named the angle ABC, or CBA; 
that which is contained by AB, DB is named the angle 
* ABD, or DBA; and that which is contained by DB, CB is 
called the angle DBC, or CBD. but if there be only one angle 
* at a point, it may be expreſſed y a letter placed at that point; 
* as the angle at E. 


* 


" 
When a ſtraight line ſtanding on ano- 
ther ſtaight line makes the adjacent 9 | 
_ angles equal to one another, each of 
the angles 1s called a right angle; 
and the ſtraight line which ſtands 5 5 
on the other is called a perpendicu- * oy 
lar to it. 
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An obtuſe angle is that which is greater than a right angle. 


XII. 
An acute angle is that which is leſs than a right angle, 
XIII. | 
te A term or boundary, i is the extremity of any thing,” 2 
XIV. 
4 baue is chat which i is incloſed by c one or more boundaries. 
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OF EUCLID, | 
- XV. Book I. 
A circle is a plane figure contained by one line, which is cal- WNW 
led the circumference, and is ſuch that all ſtraight lines 
drawn from a certain point within the figure to the circum- 
ference, are equal to one another, 


one 
that . 
hich * ihe omits 72 £44 wth A £ 
eri | y EY 
VO is 4 A 
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BA; XVI. 
ngle | And this point is called the center of the circle, 
nole , i A diameter of a circle is a ſtraight line drawn thro? the center, See N. 
Int; | and terminated both ways by the circumference, 
XVIII. 
A ſemicircle is the figure contained by a diameter and the part 
of the circumference cut off by the diameter, 
— XIX. 
A ſegment of a circle is the figure contained by a ſtraight 
line and the circumference it cuts off,” 
; * * 
— Rectilineal figures are thoſe which are contained by e 
| lines, | ] 
le Trilateral figures, or triangles, by three ſtraight lines, 
DON XXII. 
Quadrilateral, by four ſtraight lines. 
+ RXXIIL. - 
Multilateral bens « or Polygons, by more than four ſtraight Þ- 
lines. 
XXV. N 
Of three ſided figures, an equilateral triangle is that which has 
three equal ſides, 
5 An iſoſceles triangle, is that which alda c. two ſides equal. 
aries. . | A 2 I, 
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A ſcalene triangle, is char which wet three unequal ſides. 
XXVII. 
A right angled triangle, is that which has a right angle. 
XVXVIII. 
An obtuſe angled triangle, is that which has an obtuſe angle. 


Lia £2 


An acute e angled triangle, is that which has three acute angles, T 
XXX, 
Of four ſided figures, a ſquare is that which has all its ſides 
equal, and all its angles right angles, A 
| 
| 
J TL MISS FE 
XXXI. 
An oblong is that which has all its angles right angles, but 5 
g not all its ſides equal. It 
I. 
4 rhombus i is that which has all its ſides equal, but its s angles Ii 
are not right angles, 
1 I 
a I 
1 
XXIII. | ; 
see N. A rhomboid is that which has its oppoſite ſides equal to one 1 
another, but all its fides are not Foes nor its angles right 
. angles. 1 N 
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OF EUCLID. 
XXXIV, 


ziums. | 
XXXV. 
Parallel ſtraight lines, are ſueh- as are in the ſame plane, and 
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| | I. 
ET it be granted that a ſtraight line may be drawn from 
any one point to any other point, 


That a terminated ſtraight line may be produced to any length 
in a ſtraight line. | 
III. 
And that a circle may be deſcribed from any center, at any di- 
ſtance from that center. 


. 


I. 
HIN GS which are equal to the ſame are equal to one an- 
other. 


3 II. 
If equals be added to equals, the wholes are equal. 
III. 
If equals be taken from equals, the remainders are equal. 
If equals be added to unequals, the wholes are unequal. 
KW V. 7 
If equals be taken from unequals, the remainders are unequal, 
„ | 
Things which are double of the ſame, ark equal to one another, 
VII. 


Things which are halves of the ſame are equal to one another, 


VIII, 


Magnitudes which coincide with one another, that is, which 


exactly a the ſame ſpace, are equal to one another, 


A 3 _ 


Book 


5 
I. 
All other four ſided francs beſides theſe, are called TIO inn 


which being produced ever fo far both ways, do x not meet. 
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88 T HE ELEMENTS | 
Bock J. - 
9 The whole is greater than its part. 
X. 
Two firaight CA 1% | ; : 
All right angles are equal t to one another, ; 8 


XII. 
If a ſtraight line meets two ſtraight lines, ſo as to make the 
two interior angles on the ſame fide of it taken together 
* leſs than two right angles, theſe ſtraight lines being con- 
% tinually produced, ſhall at length meet upon that fide on 
* which are the angles which are leſs than two right angles. 


i 


45 See the notes on Prop, 29. of Book I.“ 
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CA, C;; to the points A, B. ABC 


required to draw from the point A a ſtrai er line _ to BC. 


the ſtraight line AB; and upon 


the center B, at the diſtance BC 
deſcribe 4 the circle CGH, and 


: 


or 10 CLI... EY 
| | | oe id lane, La oct 1 
PROPOSITION I. PROBLEM, be 


O deſcribe an equilateral triangle upon a given finite 
ſtraight line. 


Let AB be the given ſtraight line, it is 8 to deſcribe 
an equilateral triangle upon it. 

From the center A, at the di- 
ſtance AB, deſcribe “ the circle 
BCD. and from the center B, at 
the diſtance BA, deſcribe the 
circle ACE; and from the point 
C in which the circles cut one 
another draw the ſtraight lines d 


ſhall be an equilateral triangle. 
Becauſe the point A is the center of the circle BCD, AC is 

equal © to AB, and becauſe the point B is the center of the. ig De- 

circle ACE, BC is equal to BA. but it has been proved that CA Fnition. 

is equal to AB; therefore CA, CB are each of them equal to 

AB. but things which are equal to the ſame are equal to one 

another; therefore CA is equal to CB, wherefore CA, AB,, ., Axic 

BC are equal to one another. and the triangle ABC is there: om. 

fore equilateral, -and it is deſcribed upon the given ftraight 

line AB. Which was required to be done. 


PROP. k. PROB. © Ob 
ROM a given point to draw a ſtraight line equal t to +», 
a given ſtraight line, 


Let A be thegiven point, and BC the given raight line; it is 
From the point A to B draw a 


it deſcribe ® the equilateral triangle 
DAB, and produce © the ſtraight 
lines DA, DB to E and F; from 


from; the center D, at the diſtance 
DG Yeſcribe the circle GK L. AL 
be equal ta B. | 
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AL Becauſe the point B is the center of the circle CGH, BC 15 

e, 15. Def. equal © to BG, and becauſe D is the center of the circle GKL, 
DL is equal to DG, and DA, DB parts of them are equal ; 

f.3. AX therefore the remainder AL is equal to the remainder f BG. 

| but it has been ſhewn that BC is equal to BG; wherefore AL 
and BC are each of them equal to BG. and things that are 
equal to the ſame are equal to one another; therefore the 
ſtraight line AL is equal to BC, Wherefore from the given 
point A a ſtraight line AL has been drawn equal to the given 
ſtraight line BU, Which was to be done, 


PROP. III. PROB. 
ROM the greater of two given ſtraight lines to cut 


off a part equal to the leſs. 


43D Let AB and C be the two gi- 

| ven ſtraight lines, whereof AB is 
the greater, It is required to cut 
off from AB, the greater, a part 
equal to C the leſs. 

a. 2. I From the point A draw a the 
ſtraight line AD equal to C; 
and from the center A, and at 5 
the diſtance AD deſcribe ® the cles | DEF. and becauſe A is 

the center of the circle DEF, AE ſhall be equal to AD. but 
the ſtraight line C is likewiſe equal to AD. whence AE and 
C are each of them equal to AD. wherefore the ſtraight line 
AE is equal to © C, and from AB the greater of two ſtraight 

| lines a part AE has been cut off equal to C che leſs. Which 
was to be done. ee . e, 

* PROP. IV. THEOREM. 
F two trhngles have two ſides of the one equal to two 


ſi des of the other, each to each; and have likewiſe 
the angles contained by thoſe ſides equal to one another: 
they fh that likewiſe have their baſes, or third fides, equal; 


Fand the two. triangles ſhall be equal; and their other 
angles ſhall be equal, each to each, j viz. thoſe t hes 


the equal ſides are oppoſite.) Ai, fo, 41. 


Let ABC, DEF be t riangles wi which have the ewaſlides 
N AC 2 to the two ſides DE, DF, each to enchs an , 
. B 
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b. 3. Poſt. 
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C is AB to DE, and AC to DF; D Book I. 
KL. and the angle BAC equal to A | i 
ual ; the angle EDF. the baſe BC 
BG, ſhall be equal to the baſe 
AL EF; and the triangle ABC ; 
axe to the triangle DEF; and 
the the other angles, to which the | 
ziven equal ſides are oppoſite, ſnall. — — 
Ven =. equal, each Ku out VIZ, B CE F 
the angle ABC to the angle DEF, and the angle ACB to DFE. 
For if the triangle ABC be applied to DEF fo that the point 
cut A may be on D, and the ſtraight line AB upon DE; the point 
B ſhall cojncide with the point E, becauſe AB is equal to DE. 
and AB coinciding with DE, AC ſhall coincide with DF, be- 
cauſe the angle BAC is equal to the angle EDF. wherefore 
alſo the point C ſhall coincide with the point F, becauſe the 
ſtraight line AC is equal'to DF. but the point B coincides with. | 
the point E; wherefore the baſe BC ſhall coincide with the baſe . 
EF. becauſe the point B coinciding with E, and C with F, if 5 
| the baſe BC does not coincide with the baſe EF, two ſtraight _ 
lines would incloſe a ſpace, which is impoſſible “. Therefore . 
_ the baſe. BC ſhall coincide with the baſe EF, and be equal 9 
8 to it. Wherefore the whole triangle ABC ſhall coincide with 
but the whole triangle DEF, and be equal to it; and the other 
a angles of the one ſhall coincide with the remaining angles of 
1 5 the other, and be equal to them, viz. the angle ABC to the 
ight angle DEF, and the angle ACB to DFE. Therefore if two tri- 
hich angles have two ſides of the one equal to two fides of the other, 
E 3, each to each, and have likewiſe the angles contained by thoſe 
* fides equal to one another; their baſes ſhall likewiſe be equal, 
+ and the triangles be equal, and their other angles to which the + 
FEY equal ſides are oppoſite, ſhall be equal, each to each. -Which 
wiſe was to * demonſtrated. 1 N 
. | PROP. v. THEOR. +: 
1 HE angles at the baſe of an Iſoſceles triangle ar 
lich qual to one another; and if the equal ſides he p 4 
g "N =; the "PS pon the other ſide of the baſe that be ; 
cqu "3 ©. £ 


AD ; 1 ABC be an \ Voſceles Ro 1 Which the ade AB is & 
a 2 EN "BEA oy. 
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Book I. qual to AC, and let the ſtraight lines AB, AC be produced to 


D and E. the angle ABC {hall be equal to the angle ACB, 
and the angle CBD to the angle BCE, 


In BD take any point F, and from AE, the greater, cut off 

* 3.1 AG equal to AF, the leſs, and join FC, GB. 
Becauſe AF is equal to AG, and AB to AC; the two ſides 
FA, AC are equal to the two GA, AB, each to each; and 


A | 


they contain the angle FAG com- 
mon to the two triangles AFC, 
AGB; therefore the baſe FC is e- 
b. 4 1, Jon > to the baſe GB, and the tri- 
AFC to the triangle AGB; 
0 the remaining angles cf the one 
are equal to the remaining angles 
of the other, each to each, to which 
the equal ſides are oppoſite; viz. 
the angle ACF to the angle ABG, 
and the angle AFC to the angle D 
£ AGB. and becauſe the whole AF 8 
| is equal to the whole AG, of which the parts AB, AC are 
equal; the remainder BF ſhall be equal © to the remainder CG. 
and FC was proved to be equal to GB; therefore the two ſides 
BF, FC are equal to the two CG, GB, each to each; 'and the 
angle BFC is equal to the angle CGB; and the baſe BC is 
common to the two triangles BFC, CGB; wherefore the tri- 
angles are equal®, and their remaining angles, each to each, to 
which the equal ſides are oppoſite. therefore the angle FBC is 
equal to the angle GCB, and the angle BCF to the angle CBG. 
and ſince it has been demonſtrated that the whole angle ABG 
is equal to the whole ACF, the parts of which, the angles CB,. 
BCF are alſo equal ;- he remaining angle ABC is therefore “ 
qual to the remaining angle ACB, which are the angles at the 
baſe of the triangle ABC. and it has alſo been proved that the 
equal to the angle GG. which are the angles up- 
on the ger ſide of the baſe. Thi ore the * at che baſe, | 
„ 
OLLARY. Hence every equilateral ba alſo ocquiangular. | 
- PROP. VI THEOR. 5 N 
Ir co angles of a triangle be equal to one anbtbet e 4 


elo which ſubtend, or are oppoſite to, the e. 2 


e. 3. Ax. 


a. * * 
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OF EUCLID. 2 
Let ABC be a triangle having the angle ABC equal to the Book I. 
ngle ACB; the fide AB is alſo equal to the fide ac. 
For if AB be not equal to AC, one of them is greater than 

he other. let AB be the greater, and from it cut“ off DB e- * © 
ual to AC, the leſs, and join DC. there- A 
fore becauſe in the triangles DBC, ACP, - 

DB is equal to AC, and BC common to | 
both, the two ſides DB, BC are equal to 
the two AC, CB, each to each; and the 
angle DBC is equal to the angle ACB; 
therefore the baſe DC is equal to the 
baſe AB, and the triangle DBC is equal B C 
to the triangle* ACB, the leſs to the n 
greater; which is abſurd. Therefore AB is not unequal to AG, 
that is, it is equal to it. Whefore if two angles, &c. Q. E. D. 28 
Cor. Hence every equiangular triangle is alfo equilateral. 


PROP. VII. I H E OR. 
PON the ſame baſe, and on the ſame ſide of it, see N. 


there cannot be two triangles that have their ſides 
which are terminated in one extreniity of the baſe equal 
to one another, and likewiſe thoſe which are terminated 
in the other extremity. | 


It it be po6ſlible, let there be two triangles ACB, ADB up- 
on the Mme baſe AB, and upon the ſame ſide of it, which have | © 
their ſides CA, DA, terminated in the extremity A of the 

baſe, equal to one another, and like- Ci 

wile their ſides CB, DB that are ter- 
minated in B, 

Join CD; then; in the cafe in 
which the Vertex of cach of the tri- 
angles is without the other triangle, 
becauſe AC is equal to AD, the angle 
ACD is equal * to the angle ADC: 
but the angle ACD is greater than 
the angle BCD, therefore the angle 5 | 
ADC is greater alſo than BCD; much mo then is the 3 
BDC greater than the angle BCD. again, becauſe CB; is equal 
to DB, the angle BDC is equal * to the angle BCD; but it has 
I 2 pm to be _— than it; which is 8 


=” 


THE ELEMENTS | 

But if one of the Vertices, as D, be within the other tri- 
angle ACB; produce AC, AD to E, F. E. 
therefore becauſe AC is equal to AD F 
in the triangle ACD, the angles ECD, 
FDC upon the other fide of the baſe 
CD are equal“ to one another; but the 
angle ECD is greater than the angle 
BCD; wherefore the angle FDC is like- 
wiſe greater than BCD; much more 
then is the angle BDC greater than the A B 
angle BCD. again, becauſe CB is equal | 
to DB, the angle BDC is equal a to the angle BCD; but BDC 
has been proved to be greater than the ſame BCD, which is 
impoſſible, 'The caſe in which the Vertex of one triangle is 
upon a ſide of the other, needs no demonſtration. 

Therefore upon the ſame baſe, and on the ſame ſide of it, 
there cannot be two triangles that have their ſides which are 
terminated in one extremity of the baſe equal to one another, 
and likewiſe thoſe which are terminated in the other extre- 


mity. Q. E. D. 


PROP: VII. THE OR. 
F two triangles have two ſides of the one equal to 
two ſides of the other, each to each, and have like- 
wiſe their baſes equal; the angle which is contained by 


the two ſides of the one ſhall be equal to the ane con- 
tained by the two ſides equal to them, of the other. 


Let ABC, DEF be two triangles having the two ſides AB, 
AC equal to the two ſides DE, DF, dach to each, viz. - AB, a 


DE, and AC to 
DF; and alſo the A | D G 
baſe BC equal to MO EEE nd 
the baſe EF. The 
angle BAC is e- 
qual to the angle 
EDF. 


A ? 3 " 7 8 
f * bp 
. * . , * * WW Y 
- 4 o = ” 


point 


For if the tri- — L— TERA 
angle ABC be ap- B | CE.. TIE F 
plied to DEF, ſo that the point B be on E. bg" as ſtraight 


hos NE Ppon EF; the point- & ſhall alſo coincide with the 


z0int 

Nich 1 
he b⸗ 
A 7 
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OF EUCLID. 4 
Point F, becauſe BC is equal to EF. therefore BC coinciding Book I. 

rich EF, BA and AC ſhall coincide with ED and DF. for * 
he baſe BC coincides with the baſe EF, but the ſides BA, 
A do not coincide with the ſides ED, FD, but have a diffe- 
rent ſituation, as EG, FG; then upon the ſame baſe EF, and 
pon the ſame ſide of it, there can be two triangles that have 
heir ſides which are terminated in one extremity of the baſe 
qual to one another, and likewiſe their ſides terminated in the 


other extremity. but this is impoſſible “. therefore if the baſe a. 7. r. 
BC coincides with the baſe EF, the fades BA, AC cannot but 


er tri- 


3 coincide with the ſides ED, DF; wherefore likewiſe the angle 
BAC coincides with the angle EDF, and is equal ® to it. There - b. 8. Ax. 
BDC fore if two triangles, &, Q. E. D. 
ns PROP.IX. PROB. | 
ct O biſect a given rectilineal angle, that is, to divide 
of it, it into two equal angles. 
1 are Len BAC be the given rectilineal angle, it is required to bi- 
ther, Ned it. 
xtre- Take any point D in AB, and from AC cut * off AF Ea. 3. 2. 
| Wqual to AD; join DE, and upon it A 
deſcribe® an equilateral triangle DEF, | b. 1. t. 
hen join AF, the ſtraight line AF 
il to Mibiſects the angle BAC. 
ike- = Becauſe AD is equal to AE, and 
by is common to the two triangles 
con- Af, EAT; the two ſides DA, AF 
re equal to the two ſides EA, AF, 
ach to each; and the baſe DF is e- . | or 
AB, qual to the baſe EF; therefore the angle DAF is equal © toc. 8, r. 


he angle EAF. whartiare the given rectiffncal angle BAC is 
d by the ſtraight line AF, Which Has to be done. 


PROP, X. PRO B. 
O biſect a given finite ſtraight line, that is, todivide 
it into two equal parte. 


Let AB be the given ſtraight line; 5 it is required to > divide 
into two equal parts. 
Deſcribe = upon it an equilateral triangle ABC, and biſeet , + 1. 1, 


© the angle ACB by the I line CD. AB is cut into two u. 5. 
the | 22 75 
F === 
og Wong 
M 
5 


14 


Book I. 
common to the two triangles ACD, 


THE ELEMENTS 
Becauſe AC is equal to CB, and Co C 


BCD; the two ſides AC, CD are equal 
to BC, CD, each to each; and the angle 
ACD is equal to the angle BCD; there- 
fore the baſe AD is equal to the baſe © 
DB, and the ſtraight line AB is divided £ N 
into two equal parts in the point D. A D B 
Which was to be done. ; 


PROP. XI. PROB. 


| O draw a ſtraight line at right angles to a given 
{ſtraight line, from a given point in the ſame, 


Let AB be a given ſtraight line, and C a point given in it; it 
is required to draw a ſtraight line from the point C at right 


angles to AP, 
Take any point D in AC, and mals CE equal to CD, and 
upon DE deſcribe * the equilate- F 


ral triangle DFE, and join FC. 
the ſtraight line FC drawn from 
the given point C, is at right 
angles to the given ſtraight line 
AB. 

Becauſe DC is equal to CE, 
and FC common to the two tri- A C E B 
angles DCF, ECF; the two ſides | | 
DC, CF are equal to the two EC, CF, each to each; and the 
baſe DF is equal to the baſe EF; therefore the angle DCF is 
equal © to the angle ECF; and they are adjacent angles, but 


when the adjacent angles which one ſtraight line makes with 


another ſtraight line are equal to one another, each of them 


is called a right * angle; therefore each of the angles DCF, | F 
ECF is a right angle, wherefore from the given point Cin Wl 
the given ſtraight line AB, FC has been drawn at right angles Ay 


to AB. Which was to be done, 
Cor. By help of this Problem it may be demonſtrated that 


two ſtraight lines cannot have a common ſegment, 
If it be poſſible, let the two ſtraight lines ABC, ABD 8 


the ſegment AB common to both of them. from the point B 


draw BE at Tight 3pHcs to AB; and becauſc ABC i is à ſtraight 
| 2 "ne, 


* NE 
= - 
— * "TP * 
-* 


OF EUCLID. 15 
ine, the angle CBE is equal“ to . Book I. 
he angle EBA; in the ſame E | | Oe: 
Wmanner,becauſe ABD is a ſtraight | 
une, the angle DBE is equal to | 
the angle EBA. wherefore the | 

| 


1 t. 


angle DBE is equal to the angle | 


CBE, the leſs to the greater ; D 


B which is impoſlible, therefore N RE B A C 
two ſtraight lines cannot have a "de 
common ſegment, | 

PROP. XI. PROB. 
O draw a {traighr line perpendicular to a given 

given 
. ſtraight line of an unlimited length, from a given 
7 point without it. 
n it; it Let AB be che given ſtraight line, which may 1 produced 
t right to any length both ways, and let C be a point without it. It is 

required to draw a ſtraight line 
D, and perpendicular to AB from the 


point C. 

Take any point D upon the 
other ſide of AB, and from 
che center C, at the diſtance 
= CD, deſcribe © the circle EGF 
meeting AB in F, G; and bi- 
ſect FG in H, and j join CF, CH, CG, the ſtraight line CH c. to. t. 
drawn from the given point C, is perpendicular to the given 
ſtraight line AB. 


Becauſe FH is equal to HG, and HC common to the two 
DCF is enge FHC, GHC, the two ſides FH, HC are equal to the : 
es. but two GH, HC, each to cach; and the baſe CF is equal d to the d. 15. Det. 
es with 5 baſe CG; therefore the angle CHEF is equal to the angle HG; * 
pF them ad they are adjacent angles. but when a ſtraight line Handing* 2 
8 DC, aa a ſtraight line makes the adjacent angles equal to one ano- 
u Cin her, each of them is a right angle, and the ſtraight line which ** 
ae Wtznds upon the other is called a perpendicular to it, there- 
3 Tore from the given point C a perpendicular CH has been 
ted that ; drawn to the given ſtraight line AB, Which was to be donc. | 
D have PROP. XI. THEOR. : | 
point B T HE angles which one ſtraight line makes with ano- 
ſtraight ther upon one {ide of it, are either two right angles, 


or arc together equal to. two right angles, . 


Ls 
. [4 
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Book T. Let the ſtraight line AB make with CD, upon one ſide of , 
it, the angles CBA, ABD; theſe are either two right angles, 
or are together equal to two right angles. J 


a. Def. 1. For if the angle CBA be equal to ABD, each of chem is a right* 


E 
| A 


DO- 6 8 22 . 
J 


* 


angle. but if not, from the point B draw BE at right angles“ 
to CD. therefore the angles CBE, EBD are two right angles* 
and becauſe CBE is equal to the two angles CBA, ABE toge- 
ther; ddd the angle EBD to each of theſe equals. therefore 
the angles CBE, EBD are equal © to the three angles CBA, 
ABE, EBD. again, becauſe the angle DBA is equal to the 
two angles DBE, EBA, add to theſe equals the angle ABC; 
therefore the angles DBA, ABC are equal to the three angles 
DBE, EBA, ABC. but the angies CBE, EBD have been de- 
monſtrated to be equal to the ſame three angles; and things 
that are equal to the ſame arqęqual © to one another; there» 
fore the angles CBE, EBD are equal to the angles DBA, 
ABC. but CBE, EBD are two right angles; therefore DBA, 
ABC are together equal to two right angles. Wherefore when 
a ſtraight line, &c. Q. E. D. 
PROP. NV. T H EUR | 

F at a point in a ſtraight line, two other ſtraight lines 

upon the oppoſite ſides of it, make the adjacent angles 
together equal to two right angles, theſe two ſtraight 
lines ſhall be in one and the ſame ſtraight line. 

At the point B in the ſtraight | 
line AB, let the two ſtraight lines | A. 
BC, BD upon the oppoſite ſides | 
of AB, make the adjacent angles 
ABC, ABD equal together to ER 
two right angles. BD is in the 
tame ſtraight. line with CB, by 

For if-BD be not in the ſame C ; TI 
ſtraight line with CB, let BE be 


OF EUCLID. 


in the ſame ſtraight line with it. therefore becauſe the ſtraight Book I 
line AB makes angles with the ſtraight line CBE, upon one 

fide of it, the angles ABC, ABE are together equal“ to two a. 13. 1. 
right angles; but the angles ABC, ABD are likewiſe together . 
equal to two right angles; therefore the angles CBA, ABE are # 
equal to the angles CBA, ABD. take away the common angle 
ABC; the remaining angle ABE is equal ® to the remaining b. 3. ax, 
angle ABD, the leſs to the greater, which is impoſſible. there- 

fore BE is not in the ſame ſtraight line with BC. And in like 

manner, it may be demonſtrated that no other can he in the 

ſame ſtraight line with it but BD. which therefore is in the ſame 

ſtraight line with CB. Wherefore if at a point, &c. Q. E. D. 


PROP. XV. THEORX. 


F two ſtraight lines cut one another, the vertical, or 
oppoſite, angles ſhall be equal. 


Let the two ſtraight lines AB, CD cut one another in the 
point E. the angle AEC ſhall be equal to the angle DEB, and 
CEB to AED. | TJ 
Becauſe the ſtraight line AE makes with CD the angles 2 
CEA, AED, theſe angles are to- 
gether equal* to two right angles. 
again, becauſe the ſtraight line C 
DE makes with AB the angles 
AED, DEB; theſe alſo are A 
together equal * to two right 
angles. and CEA, AED have | 
een demonſtrated to be equal D 
Wo two right angles; wherefore 
ee angles CEA, AED are equal to the angles AED, DEB. 
e away the common angle AED, and the remaining angle 
rA is equal Þ to the remaining angle DEB. In the ſame man- b 3. Au. 
err it can be demonſtrated that the angles CEB, AED are e- 
oval. therefore if two ſtraight lines, &c. Q. E. D. 755 
Co, 1. From this it is manifeſt that if two ſtraight lines 
ut one another, the angles they make at the point where they 
ut, are together equal to four right angles. 
Cor. 2, And conſequently that all the angles made by any 
umber of lines meeting in one point, are together equal to 
four right 
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THE ELEMENTS 
PROP. XVI. THE OR. 


F. one ſide of a triangle be produced, the exterior angle 
is greater than either of the interior oppoſite angles. 


Let ABC be a triangle, and let its ſide BC be produced to 


D. the exterior angle ACD is greater than either of the inte- 


rior oppoſite angles CBA, BAC. 
Biſet* AC in E, join BE A 


and produce it to F, and make , F 


EF equal to BE; join alſo 
FC, and produce AC to G. 

Becauſe AE is equal to 
EC, and BE to EF; AE, EB 
are equal to CE, EF, each to 
each; and the angle AEB is 
equal b to the angle CEF, be- 
cauſe they are oppoſite ver- 
tical angles. therefore the 
baſe AB is equal © to the baſe 
CF, and the triangle AEB to the cal CEF, and the remain- 
ing angles to the remaining angles, each to each, to which the 
equal ſides are oppoſite. wherefore the angle BAE is equal to 
the angle ECF. but the angle ECD is greater than the angle 
ECF, therefore the angle ACD is greater than BAE. in the 
ſame manner, if the ſide BC be biſected, it may be demonſtrated 
that the angle BCG, that is ©, the angle ACD, is greater than 
the angle ABC. therefore if one ſide, &c. Q. E. D. 


PROP. XVII. THE OR. 


A* Y two angles of a triangle are together leſs than 


two right angles. 


Let ABCbe any triangle ; any 
two of its angles together are leſs 
than two right angles. 

Produce BC to D; and be- 
cauſe ACD is the exterior angle 
of the triangle ABC, ACD is 
greater“ than the interior and 
oppoſite angle ABC; to each of 
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theſe add the angle ACB, therefore the angles ACD, ACB are Book I. 


greater than the angles ABC, ACB. but ACD, ACB are to- 3 
gether equal ® to two right angles; therefore the angles ABC, b. 13. . 
BCA are leſs than two right angles. in like manner it may be 
demonſtrated that BAC, ACB, as alſo CAB, ABC are leſs than 

two right angles, therefore any two angles, &c. Q. E. D. 


PR OP. XVIII. THE OR. 


HE greater ſide of every triangle is oppoſite to the 
greater angle. 


Let ABC be a triangle of 
which the fide AC is greater 
than the ſide AB; the angle 
ABC is alſo greater than the 
angle BCA. 

Becauſe AC is greater than - | 
AB, make* AD equal to AB, B 7 LE: Cc 
and join BD. and becauſe ADB 
is the exterior angle of the triangle BDC, it is greater ® than b. 16. 7. 
the interior and oppoſite angle DCB. but ADB is equal © to d ;. .. 
ABD, becauſe the ſide AB is equal to the ſide AD; there- 
fore the angle ABD is likewiſe greater than the angle ACB; 
wherefore much more is the angle ABC greater than AcB. 
therefore the greater fide, &c, Q. E. D. | 


PROP. XIX. THE OR, 


& 2 HE greater angle of every triangle is ſubtended by 
the greater ſide, or hasthe greater ſide oppoſite toit. 


Let ABC be a triangle of which the angle ABC is greater 
than the angle BCA. the fide ACi is likewiſe greater than the 


Aa. 3. 1. 


For if it be not greater, Ac | 
muſt either be equal to AB, or A 
leſs than it. it is not equal, be- 
cauſe: then the angle ABC would 
be equal a to the angle ACB; 
but it is not; therefore AC is 
not equal to AB. neither is it B | 9 $5 
leſs; becauſe chen the rut r 
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20 THE ELEMENTS EY 
Book I. ABC would be leſs b than the angle ACB; but it is not; 
* =: O therefore the fide AC is not leſs than AB. and it has been 
ſhewn that it is not equal to AB. therefore AC is greater 
than AB. wherefore the greater angle, &c, Q. E. D. 


PROP. XX. THEOR. 
NY two ſides of a triangle are together greater F_ 
the third ſide. 


Let ABC be a triangle; any two ſides of it together are 
greater than the third ſide, viz, the ſides BA, AC greater than 
the fide BC; and AB, BC greater than AC; and BC, CA 
greater than 1 

Produce BA to the point D, 
and make * AD equal to AC, 
and join DC. 

Becauſe DA is equal to AC, 
the angle ADC is likewiſe equal 
b to ACD. but the angle BCD 
is greater than the angle ACD; 

therefore the angle BCD is great- 
er than the angle ADC. and becauſe the angle BCD of the 
triangle DCB is greater than its angle BDC, and that the 
greater © fide is oppoſite to the greater angle, therefore the 
fide DB is greater than the fide BC. but DB is equal to BA 
and AC; therefore the ſides BA, AC are greater than BC.. 
in the ſame manner it may be demonſtrated that the fides 
AB, BC are greater than CA ; and BC, CA greater than AB. 
therefore any two ſides, &c, Q, E. D. 


PROP. XXI. THE OR. 
F from the ends of the ſide of a ** there be 
drawn two ſtraight lines to a point within the tri- 
angle, theſe ſhall be leſs than the other two ſides of the 
triangle, but ſhall contain a greater angle. 

Let the two ſtraight lines BD, CD be drawn from B. C, 
the ends of the ſide BC of the triangle ABC, to the point D 
within it. BD and DC are leſs than the other two ſides BA, 
AC of the triangle, but contain an angle BDC n than 
the angle BAC. 

Produce BD to E; and becauſe two ſides Of a I. >> are 
rome than the third 2 5 15 two des BA; AE TY the tri- 
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becauſe the two ſides CE, ED A 
of the triangle CED are great- 

er than CD, add DB to each 

of theſe ; therefore the fides _ 
CE, EB are greater than CD, 

DB. but it has been ſhewn that 

BA, AC, are greater than BE, B Tp 7 
EC; much more then are BA, 

AC greater than BD, DC. i 


Again, becauſe the exterior angle of a triangle is greater than 


the interior and oppoſite angle, the exterior angle BDC of the 


triangle CDE is greater than CED. for the ſame reaſon, the ex- 
terior angle CEB of the triangle ABE is greater than BAC. and 


it has been demonſtrated that the angle BDC is greater than 
the angle CEB; much more then is the angle BDC greater than 
the angle BAC. therefore if from the ends of, &c. Q. E. D. 


PROP. XXII. PRO B. 


to three given ſtraight lines; but any two what- 
ever of theſe muſt be greater than the third *, 


Let A, B, C be the three given ſtraight lines, of which any 
two whatever are greater than the third, viz, A and B greater 


| STO 
angle ABE are greater than BE, to each of theſe add EC, Book I. 
therefore the ſides BA, AC are greater than BE, EC, again; 


. 


O make a triangle of which the ſides ſhall be equal S N. _ 


a. 70, b. 


than C; A and C greater than B; and B and C than A, It 


is required to make a triangle of which the ſides ſhall be equal 


to A, B, C, each to each. 

Take a ſtraight line DE terminated at the point D, but un- 
limited towards E, and 
make DF equal to A, FG 
to B, and GH eoual to C; 
and from the center F, at 


> the circle BRL. and 
from the center G, at the 
diſtance GH deſcribeb a- 
nother circle HLK, and 
join KF, KG. the tri- * 
angle KFG hag its ſides equal to the three ſtraight lines A, B, 0. 
Becauſe the point F is the center of the circle DEL, FD is 
«EA B 3 equal 


7 
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Book I. equal to FK; but FD is equal to the ſtraight line A; there-' 
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V © fore FK is equal to A. again, becauſe G is the center of the 


c. 15. Def. circle LKH, GH is equal © to GK; but GH is equal to C, 


therefore alſo GK is equal to C. and FG is equal to B; there- 
fore the three ſtraight lines KF, FG, GK are equal to the 
three A, B, C. and therefore the triangle KFG has its three 
fides KF, FG, GK equal to the three given ſtraight lines 
A, B, C. Which was to be done. 


PROP. XXIII. PROB. | 
T a given point in a given {ſtraight line to make a 
rectilineal angle equal to a given rectilineal angle. 


Let AB be the given ſtraight line, and A the given point 
in it, and DCE the given rectilineal angle; it is required to 
make an angle at the 
given point A in the C 4 
given ſtraight line AB 
that ſhall be equal to 
the piven reculineal 
angle DCE. 

Take in CD, CE, 
any points D, E, and 
join DE; and make * 
the triangle AFG the 


” 


E, EC, ſo that CD be equal to AF, CE to AG, and DE to 

FG. and becauſe DC, CE are equal 'to FA, AG, each to 
each, and the baſe DE to the baſe FG; the angle DCE is e- 
qual b to the angle FAG. there fore at the given point A in 
the given ſtraight line AB, the angle FAG\is made equal to 
the given rectilineal angle DCE. Which was to be done. 


PROP, XXIV. THEOR. 
ſides of the other, each to each, but the angle con- 


tained by the two ſides of one of hem greatęr than the 
angle contained by the two ſides equal to them, of the 


be greater than the baſe of the other. 


ſides of which ſhall be equal to W chree ſtraight lines CD, 


F two triangles have two ſides of the one, equal to two 


Adder; the baſe of that which has the greatgr angle ſhall 


| Let ABC, DEP be two triangles which have We two Tos | 
AB, 
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AB, AC equal to the two DE, DF, each to each, viz, AB e- Book I. 
qual to DE, and AC to DF; but the angle BAC greater than“ 
che angle EDF. the baſe BC is alſo greater than the baſe EF. 
= Of the two ſides DE, DF let DE be the fide which is not 
greater than the other, and at the poiut D in the ſtraight line 
DE make * the angle EDG equal to the angle BAC; and make a. 23. 
. 


AB, Ac equal to the two ſides DE, DF, each to each, viz, AB 
equal to DE, and AC to DF; but the baſe CB greater than the 
baſe EF, the angle BAC is likewiſe greater than the angle EDF. 

3 4 > | 


* 
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DG equal to AC or DF, and join EG, GF. 

Becauſe AB is equal to DE, and AC to DG, the two ſides 
BA, AC are equal to the two ED, DG, each to each, and the 
angle BAC is equal 
to the angle EDG; A 
therefore the baſe BC 
is equal c to the baſe 
EG. and becauſe DG 
is equal to DF, the 
angle DFG is equal d 
to the angle DGF; 
but the angle DG is B 
greater than the angle 
EGF, therefore the angle DFG is greater than EGF ; and 
much more is the angle EFG greater than the angle EGF. and 
becauſe the angle EFG of the triangle EFG is greater than its 
angle EGF, and that the greater © fide is oppoſite to the greater e. 19. r. 
angle; the fide EG is therefore greater than the ſide EF, but 
EG is equal to BC; and therefore alſo BC is greater than EF, 
therefore if two triangles, &c. Q. E. D. | 


'PROP. XXV. THE OR. 


IF two triangles have two ſides of the one equal to two 
ſides of the other, each to each, but the baſe of the 
one greater than the baſe of the other; the angle alſo 
contained by the ſides of that which has the greater baſe, 
ſhall be.greater than the angle contained by the ſides e- 
qual to them, of the other. 


Let ABE, RV be 8 Angle nich hive this tne this 24 
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For if it 'be not greater, it muſt either be equal to it, or 
leſs. but the angle BAC is not equal to the angle EDF, by 
cauſe then the baſe 
BC would be equal A D 
a to EF. but it is not; 
therefore the angle 
BAC is not equal to 
the angle EDF. nei- 
ther is it leſs; becauſe 
then the baſe BC 


would be leſs ® than B "7. E 


the baſe EF; but it 

is not; therefore the angle BAC is not leſs than the angle 
EDF. and it was ſhewn that is not equal to it; therefore the 
angle BAC is greater than the angle EDF. Wherefore if 


two triangles, &c. Q. E. D. 


* the third angle EDF. 


PROP. XVI. THEOR. 
F two triangles have two angles of one equal to two 
gangles of the other, each to each; and one fide e- 


qual to one ſide, viz. either the ſides adjacent to the e- 


qual angles, or the ſides oppoſite to equal angles in each 
then ſhall the other ſides be equal, each to each, and alſo 
the Sd angle of the one to the third angle of the other, 


Let ABC, DEF be two triangles which have the angles. 


ABC, BCA equal to the angles DEF, EFD, viz. ABC to 
DEF, and BCA to EFD; alſo one fide equal to one fide ; 


and firſt, let thoſe ſides be equal which are adjacent to the 


angles that are equal in the two affe, viz, BC to EF. the 
other fides ſhall be bd. TRY 
equal, each to each, A X * 7 D 
viz. AB to DE, and G 
AC to DF; and the 
third angle BAC to 


; 


For if AB be not 
equal to DE, one of 
them muſt be the 
greater, Let AB be the greater of the two, and make 


BG equal to DE, and join GC. therefore becauſe BG is 


/ equal 
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equal to EF; 


* 
equal to DE, and BC to EF, the two ſides GB, BC, are equal Book I. 
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to the two DE, EF, each to each; and the angle GBC is equal 
to the angle DEF; 
DF, and the wiangle GBC to the triangle DEF, and the other 
angles to the other angles, each to each, to which the equal 
ſides are oppoſite; therefore the angle GCB is equal to the 
angle DFE ; but DFE M, by the hypotheſis, equal to the angle 
BCA wherefore alſo the angle BCG is equal to the angle 


BCA, the leſs to the greater, which is impoſſible. therefore 


AB is not unequal to DE, that is, it is equal to it. and BC 1s 
therefore the two AB, BC are equal to the two 
DE, EF, each to each; and the angle ABC is equal to the 
angle DEF, the baſe therefore AC is equal“ to the baſe DF, 
and the third angle BAC to the third ang EDF. 
Next, let the ſides | 

which are oppoſite to A D 

equal angles in each 
triangle be cqual to 
one another, viz, AB 
to DE; likewiſe in 
this caſe, the other 
ſides ſhall be equal, 


AC to DF, and BC to B HC — ä F, 
EF; and alſo the third | 
angle BAC to the third EDF. | n 


For if BC be not equal to EF, let BC be the greater of them, 


and make BH equal to EF, and join AH. and becauſe BH is 


equal to EF, and AB to DE; the two AB, BH are equal to 
the two DE, EF, each to each; and they contain equal angles; 
therefore the baſe AH is equal to the baſe DF, and the triangle 
ABH to the triangle DEF, and the other angles ſhall be equal, 
each to each, to which the equal ſides are oppoſite. therefore 
the angle BHA is equal to the angle EFD. but EFD is equal 
to the angle BCA; 
the angle BCA, that is, the exterior angle BH A of the triangle 
AHC is equal to its interior and oppoſite angle BCA; which 
is impoflible ® 
it is equal to it; and AB is equal to DE; therefore the two 
AB, BC are eral to the two DE, EF, ER - to each; and they 
contain equal angles; wherefore the baſe AC is equal to the 
baſe DF, and the third angle BAC to the third "—_ EDF. 
therefore if two 8 &c. Q. E. D. 


. PROP. 


therefore the baſe GC is. equal * to the baſe a. 4. . 


therefore alſo the angle BHA. is equal to 


- Wherefore BC is not unc qual te EF, that is, b. 16. 1. 
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. P R O P. XVIII. THE OR. 
F a ſtraight line falling upon two other ſtraight lines 
makes the alternate angles equal to one another, theſe 
two ſtraight lines ſhall be parallel. 


Let the ſtraight line EF which falls upon the two ſtraight 
lines AB, CD make the alternate angles AEF, EFD equal to 
one another; AB is parallel to CD. 

For if it be not parallel, AB and CD being produceMhall 
meet either towards BD or towards AC, let them be produced 
and meet towards BD in the point G; therefore GEF is a tri- 
angle, and its exterior angle AEF is greater * than the interi- 
or and oppoſite angle EFG; 


ESE ITED I CIR... 


but it is alſo equal to it, 

which is impoſſible. there- A E / | B 

fore AB and CD being pro- 3 

duced do not meet towards + Do 


BD. in like manner it may G 5 5 


be demonſtrated that they do 

not meet towards AC. but 

thoſe ſtraight lines which meet neither way, tho' produced ever 
b. 35. Def. ſo far, are parallel b to one another. AB therefore is parallel 


to CD. wherefore if a ſtraight linc, &c. Q, E. D. 
PROP. XXVII. THE QA. 

F a ſtraight line falling upon two other ſtraight lines 
1 makes the exterior angle equal to the interior and oppo- 
fire upon the ſame ſide of the line; or makes the interior 
angles upon the ſame ſide together equal to two right 
angles; the two ſtraight lines ſhall be POL to one an- 
other. 


Let the ſtraight line EF which falls won the two o ſtraight 
lines AB, CD make the exterior 
angle EGB equal to the interior 
and oppoſite angle GHD upon the A— 
ſame ſide; or make the interior 
angles on the ſame fide BGH, 
GHD together equal to two right C 
angles. AB is parallel to CD. 

Becauſe the angle EGB is equal 
to the angle GHD, and the angle 


EGB equal * to the angle AGH, the angle AGH is equal to Book J. 

the angle GHD; and they are the alternate angles; therefore 7." 

AB is parallel ® to CD. again, becauſe the angles BGH, GHD b. 27. . 

are equal © to two right angles, and that AGH, BGH are alſo N Hv. 

equal * to two right angles; the angles AGH, BGH are equal “ 3. 1. 

to the angles BGH, GHD. take away the common angle 

BGH, therefore the remaining angle AGH is equal to the re- 

maining angle GHD; and they are alternate angles; there- 

fore AB is parallel to CD, wherefore if a ſtraight line, &c. 

Q. E. D. . 
8 PROP. XXIX. THE OR. 


on this Pro- 


it makes the alternate angles equal to one another; onto. 
W and the exterior angle equal to the interior and oppoſite 
upon the ſame fide; and likewife the two interior angles 
upon the ſame fide together equal to two right angles. 

Let the ſtraight line EF fall upon the parallel ſtraight lines 

AB, CD. the alternate angles AGH, GHD are equal to one 


another; and the exterior angle EGB is equal to the interior 
and oppoſite, upon the ſame fide, 


GHD; and the two interior angles 
BGH, GHD upon the ſame fide are 


together equal to two right angles, A mT B 


ar CESSES 27 ART 


F 


For if AGH be not equal to GHD, 
one of them muſt be greater than the — 
other; let AGH be the greater. and C Wr D 
becauſe the angle AGH is greater 

than the angle GHD, add to each of 

them the angle BGH; therefore the angles AGH, BGH are 
greater than the angles BGH, GHD. but the angles AGH, 
CH are equal * to two right angles; therefore the angles a. 13. . 
H. GHD are leſs than two right angles. but thoſe ſtraight 
ines which with another ſtraight line falling upou them, make 

: '$ he interior angles on the ſame ſide leſs than two right angles, 
ao meet“ together if continually produced; therefore the * 12. Kr. 


* ind —_ - 
— Df — l : 2 r * 5 
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a 1 ſtraight lines AB, CD if produced far enough ſhall meet. but 5** the notes 


on this Pro-; 


+ but they never meet, ſince they are parallel by the Hypotheſis, poſition. 
cherefore the angle AGH is not unequal to the angle GHD, 
1 i that is, it is equal to it, but the angle AGH is equal ® to the > 13" b 
angle EGB; therefore likewiſe EGB is equal to GHD. add to 
$8 each 


F a ſtraight line falls upon two parallel ſtraight lines, S**thenotes . 
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Book I. each of theſe the angle BGH, therefore the angles EGB, BGH 


are equal to the angles BGH, GHD; but EGB, BGH are e- 
qual © to two right angles; therefore alſo BGH, GHD are e- 
qual to two right angles. wherefore if a ſtraight line, &c. 


QED. 


P ROT THIOR 
9 lines which are parallel to the ſame 
ſtraight line, are parallel to one another. 


Let AB, CD be each of them parallel to EF; A; is alſo pa- 
rallel to CD. 

Let the ſtraight line HK cut AB, EF, CD; and becin 
GHE cuts the parallel ſtraight 
lines AB, EF, the angle A GH 
is equal to the angle GHF. EL B 
again, becauſe the ſtraight line 5 
GK cuts the parallel ſtraight lines | E H 4 F 
EF, CD, the angle GHF is equal 
to the angle GKD. and it was C | . — D 
ihewn that the angle AGK is e- 
qual to the angle GHF; there- 
fore alſo AGE is equal to GKD. 
and they are alternate angles; therefore AB is parallel * 
CD. wherefore ſtraight lines, &c. Q. E. D. 


PROP, XXXI, PRO B. 
O draw a ſtraight line thro' a n point parallel to 
a given ſtraight line. 


Let A be the given point, and BC the given ſtraight line; it 
is required to draw a ſtraight line A F 


thro* the point A, parallel to the - — 
ſtraight line BC. 

In BC take any point D, and join 
AD; and at the point A m the = 
ſtraight line AD make * the angle 1 D C 
DAE equal to the angle ADC; and ae thejſtraight line 
EA to F. 

Becauſe the ſtraight line AD which meets the two ſtraight 
lines, BC, EF, makes the alternate angles EAD, ADC equal to 
one another, EF is e to BC. therefore the ſtraight line 
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EAF is drawn thro” the given point A parallel to the given Bock J. 
ſtraight line BC. Which was to be done. WW 


PROP. XXXII. THE OR. 
I a ſide of any triangle be produced, the exterior angle 
is equal to the two interior and oppoſite angles; and 
the three interior angles of every triangle are equal to 
two right angles. 


Let ABC be a triangle, and let one of its ſides BC be pro- 
duced to D. the exterior angle ACD is equal to the two inte- 
rior and oppoſite angles CAB, ABC; and the three interior a 
angles of the triangle, viz, ABC, BCA, CAB are together * 
equal to two right angles. 
Thro' the point C draw CE parallel * to the ſtraight line a. 3. r. 
AB. and becauſe AB is pa- 
rallel to CE, and AC meets 
them, the alternate angles 
BAC, ACE are equal d. a- 
gain, becauſe AB is parallel 
to CE, and BD falls upon 
them, the exterior angle ECD | 
is equal to the interior and op- B C D 
poſite angle ABC, but the angle ACE was ſhewn to be equal 
to the angle BAC; therefore the whole exterior angle ACD 
is equal to the two interior and oppoſite angles CAB, ABC, 
to theſe equals add the angle ACB, and the angles ACD, ACB 

are equal to the three angles CBA, BAC, ACB. but the 
angles ACD, ACB are equal © to two right angles; therefore « 13. r. 
alſo the angles CBA, BAC, ACB are equal to two right angles. 
*n 15 wherefore if a ſide of a triangle, &c. Q. E. D. 
Con. 1. All the interior angles 
4 5 of any rectilineal figure, together 
with four right angles, are equal 
to twice as many right angles as 
the figure has ſides. 
For any rectilineal figure 
ABCD E can be divided into as 
many triangles as the figure has 
ſides, by drawing ſtraight lines 
from a point F within the figure 
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Book I. to each of its angles. And, by the prececding Propoſition, all 


the angles of theſe triangles are equal to twice as many right 
angles as there are triangles, that is, as there are ſides of the 
figure. and the ſame angles are equal to the angles of the fi- 
gure, together with the angles at the point F which is the com- 
mon Vertex of the triangles; that is“, together with four 
right angles, Therefore all the angles of the figure, together 
with four right angles, are equal to twice as many right angles 
as the figure has ſides, 

Cor. 2. All the exterior angles of any rectilineal Sar 
are together equal to four right angles. | 

Becauſe every interior angle 
ABC with its adjacent exterior 
ABD is equal ® to two right 
angles; therefore all the interi-. A 
or together w th all the exterior 
angles of the figure, are equal 
ro twice as many right angles as C 
there are ſides of the figure, that D N 
is, by the foregoing Corollary, 7 
they are equal to all the interior angles of the ne cher 
with four right angles. therefore all the exterior angles are e- 
qual to four right angles. 


B 


PROP. AI. THEOR. 
HE ftraight lines which join the extremities of two 
equal and parallel ſtraight lines, towards the ſame 
parts, are alſo themſelves equal and parallel. 8 


Let AB, CD be equal and parallel ſtraight 1 and joined 


== = 


towards the ſame parts by the A. 
ſtraight lines AC, BD; AC, BD 
are alſo equal and parallel. 

Join BC, and becauſe AB is pa- 
rallel to CD, and BC meets them ; N 
the alternate angles ABC, BC D GG 
are equal *; and becauſe AB is equal to CD, and BC common 
to the two triangles ABC, DCB, the two ſides AB, BC are e- 
qual to the two DC, CB; and the angle ABC is equal to the 
angle BCD; therefore the baſe AC is equal ® to the baſe BD, 
and the triangle ABC to the triangle BCD, and the other angles 


ther 
re e- 


in che other, each to each, and one 
I 
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to the other angles, each to each, to which the equal ſides are Book J. 
oppoſite, therefore the angle ACB is equal to the angle CBD. 

and becauſe the ſtraight line BC meets the two ſtraight lines 

AC, BD and makes the alternate angles ACB, CBD equal to 

one another, AC is parallel © to BD. and it was ſhewn to be g. 27. 1. 
equal to it. therefore ſtraight lines, &c. Q. E. D. 


PROP. XXXIV. THE OR. 


HE oppoſite ſides and angles of parallelograms are 
equal to one another, and the diameter biſects 
them, that is, divides them into two equal parts. 


N. B. 4 Parallelogram is a four ſidell figure hf which 
the oppoſite ſides are parallel. and the diameter is the 


: ſtraight line joining two of its oppoſite angles. 


Let ABCD be a parallelogram, of which BC is a diameter. 
the oppoſite ſides and angles of the figure are equal to one an- 
other; and the diameter BC biſects it, 

Becauſe AB is parallel to CD, and BC meets them, the al- 
ternate angles ABC, BCD are e- A R 
qual * to one another, and be- 2. 299 1, 


= couſc AC is parallel to BD, and 


BC* meets them, the alternate 
angles ACB, CBD, are equal * | 
to one another. wherefore the C | D 
two triangles ABC, CBD have 

two angles ABC, BCA in one, equal 


1 


5 7 angles BCD, CBD 
BC common to the 


two triangles, which is adjacent to their equal angles; there- 


bore their other ſides ſhall be equal, each to each, and the 

chird angle of the one to the third angle of the other ®, viz, > 26 * 
the {ide AB to the ſide CD, and AC to BD, and the angle 

BA equal to the angle BDC. and becauſe the angle ABC is 

es <qual to the angle BCD, and the angle CBD to the angle ACB; 


the whole angle ABD is equal to the whole angle ACD. and 
the angle BAC has been ſhewn to be equal to the angle BDC; 
therefore the oppoſite ſides and angles of parallelgrams are e- 
qual to one another. alſo, their diameter biſects them. for, 
AB being equal to CD, and BC common; the two AB, BS 
are equal to the two DC, CB, each to each; and the angle ABC 
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Book I. is equal to the angle BCD; therefore the triangle ABC is e- , ; 


a 
. 4. Io 


parallelogram ACDB into two equal parts. Q. E. D. 


PROP. XXV. THE OR. 


ARALLELOGRAMS upon the ſame baſe and between 
the ſame parallels, are equal to one another. | 


See the 4 Let the parallelograms ABCD, EBCF, be upon the ſame 
17 Bigg *- baſe BC, and between the ſame parallels AF, BC. the parallelo- 
gram ABCD ſhall be equal to the parallelogram EBCF, 
If the fides AD, DF of the parallelograms ABCD, DBCF 
oppoſite to the baſe BC, be termina- ,. 
ted in the ſame point D;; it i plain — D . F 
that each of whe parallclogr? ms is | 
double * of the triangle BDC; and 
they are therefore equal to one an- 
Other, 
But if the ſides AD, EF oppoſite B C 
to the baſe BC of the parallelograms 
ABCD, EBCF be not terminated in the fame point; then be- 
cauſe ABCD is a parallelogram, AD is qual a to BC; for the 
ſame reaſon, EF is equal to BC; wherefore AD is equal * +> 
EF; and DE is common ; therefore the whole, or the ret - 
. * AE is equal © to the whole: or the remainder DF; AB al- 
ſo is equal to DC; and the two EA, AB are therefore equal to 


# 


the two FD, DC, each to each; and the exterior angle FDC is 
equal © to the interior EAB ; therefore the baſe EB is equal 
to the baſe FC, and the triangle EAB equal to the triangle 
FDC. take the triangle FDC from the trapezium ABCF, and 
and from the ſame trapezium W the triangle EAB; the re- 
mainders therefore are equal f „that is, the parallelogram 
ABCD is equal to the parallelogram EBCF. therefore paral- 
lelograms upon the ſame baſe, &c. Q. E. D). 


. 


qual * to the triangle BCD, and the diameter BC divides the a 1 
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= 
KJ 
1 
33 
2 #8 
„ 18 e- A k 
= 
s the 
no 
* 
7 


0 rf EUL Do.. 


RO P. XXXVI. THE OR. 
TJARALLELOGRAMS upon equal baſes and between the 
ſame parallels, are equal to one another. 


+. 
Book I. 


. 


ween | 3 Let ABCD, EFGH be parallelograms upon equal baſes BC, 


parallels. AH, BG; the 
parallelogram ABCD is 
equal to EFGH. 

Join BE, CH; and be- 


FG, and between the ſame A 8 


cauſe BC is equal to FG, 


— a 
a. 


and FG to* EH, BC is B 
equal to EH; and they 


4 WSctween the ſame parallels 
* AD, BC. the triangle ABC 
equal to the triangle DBC. 
XX Produce AD both ways 
o the points E, F, and thro! 
8B draw * BE parallel to CA; 

nd thro' C draw CF paral- 
el to BD. therefore each 


r the figures EBC A, DBCF is 


detween the ſame parallels BC, EF; 


, - 1 
þ 
* ' $4 F 


| 


PROP. XXVII. THEOR. 
R1ANGLES upon the ſame baſe, and between the 
ſame parallels, are equal to one another. 


Let the triangles ABC, DBC be upon the ſame bafe BC and 


* 


are parallels, and joined towards the ſame parts by the ſtraight 
links BE, CH. but ſtraight lines which join equal and parallel 
ſtraight lines towards the ſame parts, are themſelves equal and 
parallel“; therefore EB, CH are both equal and parallel, and b. 33. r. 
=== EBCH is a parallelogram ; and it is equal © to ABCD, becauſe c. z;. . 
it is upon the ſame baſe BC, and between the ſame parallels 

== BC, AD. for the like reaſon the parallelogram EFGH is equal 
to the ſame EBCH. therefore alſo the parallelogram ABCD 

is equal to EFGH. Wherefore parallelograms, &c. Q. E. D. 


* 


8 


1 
a parallelogram; and EBC A is. 
qual * to DBCEF, becauſe they are upon the ſame baſe BC, and b. 35- 2; 


G 


and the triangle ABC is 


1 


& 31. 14 


the 


34 


Book 1. the half of the parallelogram RBC A, becauſe the diameter AB 


e. 34. 1. 


d. 7 Ax. 


# 31. l. 


b. 36. 1. 


c. 34. t. 


db v. Ax. 


4. 31. 7. 


THE ELEMENTS 


biſects © it; and the triangle DBC is the half of the parallelo- 
gram DBCF, becauſe the diameter DC biſects it. but the 
halves of equal things are equal ©; therefore the triangle ABC 
is equal to the triangle bbc. Wherefore triangles, &e; 


Q. E. D. 
PROP. XXXVItt, THE OR. 


T* LANGLES upon equal baſes, and between the ſamg 
parallels, are equal to one another, 155 | 


err! 
Let che triangles ABC, DEF be upon equal baſes BC, EF, 


and between the ſame parallels BF, AD. the triangle ABC is 
equal to the triangle DEF. 
Produce AD both ways to the points G, H, and thro' B 


draw BG parallel à to CA, and thro' F draw FH parallel to 


ED. then each of 
the figures GBCA, 
DEFH is a paralle- 
logram; and they 
are equal ® to one an- 
other, becauſe they 
are upon equal baſes 
BC, EF and between 


A_D H 


- 
r 
nnn — 


the ſame parallels BF, GH; and the triangle ABC is the haf 


of the parallelogram GBCA, becauſe the diameter AB biſects 


it; and the triangle DEF is the half © of the parallelogram 


DEFH, becauſe the diameter DF biſects it. but the halves f 5 ; 


equal things are equal 4; therefore the triangle ABC is equal 
to the triangle DEF. Wherefore triangles, &c. Q, E. D. 


PRO P. XXIX. THE OR. 


E QUAL triangles upon the ſame baſe, and upon the 
ſame ſide of it, are between the ſame parallels, 


Let the equal triangles ABC, DBC be upon the ſame baſe 
BC, and upon the ſame ſide of it; they are between the ſame 
parallels. | Fi | 
Join AD; AD is parallel to BC; for if it is not, thro” 


angle 


- 
"—— 2" 9 7 4a - 
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the point A draw * AE parallel to BC, and join EC. the tri- 3 
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angle ABC is equal b to the triangle EBC, becauſe it is upon 
the ſame baſe BC, and between the ſame A D 
parallels BC, AE. but the triangle © 
ABC is equal to the triangle BDC; 
therefore alſo the triangle BDC is e- 
qual to the triangle EBC, the greater 
to the leſs, which is impoſſible, there- 
fore AE is not parallel to BC, in the B C 
ſame manner it can be demonſtrated that no other line but 
AD is parallel to BC; AD is therefore parallel to it. Where- 
fore equal triangles upon, &c. Q. E. D. | 


— A. 


PROP. XL. THE OR. 


4 | triangles upon equal baſes, and towards the 
H fame parts, are between the ſame parefiels. 
$ 
l Let the equal triangles ABC, DEF be upon equatbaſis BC, 
$ EF, and towards the ſame A D 
parts; they are between the 
ſame parallels. | 
Join AD; AD is pa- G | 
rallel to BC. for if it is not, 
thro' A draw * AG paral- | 
lel to BF, and join GF. * e TD. 
the triangle ABC is equal® B C E F 
to the triangle GEF, becauſe they are upon equal baſes BC, 
EF, and between the ſame parallels BF, AG. but the triangle 
| ABC is equal to the triangle DEF; therefore alſo the tri- 
* angle DEF is equal to the triangle GEF, the greater to the leſs, 
o which'is impoſſible, therefore AG is not parallel to. BF, and 
in the ſame manner it can be demonſtrated that there is no o- 


ther parallel to it but AD; AD is therefore parallel to BF. 


1 Wherefore equal triangles, & Re. . 


* 


PROP. XLI, 'T HE OR. 
7 a parallelogram Ee a be upon the ſame baſe, 


mall be double of the triangle, 
* C2 


#7 427 
* 


35 
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b. 37. 1, 


b. 38. « 


and between the ſame parallels; the . 


Let 
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Book I. 


& 37. 1. 


d. 34. 1. 


2, 10. 2. 
b. 23. 1. 


4. 31. 1. 


d. 38. 1. 


2. 41. I, 


- baſes BE, EC and between the | 
B E 9 


THE ELEMENTS 

Let the parallelogram ABCD and the triangle EBC be up- 
on the ſame baſe BC, and between the ſame parallels BC, AE; 
the parallelogram ABCD is double 5 
of the wriangle EBC. A. D E | 

Join AC ; then the triangle ABC 
is equal to the triangle EBC, be- 
cauſe they are upon the ſame baſe 
BC, and between the ſame parallels 
BC, AE. but the parallelogram = 
ABCD is double of the triangle — 
ABC, becauſe the diameter AC di- B : C 
vides it into two equal parts; wherefore ABCD is alſo double 
of the triangle EBC. therefore if a parallelogram, &c. Q. E. D. 


PROP. XLII. PROB, 


O deſcribe a -parallelogram that ſhall be cqual to 2 


given triangle, and have one of its angles equal | to 
a given rectilineal angle. 


Let ABC be the given triangle, and D the given rectilineal 
angle. It is required to deſcribe a parallelogram that ſhall be 
equal to the given triangle ABC, and have one e of its angles 
equal to D. 

Biſect * BC in E, join AE, and at the point E in "A Araight 
line E@ make * the angle CEF equal to D; and thro? A draw 
© AG parallel to EC, and thro* | ” 
C draw CG parallel to EF. A F_G 
therefore FECG is a parallelo- 
gram, and becanſe BE is equal 
to EC, the triangle ABE is like- 
wiſe equal 4 to the triangle 
AEC, fince they are upon equal 


ſame parallels BC, AG; there- 
fore the triangle ABC is double of the triangle AEC. and 
the parallelogram FECG is likewife double © of the triangle 
AEC, becauſe. it is upon the ſame baſe, and berween the ſame. 
parallels. therefore the parallelogram FECG is equal to the 
triangle ABC, and it has one of its angles CRF equal to the 
given angle D. wherefore ou has been deſcribed a paralle-. 


P45. | ' logram 


les 


OF EUCLID. 87 
logram FECG equal to a given triangle ABC, having one of . 
its angles CEF equal to the given angle D. Which was to be * 
done. 4 


PROP. XIII. THE OR. 


* complements of the parallelograms which are 
about the diameter of any parallelogram, are equal 
to one another. | | 


Let ABCD be a parallelogram, of which the diameter is 
AC, and EH, FG the paral- A H 
lelograms about AC, that is, — 
thro which AC paſſes, and [> 
BK, KD the other parallelo- 
grams which make up the 
whole figure ABCD, which 
are therefore called the com- | 
plements. the complement BK — 

is equal to the complement B G | G 
Becauſe ABCD is a parallelogram, and AC its diameter, 

the triangle ABC is equal to the triangle ADC. and be- . 34 4. 
cauſe EK HA is a parallelogram, the diameter of which is AK, 

the triangle AEK is equal to the triangle AHK. by the ſame 
reaſon, the triangle KGC is equal to the triangle KFC. then 
becauſe the triangle AEK i; equal to the triangle AHK, and 


the triangle KGC to KFC ; the triangle AEK together 


with the triangle KGC is equal to the triangle AHK together 


wich the triangle KFC, but the whole triangle ABC is equal 


to the whole ADC ; therefore the remaining complement- BK 
is equal to the remaining complement KD, Wherefore the 
complements, &c. Q. E. D. | 


PROP. XIIV. PROB. | | 
F a given ſtraight line to apply a parallelogram, 
which ſhall be equal to a given triangle, and have 
one of its angles equal to a given rectilineal angle. 


Let AB be the given ſtraight line, and C the given triangle; 
and D the giyen rectilineal angle. It is required to apply to the 


| ſtraight line ABa parallelogram equal to the triangle C, and 
having an angle equal to D. | 


C3 i 


* 


36 


a. 42. I. 


b. 31. 1. 


C. 29. I, 


* 


THE EL E ; of ENTS 
Make * the 

" parallelogram 
BEFGequal to 
the triangle C, 
and having the 
angle EBG e- 
qual to the an- 
gle D, ſo that — 
BE be in the | L 
ſame ſtraight line with AB, and produce FG to H; and thro' 
A draw AH parallel to BG or EF, and join HB. then be- 


cauſe the ſtraight line HF falls upon the parallels AH, EF, the 


angles AHF, HFE are together equal © to two right angles; 
wherefore the angles BHF, HFE are leſſer than two right 
angles. but ſtraight lines which with another ſtraight line 
make the interior angles upon the ſame ſide leſs than two 


d. 12. Ax. right angles, do meet © if produced far enough. therefore HB, 


e. 43. I. 


6-46: 


a. 42. ?. 


b. 44. 7. 


and to the ſtraight line GH apply * the parallelogram GM equbl 


FE ſhall meet, if produced ; let them meet in K, and thro' K 
draw KL parallel to EA or FH, and produce HA, GB to'the 
points L, M. then HLKF is a parallelogram, of which the 
diameter is HK, and AG, ME are the parallelograms about 
HK; and LB, BF are the complements ; therefore LB is e- 


qual © to BF, but BF is equal to the triangle C; wherefore 
LB is equal to the triangle C. and becauſe the angle GBE is 


equal * to the angle ABM, and likewiſe to the angle D; the 
angle ABM is equal to the angle D. therefore the parallelo- 
gram LB is applied to the ſtraight line AB, is equal to the tri - 
angle C, and has the angle ABM 1 to . angle D. 
Which was to be done. | 7 04 


PROP. XL. PROB. 


O deſcribe a parallelogram equal to a given rectili 

neal figure, and having an angle equal to a given 
rectilineal angle. 

Let ABC be the given rectilincal figure, and E the given 


rectilineal angle. It is required to deſcribe a parallelogram e- 
qual to ABCD, and having an angle equal to E. 


Join DB, and deſcribe the parallelogram FH equal to the tl. 1 


angle ADB, and having the angle HK equal to the angle E; 


ro 


1 0 4 


= - N 
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to the triangle DBC, having the angle GHM equal to the angle Book 1. 
E. and becauſe the angle E is equal to each of the angles 
FEH, GHM, the angle FKH is equal to GHM ; add to 


each of theſe the angle KHG; therefor® the ang FEH, 
KH are equal to 


the angles KHG, A. | D 2 8 I 
GHM. but FKH, | | 
KHG are equal © 
to two right an- 
gles; therefore 
alſo KHG, GHM 
are equal to two f 

right angles. and B — O K H M 
becauſe at the point H in the ftraight line GH, the two 
ſtraight lines KH, HM upon the oppoſite fides of it make the 
adjacent angles equal to two right angles, KH is in the ſame 
ſtraight 4 line with HM, and becauſe the ſtraight line HG 4. ». 
meets the parallels KM, FG, the alternate angles MHG, HGF 
are equal ©, add to each of theſe the angle HGL ; therefore 
the angles MHG, HGL are equal to the angles HGF, HGL. 
but the angles MHG, HGL are equal © to two right angles ; 
wherefore alſo the angles HGF, HGL are equal to two right 
angles, and FG is therefore in the ſame ſtraight line with GL. 
and becauſe KF is parallel to HG, and HG to ML; KF is 
parallel © to ML. and KM, FL are parallels; wherefore e. 30. * 
_ KFLM is a parallelogram. and becauſe the triangle ABD is 
equal to the parallelogram HF, and the triangle DBC to the 
parallelogram GM; the whole re&ilineal figure ABCD is e- 
qual to the whole parallelogram KFLM. therefore the paral- 
lelogram KFLM has been deſcribed equal to the given rectili- 
neal figure ABCD, having the angle FK M equal to the given 
angle E. Which was to be done. 

Con. From this it is manifeſt how to a given ſtraight line 
to apply a parallelogram, which ſhall have an angle equal to 
a given rectilineal angle, and ſhall be equal to a given rectili- 
neal figure, viz, by applying * to the given ſtraight line, a pa- * 1. 
xallelogram equal to the firſt triangle ABD, and a an 
angle Wl to the given angle. 


6. 29. . 


Book I. 


A. TI. I. 


. 
C* 31. 1. 


6. 34. Is 


e. 29. 1. 


a. 46. 1. 


right angle: wherefore the figure ADEB is rectangular, and 


. tain the right le 3 = all 


— 
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PROP. XLVI. PROB, 
T* . a ſquare upon a 88 ſtraight line. 


{ 


Let AB be the given ſtraight line; it is required to deſcribe 
a ſquare upon AB, 

From the point A draw * AC at right angles to. AB; and 
make b AD equal to AB, and thro' the point D draw DE pa · 
rallel © to it, and thro' B draw BE parallel to AD. therefore 
ADEBs a parallelogram; whence AB is equal © to DE, and 
AD to BE, but BA is equal to AD; C 
therefore the four ſtraight lines BA, | * 
AD, DE, EB are equal to one ano- - | 
ther, and the parallelogram ADEB D TOs 
is cquilateral, likewiſe all its angles 741% $51 
are right angles; becauſe the ſtraight _ 
line AD mecting the parallels AB, = 
DE, the angles BAD, ADE, are e- = 8 
qual © to two right angles; but BAD a Js 
is a right angle, therefore alſo ADE ont 4117. od 
is a right angle. but the oppoſite angles of rations are 
equal ©; therefore each of the oppoſite angles ABE, BED is a 


it has been demonſtrated that it is equilateral; it is cherefore 
a ſquare, and it is deſcribed upon the given 79-408 line . 


Which was to be done. nd 6 
Cor, Hence every parallelogram cha "Jag: one. right angle 
has all its 1 e angles. 2515 55 * 
3 44 er 'Y ; 


TN any right | angie ads the res which: is de 
ſcribed upon the fide ſubtending the right angle, is 
equal to the ſquares deſcribed upon the ſides which con- 


1 


— 


Let ABC be a Tight angled triangle having the right angle 
BAC; the ſquare deſcribed upon the ſide BC is equal to the 
ſquares deſcribed upoa BA, AC. 

. On BC deſcribe* the ſquare BDEC, and on BA, AC the ſquares 
GB, 


A 


f OF EUC L I D. 41 

GB, HC; and thro' A draw * AL parallel to BD or CE, and _— 
join AD, FC. then becauſe each of the angles BAC, BAG is b. 3. r. 
a right angle ©, the two ( | d. 30. Def. 
ſtraight lines AC, AG up- 

on the oppoſite ſides of AB, 
make with it at the point A Pe 
the adjacent angles equal to 
two right angles; therefore 
CA is in the ſame ſtraight B 
line * with AG, for the ſame of. 
reaſon, AB and AH arein —5 2 
che ſame ſtraight line. and | 3 
becauſe the angle DBC is e- wy * 
= qual to the angle FBA, each 67.07 , 

of them being a right angle, D ! ix E 

add to each the angle ABC» and the whole 15650 DBA is — 
equal © to the whole FBC. and becauſe the two ſides AB, BD © % A.. 
are equal to the two FB, BC, cach to each, and the angle 
DBA equal to the angle FBC ; therefore the baſe AD is e- 

qual * to the baſe FC, and the triangle ABD to the triangle f 45. 

FBC. now the parallelogram BL is double. ® of the triangle 2. 4. x. 

ABD, becauſe. they are upon the ſame baſe BD, and between 

the. ſame parallels BD, AL; and the ſquare GB is double of 

the triangle FBC, becauſc theſe alſo are upon the ſame baſe 

FB, and between the ſame parallels FB, GC. but the doub(s 

of equals are equal ® to one another. therefore the parallelo- h. 6. Ax. 

= gram BL is equal to tue ſquare GB. and in the ſame mannes, 
+ | by joining AE, BK, it is demonſtrated that the parallelogra 

== CL is equal to the ſquare HC. Therefore the whole ſquare 
BDEC is equal to the two ſquares' GB, HC. and the ſquare 
BDEC is deſcribed upon the ſtraight line BC, and the ſquares 
GB, HC upon BA, AC. wherefore the ſquare upon the ſide 
& BC is equal to the ſquares upon the ſides BA, AC. 'There- 
i fore | in any right angled triangle, &c. Q. E. D. 


PROP. XVII. THEO. 


[| F the ſquare deſcribed upon one of the ſides of a tri- 
angle, be equal to the ſquares deſcribed upon the o- 


ther two ſides of it; the angle contained by theſe two 
des 3 is a right angle. - 


It 


1 N _ 


42. 
Bool I. 


WY 7 triangle ABC be equal to the ſquares upon the other ſides BA, 


VB. 11. 7. 


'Y 47. 1. 


& 8. I, 


THE ELEMENTS 
If the ſquare deſcribed upon BC one of the ſides of che 


AC; the angle BAC is a right angle, 

From the point A draw * AD at right angles to AC, and 
make AD equal to BA, and join DC. then becauſe DA is 
equal to AB, the ſquare of DA is equal D 
to the ſquare of AB; to cach of theſe 
add the ſquare of AC, therefore the 
ſquares of DA, AC are equal to the 
ſquares of BA, AC. but the ſquare of 
DC is equal to the ſquares of DA, AC, 
becauſe DAC is a right angle; and the 
ſquare of BC, by Hypotheſis, is equal to — + 
the ſquares of BA, AC; therefore the B C 
ſquare of DC is equal to the ſquare of BC; and therefore 
alſo the ſide DG is equal to the fide BC. and becauſe the fide 
DA is equal to AB, and AC common to the two triangles # 
DAC, BAC, the two DA, AC are equal to the two BA, 
AC; and the baſe DC is equal to the baſe BC; therefore the 
angle DAC is equal © to the angle BAC. but DAC is a right 
angle, therefore alſo BAC is a right angle. Therefore if the 
{quare, &c,. Q. E. D. 98 5 
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8 | 8 
I I. 
® VERY right angled parallelogram is ſaid to be contained | 
5 by any two of the ſtraight lines which contain one of / 
the right angles, | 
II. 


In every parallelogram, any of che parallelograms about a di- 
ameter, together with the E 
two complements, is called Ar A 7 
a Gnomon, * Thus the | | | 
parallelogram HG toge- 
* ther with the comple- 


8 * ments AF, FC is the gno-—- E — K 
8 * mon, which is more brief- | 1 
1E ly expreſſed by the letters B G C 


* AGE, or EHC which are 
at the oppoſite angles of the en, which make 
the gnomon,”. 
P R OP. I. THE OR. 
1 F there be two ſtraight lines, one of which is divided 
into any number of parts; the rectangle contained 
by the two ſtraight lines, is equal to the rectangles con- 


tained by the undivided line, and the ſeveral parts of the 
divided Une. 


3 


44 THE ELEMENTS 
Book II. Let A and BC be two ſtraight lines; and let BC be divided 
into any parts in the points D, E; the rectangle contained by 
ö the ſtraight lines A, BC is equal B D E 
to the rectangle contained b 2 
A, BD; and to that contained ke 
by A, DE; and alſo to that 1 
contained by A, EC. 
a, 11. 1. From the point B draw * BF G — 
at right angles to BC, and make K L H 
b. 3. BG equal b to A; and thro? G Fl XL 3 
c. 31. 1. draw GH parallel to BC; and 
thro' D, E, C draw © DE, EL, CH parallel to BG. then the 
rectangle BH is equal to the rectangles BK, DL, EH; and 
BH is contained by A, BC, for it is contained by GB, BC, 
and GB is equal to A; and BK is contained by A, BD, for it 
| is contained by GB, BD, of which GB is equal to A; and DL 
| | » 6. 34 . is contained by A, DE, becauſe DK, that is * BG, is equal to 
| A; and in like manner the reqangle EH is contained by A, 
| 


EC. therefore the rectangle contained by A, BC is equal to 
the ſeveral rectangles contained by A, BD, and by A, DE, 
| and alſo by A, EC. Wherefore if there be two — lines, 
i' &c. ke. D. 
| 
| 


PR OP. . THE OR. 


F a ſtraight line be divided into any two parts, the 


rectangles contained by the whole and each of the 
parts, are together equal to the ſquare of the whole line. 


| Let the ſtraight line AB be divided into E B 
| any two parts in the point C; the rect- NG 
angle contained by AB, BC together 
with the rectangle * AB, AC ſhall be e- 
| qual to the ſquare of AB. | 
| a. 46. 1. Upon AB deſcribe *® the ſquare ADEB, 7 | 
| b. 31. 1. and thro' C draw CF parallel to AD, or | F 
Bz. chen AE is equal to the rectangles D H 
| AF, CE; and AE is the ſquare of AB; 


: 

| 

| | . N. B. To avoid repeating the word contained too frequently, the rectangle contaiged 
by two ſtraight lines AB, AC is ſometimes ſimp called the rectausle AB, AC. 

ö 
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and AF is the rectangle contained by BA, AC; for it is con- Book II. 
tained by DA, AC, of which AD is equal to AB; and CE 

Wis contained by AB, BC, for BE is equal to AB. therefore the 
rectangle contained by AB, AC together with the rectangle 

AB, BC, is equal to the ſquare of AB, If therefore a ſtraight 
lune, &c. — D. 


PROP, III. HE OR. 


TF a ſtraight line be divided into any two parts, the rect- 

angle contained by the whole and one of the parts, is 
equal to the rectangle contained by the two parts, toge- 
cher with the ſquare of the foreſaid part. 


Let the ſtraight line AB be divided into Dr: two parts in 
the point C; the rectangle AB, BC is equal to the rectangle 
AC, CB together with the ſquare of BC. 4 
Upon BC deſcribe the ſquare * 4 
CD EZB, and produce ED to F, and 2 — — 
chro' A draw * AF parallel to CD | | 
or BE, then the retangle AE is e- | | 
qual to the rectangles AD, CE; and | 2 4 
Ak is the rectangle contained by AB, ü 
bc, for it is contained by AB, wt | * 
of which BE is equal to BC; an a — — 
Ad is contained by AC, CB, — r F D EE 
cb is equal to CB; and DB is the ſquare of BC. therefore 
de reftangle- AB, BC is equal to the rectangle AC, CB toge- 
aer with the ſquare of BC. It 7 a 8 line, 5 


8 Kc. Q.. D. 4 
804 I! F a ſtraight line be divided into any two parts, the - 
1 ſquare of the whole line is equal to the ſquares of 
che two parts, together with twice the rectangle contain- 
ed by the parts. 


- ** 


PROP, IV. THEOR, 


f (\ 


© Let the ſtraight, line AB be divided into any two parts in 
C ; the ſquare of AB is equal to the ſquares of AC, CB and 
to twice the rectangle contained by AC, CB. | 
Upon 


3 thro' C draw 


S 43. 7. 


PHE ELEMENTS 


Upon AB deſcribe * the ſquare ADEB, and join BD, and 1 
> CGF parallel to AD or BE, and thro' G draw © 


HK parallel to AB or DE, and becauſe CF is parallel to AD, 


and BD falls upon them, the exterior angle BGC is equal © to g i 
| the interior and oppoſite angle ADB; but ADB is equal * to i 


the angle ABD, becauſe BA is equal. to AD, being ſides of a 
ſquare; wherefore the angle CG A CO B 

is equal to the angle GBC, and there- "3-05 
fore the ſide BC is equal © to the 8 
ſide CG. but CB is equal alſo f to H — — K 
GK, and CG to BK; wherefore ö | | 
the figure CGEB is equilateral, it is | | 
likewiſe rectangular; for CG is pa- | | 
rallel to BK, and CB: meets them, - 

the angles KBC, GCB are therefore D F E 


equal to two right angles; and KBC is a right angle, where- 


fore GCB is a right angle; and therefore alſo the angles 


CGK, GKB oppolite to theſe are right angles, and CGKB is ! 


rectangular. but it is alſo equilateral, as was demonſtrated ; 


wherefore it is a ſquare, and it is upon the fide CB. for te 


fame reaſon HF alſo is a ſquare, and it is ns by ſide H 
which is equal to AC. therefore HF, CK are 


complement GE, and that AG is the rectangle contained by 
AC, CB, for GC is equal to CB; therefore GE is alſo equal 
to the rectangle AC, CB; e en AG, GE are equal to 
twice the rectangle AC, CB. and HF, CK are the ſquares of 
AC, CB; wherefore the four figures HF, CK, AG, GE are 
equal to the ſquares of AC, CB and to twice the rectangle 
AC, CB. but HF, CK, AG, GE make up 'the whole figure 
ADEB which is the ſquare of AB. therefore the ſquare of 
AB is equal to the ſquares of AC, CB and twice the rect- 
angle AC, CB, Wherefore if a ſtraight line, &c. Q.E.D. 

Cor, From the demonſtration it is manifeſt, that the pa- 
rallclograms about the diameter of a ſquare : are likewiſc 
ſquares, - 


7 


PROP. 


e ſquares wh 
AC, CB. and becauſe the complement AG is equal © to the | 


[ 
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or EUCLID. 
PROP. v. THEOR. „ MIN 


'T F ſtraight line be divided into two equal parts, and 
alſo into two unequal parts; the rectangle contained 
by the unequal parts, together with the ſquare of the line 


qual © to the, complement HF, to each of theſe add DM, « . . 


B between the points of ſection, is equal to the ſquare of 
; half the line, | 
Is Let the ſtraight line AB be divided into two equal parts 

| in the point C, and into two unequal parts at the point D; 

| WS the rectangle AD, DB together with the ſquare of CD, is e- 

| | 7 qual to the ſquare of CB, 
=. = Upon CB deſcribe * the ſquare CEFB, join BE, and thro? 246. 1. 
E p draw e DHG parallel to CE or BF; and thro! H draw e. 3 * 
here» | = KLM parallel to CB or EF; and alſo thro' A draw AK pa- 
gles f ' ö rallel to CL or BM, and becauſe the complement CH is e- 

0 


ted ; therefore the whole CM 

r the is equal to the whole DF; A G — D B 1 
HG but CM is equal © to AL, | * L. 14 N | 
es of becauſe AC is equal to K | | 

o the CB; therefore alſo AL is UE REES 
d by equal to DF. to each of 


| 
theſe add CH, and the x of | 
whole AH is equal to . E G F | 
DF and CH, but AH is the rectangle contained by AD, DB, 

for DH is equal © to DB; and DF together with CH is the “ C#r- . « 


"HEE 3-4-4 „ 
erg n 2 1 % * 


angle 1 gnomon CMG; therefore the gnomon CMG is equal to the 
igure | rectangle AD, DB. to each of theſe add LG, which is equal 'Y 
we of | do the ſquare of CD, therefore the gnomon CMG together 


with LG is equal to the rectangle AD, DB together with the 
ſquare of CD. but the gnomon CMG and LG make up the 
whole figure CEFB, which is the ſquare of CB. therefore the 
rectangle AD, DB together with the ſquare of CD is equal to 
| the ſquare of CB. Wherefore if a ſtraight line, &c. Q. E. D. 


»y 

a 

© 
RI 


PPTP. I ERS 


PROP. 


Book JI. 


e. Cor. 4. 2. 


AL is equal © to CH ; but B D 


aq go”. 
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PROP. VI THEOR, 8 
F a ſtraight line be biſected, and produced to any point; 
the rectangle contained by the whole line thus pro- 


duced, and the part of it produced, together with the } 4 


ſquare of half of the line biſected, is equal to the ſquare 1 
of the ſtraight line which is made up of the half and the 1 
part produced. | 


Let the ſtraight line AB be biſeQted 3 in C, and produced to 
the point D; the rectangle AD, DB together with the ſquare 


of CB, is equal to the ſquare of CD. 


Upon CD deſcribe * the ſquare CEF D, join DE, and thro' 


B draw BIIG parallel to CE or DF, and thro' H draw KLM Ml 
parallel to AD or EF, and alſo thro' A draw AK parallel to 1. 


CL or DM. and becauſe 4 is hah to CB, the rectangle | # 


CH is cqual*to HF; there- ——_ 

fore allo AL is nal to f oF 
HF. te cach of theſe add 

CM, therefore the whole 

AM is equal to the gno- _, | 
mon CMG. and AM is 5 

the rectangle contained by — — SE 
AD, DB, for DM is equal E G F 
© to DB. therefore the gnomon CMG is equal to the rect- 
angle AD, DB. add to each of theſe LG, which is equal to 


— 1 


* 
N » 
* 
„ , 
> 
* * 


the ſquars of CB; therefore the rectangle AD, DB together ; # ; 


with the ſquare of CB is equal to the gnomon CMG and the 


Figure LG. but the gnomon Chic and LG make up the i 


whole figure CEFD, which is the ſquare of CD; therefore 
the rectangle AD, DB together with the ſquare of CB, is e- 
qual. to the ſquare of CD. Wherefore if a x ſtraight line, &c. 


Q. k. D. 
a n OP. vn. THEOR. 


F a ftraight line be divided into any two parts, the 
ſquares of the whole line, and of one of the parts are 
equal to twice the rectangle contained by the whole and 


that part, together with the {quare of the other part. 


Let the ſtraight line AB be divided into any two parts in 
the 


T EU.CLID. © | 49 
the point C; the ſquares of AB, BC are equal to twice the Book II. 
rectangle AB, BC together with the ſquare of AC. ata 


OInt * 4 2 Upon AB deſcribe * the ſquare AD EB, and conſtruct the a. 46. 1. 
y 8 figure as in the preceeding Propoſitions, and becauſe AG is 
P ; equal d to GE, add to each of them CK, the Yor AK is b. 43. 1. 


WW therefore equal to the whole CE; 
luare , therefore AK, CE are double of A222 0 5 
| the Ak. but AK, CE are the gnomon | 
| Xx AEF together with the ſquare CK; | 
therefore the gnomon AK F toge- H G K 
cher with the ſquare CK is double 
juarc of AK. but twice the rectangle AB, 
ha is double of AK, for BK is e- 

W qual to BC. therefore the gno- D Ye 3 IA p24 F | ha Cor. 4 20 
mon AKF together with the ſquare 
CK is equal to twice the rectangle 
AB, BC, to each of theſe equals add HF; which is equal to 

== the Tauat of AC; therefore the gnomon AKF together with 

che ſquares CK, HF i is equal to twice the rectangle AB, BC 
| and the ſquare of AC, but the gnomon AK F tegether with 

che ſquares CK, HF make up the whole figure ADEB and 
= CK, which are the ſquares of AB and BC. therefore the 

= ſquares of AB and BC are equal to twice the rectangle AB, 
BCC together with the FIVE of AC. Wherefore if a ſtraight 
1 line, &c. . os. 
_ PROP VIII. T H E O R. 
"I 1 F a ſtraight line be divided into any two parts, four 
1 times. the rectangle contained by the whole line, and 
one of the parts, together with the ſquare of the other 
art, is equal to the ſquare of the ſtraight line which i is 


E | 9 A made up of the whole and that part. 
Ne. 5 Let che ſtraight line AB be divided into any two parts in 


be point C; four times the rectangle AB, BC, together with 

6 Y 93 e ſquare of AC, is equal to the ſquare of the ſtraight line 

nh? made up of AB and BC together, 

+ | Produce AB to D, ſo that BD be equal to CB, and upon 

YH FAD deſcribe the ſquare AEFD; and conſtru& two figures 
and BY ſuch as in the preceeding, Becauſe CB is equal to BD, and 
1 1 that CB is equal * to GK, and BD to KN; therefore GK is a. 34. rc 
ts in D equal 
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* IT. equal to KN, for the ſame reaſon PR is equal to RO. and 
becauſe CB is equal to BD, and GK to KN, the rectangle 
-36- 7 CK is equal® to BN, and GR to RN. but CK is equal © to 

' RN, becauſe they are the complements of the parallelogram 
CO; therefore alſo BN is equal to GR. and the four rect- 
angles BN, CK, GR, RN, are therefore equal to one another, 


and ſo are quadruple of one of them CK. again, becauſe CB 
is equal to BD, and that BD is 


d. Cor. 4. 2. equal © to BK, that is to CG; 
and CB equal to GK, that © is to 
GP; therefore CG is equal to 
GP. and becauſe CG is equal to 
GP, and PR to RO, the rectangle 
AG is equal to MP, and PL to 
cc 43. 1. RF, but MP is equal © to PL, 
becauſe they are the complements 
of the parallelogram ML; where- 
fore AG alſo is equal to RF. 
therefore the four rectangles 


the four CK, BN, GR, RN are quadruple of CK. therefore 


quadruple of AK. and becauſe AK is the rectangle contain- 
ed by AB, BC, for BK is equal to BC; four times the rect- 


— times the rectangle AB, BC is equal to the gnemon AOH. 


gure AEFD which is the ſquare of AD. therefore four times 
the rectangle AB, BC together with the ſquare of AC is e- 


Q. E. D. 


28 PN 78 


AG, MP, PL, RF are equal to one another, and fo are qua- us 
druple of one of them AG, And it was demonſtrated that 


the eight rectangles which contain the gnomon AOH, are * 


angle AB, BC is quadruple of AK. but the gnomon AOH 6. 
was demonſtrated to be quadruple "of AK; therefore four *F 


d. Cor. 4. a. to each of theſe add XH, which is equal © to the ſquare of 
AC; therefore four times the rectangle AB, BG together ⁵ 
with the ſquare of AC is equal to the gnomon AOH and the © 
ſquare XI. but the gnomon AOH and MH make up the fi- 


qual to the ſquare of AD, that is, of AB and BC added to- 7 
gether in one ſtraight line. Wherefore if a ſtraight line, &c. 


© 2 . 
ol \ N Po 
PROP, iN 
* 


EC 
D 


Fe 


JT right angle. and becauſe the angle 
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F a ſtraight line be divided into two equal, and alſo 
into two unequal parts; the ſquares of the two une- 
qual parts, are together double of the ſquare of half the 

line, and of the ſquare of the line between the points of 


ſection. 


Let the ſtraight line AB be divided at the point C into two 
equal, and at- D into two unequal parts. the ſquares of AD, 
DB are together double of the fquares of AC, CD. 

From the point C draw * CE at right angles to AB, anda, 17. 1. 
make it equal to AC or CB, and join EA, EB; thro' D draw 
d DF parallel to CE, and thro' F draw FG parallel to AB; b. 31. 1. 
andayoin AF, then becauſe AC is equal to CE, the angle 
EA equal, to the angle AEC; and becauſe the angle c. s. . 
ACE is a right angle, the two others AEC, EAC together 
make one right angle 4; and they are equal to one another ; d. 3 1. 
each of them therefore is half of a right angle. For the fame 
; reaſon each of the angles CEB, 
EBC is balf a right angle; and 
therefore the whole AEB is a 


GEF is half a right angle, and 


_ 


EGF a right angle, for it is e- = — | 
qual © to the interior and oppo- A C D B. 
.fite angle ECB, the remaining angle EFG is half a right angle; 
therefore the angle GEF is equal to the angle EFG, and the 

fide EG equal * to the fide GF. again, becauſe the angle at BH 6. r. 
is half a right angle, and FDB a right angle, for it is equal 
to the interior and oppoſite angle ECB, che remaining angle 


| b of BFD is half a right angle; therefore the angle at B is equal 


to the angle BFD, and the ſide DF to f the fide DB. and be- 


LEE caufe AC is equal to CE, the ſquare of AC is equal to the 
"IRE fquare of CE; therefore the ſquares of AC, CE are double of 

- che ſquare of AC. but the ſquare of EA. is equal 8s te the g. 47: 1. 
—_= fquarcs of AC, CE, becauſe ACE is a right angle; therefore a 


Wo tbe ſquare of EA is double of the ſquare of AC. again, be- 
=—_ cauſe ECG is equal to GF, the fquare of EG is equal ro the 
ſquare of GF; therefore the ſquares of EG, GF are double of 


; "I D 2 the 


12 


X 34. I 


5 47. 1. 


A. II. to 


1. . 


. 


d. 12. Ax. 


Book U. the ſquare of GF; but the ſquare of EF is equal to the ſquares 
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of EG, GF; therefore the ſquare of EF is double of the ſquare 
GF. and GF is equal to CD; therefore the ſquare of EF is 
double of the ſquare of CD. but 
the ſquare of AE is likewiſe dou- 
ble of the ſquare of AC; there- 
fore the ſquares of AE, EF are 
double of the ſquares of AC, 
CD. and the ſquare of AF is e- — > 
qual * to the ſquares of AE, EF A C D B 
becauſe AEF is a right angle; therefore the ſquare of AF is 
double of the ſquares of AC, CD. but the ſquares of AD, 
DF are equal to the ſquare of AF, becauſe the angle ADP is a 
Tight angle; therefore the ſquares of AD, DF are double of 
the ſquares of AC; CD. and DF is equal to DB; therefore 


=] 


the ſquares of AD, DB, are double of the ſquares of AC, 


CD. If therefore a ſtraight line, &c. Q. E. D. 


N A488 & © 
F a {ſtraight line be biſected, and produced to any 
point, the ſquare of the whole line thus produced, and 
the ſquare of the part of it produced are together double 
of the ſquare of half the line biſected, and of the ſquare 
of the line made up of the half and the part produced. 


Let the ſtraight line AB be biſected in C, and produced to 


the point D; the ſquares of AD, DB are double of the ſquares 


of AC, CD. 

From the point C draw*CE at right angles to AB, and make 
it equal to AC or CB, and join AE, EB; thro' E draw® EF 
parallel to AB, and thro' D draw DF parallel to CE. and be- 
cauſe the ſtraight line EF meets the parallels EC, FD, the angles 
CEF, EFD are equal © to two right angles; and therefore the 
angles BEF, EFD-are leſs than two right angles. but ſtraight 
lines which witk another ſtraight line make the interior angles 
upon the ſame ſide leſs than two right angles, do meet © if pro- 
duced far enough. therefore EB, FD ſhall meet, if produced, 
toward BD. let them meet in G, and join AG, then becauſe 
AC is equal to CE, the angle CEA is equal © to the angle 
EAC; and the angle ACE is a right angle; therefore each of the 


angles CEA, EAC is half a right angle“. for the ſame reaſon, 


cach 


' 
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4 7 each of the angles CEB, EBC is half a right angle; therefore Book II. 
AEB is a right angle, and becauſe EBC is half a right angle, 


F is pz is alſo * half a right angle, for they are vertically oppo- s. '- 
WF ſite; but BDG is a right angle, becauſe it is equal to the al- . 2. 1. 
ternate angle DCE; therefore the remaining angle DGB is 
half a right angle, and is therefore equal to the angle DBG ; 
wherefore alſo the ſide DB is equal“ to the fide Us. again, g. 6. . 
wbecauſe EGF is half a 
5 1 4. right angle, and that the E F 
= angle at F is a right 
18 «+ . 3 
ap. angle, becauſe it is e- 
2? LE qual* to the oppoſite ; h. 34. l. 
2 angle ECD, the remain- A C B | 
Sh ing angle FEG is half a e 
right angle, and equal | & 


AC, do the angle EGF; wherefore alſo the ſide GF is equal * to the 
ſide FE. And becaife EC is equal to CA, the ſquare of EC 
is equal to the ſquare of CA; therefore the ſquares of EC, 

any CA are double of the ſquare of CA. but the ſquare of EA is 

1 WE <qual i to the ſquares of EC, CA; therefore the ſquare of EA ;.,,. . 
=y is double of the ſquare of AC. again, becauſe GF is equal to 

able FE, the ſquare of GF is equal to the ſquare of FE; and there- 

arc RE fore the ſquares of GF, FE are double of the ſquare of EF. 

J. but the ſquare of EG is equal! to the ſquares of GF, FE; 
therefore the ſquare of EG is double of the ſquare of EF. and 

d to EF is equal to CD, wherefore the ſquare of EG is double of the 

* ſquare of CD. but it was demonſtrated that the ſquare of EA 

is double of the ſquare of AC; therefore the ſquares of AE, 
ves & are double of the ſquares of AC, CD. and the ſquare of 

EF X AG is equal ito the ſquares of AE, EG; therefore the ſquare of 

be- | 4 is double of the ſquares of AC, CD. but the ſquares of AD, 

gles == DG are equal i to the ſquare of AG; therefore the ſquares 
te of AD, DG are double of the ſquares of AC, CD. but DG 
ght a is equal to DB; therefore the ſquares of AD, DB are double 

gles * {x of the — of AC, CD. Wherefore if a ſtraight line, &c. 
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is equal to FG; and AD is the ſquare 
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O divide a given ſtraight line into two parts, ſo that 
the rectangle contained by the whole, and one of 
the parts, ſhalf be equal to the ſquare of the other part. 


Let AB be the given ſtraight line; it is required to divide 
it into two parts, ſo that the rectangle contained by the whole, 


and one of the parts, ſhall be equal to the ſquare of the other 


art, 
y Upon AB deſcribe * the ſquare ABDC, biſect b AC in E, 
and join BE; produce CA to F, and make © EF cqual to EB; 
and upon AF deſcribe * the ſquare FG HA, and produce GH 
to K. AB is divided in H, fo that the rectangle AB, BH is e- 


qual to the ſquare of AH. 


Becauſe the ſtraight line AC is biſected in E, and produced 
to the point F, the rectangle CF, FA, together with the ſquare 
of AE, is equal - to the ſquare of EF. but EF is equal to EB; 
therefore the rectangle CF, FA, together with the ſquare of 
AE is equal to the ſquare of EB, and the ſquares of BA, AE 
are equal © to the ſquare of EB, be- E G 
cauſe the angle EAB is a right angle; — 
therefore the rectangle CF, FA, toge- | 
ther with the ſquare of AE is equal 
to the ſquares of BA, AE, take away A H B 
the ſquare of AE, which is common | — 
to both, therefore the remaining rect- | 
angle CF, FA is equal to the ſquare E Le - 
of AB. and the figure FK is the rect- | E229 


angle contained by CF, FA, for AF | $5 
of AB; therefore FK is equal to AD. C K D 
take away the common part AK, and 

the remainder FH is equal to the remainder HD. and HD is 
the rectangle contained by AB, BH, for AB is equal to BD ; 
and FH is the ſquare of AH. therefore the rectangle AB, 
BH is equal to the ſquare of AH. wherefore the ſtraight line 
AB is divided in H, ſo that the rectangle AB, BH is equal to 
the ſquare of AH. Which was to be done. 


PROP, 


ep WH 2 cy 


mm © A ww ff AQ 
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Book II. 

7 PROP. XII, THE OR. 3 
that IN obtuſe angled triangles, if a perpendicular be drawn 
c of B from any of the acute angles to the oppoſite ſide pro- 


rt. IRE duced, the ſquare of the fide ſubtending the obtuſe angle, 
is greater than the ſquares of the ſides containing the ob- 
WE tuſe angle, by twice the rectangle contained by the ſide 
upon which, when produced, the perpendicular falls, and 
the ſtraight line intercepted without the triangle between 


b f 1 the perpendicular and the obruſe angle. 


Let ABC be an obtuſe angled triangle, having the obtuſe 
angle ACB, and from the point A let AD be drawn perpen- a. 12. 8. 
dicular to BC produced, the ſquare of AB is greater than the 
XX fquares of AC, CB by twice the rectangle BC, CD. 

Becauſe the ſtraight line BD is divided into two parts in the 
point C, the ſquare of BD is equal A 
> to the ſquares of BC, CD, and 5. 4. 
twice the rectangle BC, CD. to each 
of theſe equals add the ſquare of 
DA ; and the ſquares of BD, DA 
are equal to the ſquares of BC, CD, 
DA, and twice the rectangle BC, 
CD. but the ſquare of BA is equal | * | 
© to the ſquares of BD, DA, be- B- C D. 
cauſe the angle at D, is a right | 
angle; and the ſquare of CA is equal © to the ſquares of CD, 

DA. therefore the ſquare of BA is equal to the ſquares of 
BC, CA, and twice the rectangle BC, CD; that is, the ſquare 
of BA is greater than the ſquares of BC, CA, by twice the rect- 
angle BC, CD. Therefore in obtuſe angled triangles, &c. 


, 4 Q. E. D. 


| 


D 4 PROP, 
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P R O P. XIII. enn, 


N every triangle the {quare of the ſide ſubtending any 

of the acute angles, is leſs than the ſquares of the 
ſides containing that angle, by twice the rectangle con- 
tained by either of theſe ſides, and the ſtraight line in- 
tercepted between the perpendicular let fall upon it from 
the oppolite angle, and the acute angle. 5 


Let ABC be any triangle, and the angle at 3 of its a; 
cute angles, and upon BC one of the ſides containg it let fall 
the perpendicular AD from the oppoſite angle, the ſquare 
of AC oppoſite to the angle B, is lefs than the _— of CB, 
BA by twice the rectangle CB, BD. 

Firſt, Let AD fall within the triangle ABC; and becauſe 
the ſtraight line CB is divided into 7 

two parts in the point D, the 
ſquares of CB, BD are equal ® to 
twice the rectangle contained by . 
CB, BD, and the ſquare of DC. 
to each of theſe equals add the 
ſquare of AD, therefore. the 
ſquares of CB, BD, DA are equal 
to twice the rectangle CB, BD, ITT 

and the ſquares of AD, DC. but B Us 27 17 
the ſquare of AB is equal © t6 the ſquares of BD, DX, becauſe 
the angle BDA is a right angle; and the ſquare of AC is equal 
to the ſquares of AD, DC. therefore the ſquares. of CB, BA, 
are equal to the ſquare of AE, and twice the reftangle CB, 
BD; that is, the ſquare of AC alone is leſs chan e 
af CB, BA by twice the rectangle CB, B. 
Secondly, Let AD fall with- | 
out the wang'e ABC. then be- 
cauſc the angle at D is a right 
angle, the angle ACB is greater 
©than a right angle; and there- 
fore the ſquare of AB is equal © to 
the ſquares of AC, CB, and twice 
the rectangle BC. CD. to theſe e- . i 
quals add the ſquare of BC, and the U UC D 


. 
— 


ares of AB, BC are equal to tha mae of AC, and twice Book i, 
11 ſquare of BC, and twice the rectangle BC, CD. but be- 
zuſe BD is divided into two parts in C, the rectangle DB, BC 


4 
8 


: ' equal f to the rectangle BC, CD and the ſquare of BC. and © * * 


Mc doubles of theſe are equal. therefore the ſquares of AB, 
BC arc equal to the ſquare. of AC, and twice the rectangle 
Ds, BC. therefore the ſquare of AG alone, is leſs than the 
Wquares of AB, BC, by twice the rectangle DB, BC. 

* | Laſtly, Let the ſide AC be perpendicular to 
SBC; then is BC the ſtraight line betwen the 
: # zerpendicular and the acute angle at B. and it 
Ss manifeſt that the ſquares of AB, BC are e- 
ual © to the ſquare of AC, and twice the 
| pak Equare of BC. Therefore in every triangle, &c. 
. D. | 


6 45, 1. 


PROP. XIV. PROB. 


O deſcribe a ſquare that ſhall be equal to a given * x. 
rectilineal ſigure. 


Let A be the given rectilineal figure; it is required to de- 
, Te ribe a ſquare that ſhall be equal to A. 
= Decſcribe * the rectangular parallelogram BCDE equal to the * 45 *: 
ecilincal figure A. If then the fides of it BE, ED are equal 
37 Wo one another, it 
| 1 ma ſquare, and H 
k hat was required 
now done. but | 
=— they are not e- 
aal, produce one B | G F F 
them BE to F, | 
a make EF equal C 
9 a 5 F d ED, and biſect BF in G; and from the center G, at the di- 
| 7 ance GB, or GF, b the ſemicircle BHF, and produce 
+ DE to H, and join GH. therefore becauſe the ſtraight line BF 
divided into two cqual parts in the point G, and into two 
Paequal at E, the rectangle BE, EF, together with the ne 
pf EG, is equal ® to the ſquare of GF. but GF is equal to“ 
n ; therefore the rectangle BE, EF, together with the ſquare 
4 df EG, is equal to the ſquare of GH. but the ſquares of HE, 
EG 


71 5 
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Hook NU. EG are equal © to the ſquare of GH. therefore the reftangle 
—_ BE, EF together with the ſquare of EG is equal to the ſquare; 
of HE, EG. take 
away the ſquare of 
EG, which is com- 
mon to both; and 
the remaining rect- 
angle BE, EF is e- 


qual to the ſquare C A G& 
of EH. but the 


rectangle contained by BE, EF is the parallelogram BD, be. 
cauſe EF is equal to ED; therefore BD is equal to the ſquar« 
of EH. but BD is equal to the rectilineal figure A; therefore 
the rectilineal figure A is equal to the ſquare of EH. where. WW 
fore a ſquare has been made equal to the given rectilineal f- 
gure A, viz, the ſquare deſcribed upon EH. Which was to 
be done. lb 
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QUAL circles are thoſe of which the diameters are e- 
| qual, or from the centers of which the ſtraight lines to 
Me circumferences are equal. 
| «© This is not a Definition but a Theorem, the truth of 
$ 4 3 which is evident; for if the circles be applicd to one another, 
# ſo that their centers coincide, the circles muſt likewiſe coin- 
| cide, ſince the ſtraight lines from their centers are equal. 
II. 
£ ſtraight line is ſaid to touch 
9 a circle, when it meets the 
circle, and being produced 
does not cut it, 
| III, 
Fircles are ſaid to touch one 
another, which meet but 
do not cut one another, 5 
"1 * IV, 
of en lines are ſaid to be equally di- 
ſtant from the center of a circle, 
when the perpendiculars drawn to 
them from the center are equal. 

V. 
Ind the ſtraight line on which the 
greater perpendicular falls, is ſaid to 
be farther from the center, 


A 
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Book III. VI. 
9 A ſegment of a circle is the figure con- 


— — 
r 


A. 10. 1, 


b, . I. 


* find the center of a given circle. 


tained by a ſtraight line and the cir- 5 
cumference it cuts off. „ A 
141 1. 
„The angle of a ſegment is that which is contained by the 
<< ſtraight line and the circumference,” 
| VIII. 

An angle in a ſegment is the angle con- 
tained by two ſtraight lines drawn 
from any point in the circumference 
of the ſegment, to the extremities 
of the ſtraight line which is the baſe 

of the ſegment. 


And an angle is ſaid to inſiſt or ſtand e 
upon the circumference intercepted 5 


between the ſtraight lines that con- 1 
tain the * 


X. | 1 
The ſector of a circle is the figure con- 
tained by two ſtraight lines drawn from 
the center, and the circumference be- 
tween them, 


XI. 
Similar ſegments of a circle, 
are thoſe in which the an- 
gles are equal, or which 
captain equal angles, 


” 


PROP.I. ROB. 


Let ABC be the given circle; it is required to find itzeenter. 
Draw within it any ſtraight line AB, and biſe&*iriniD ; 
from the point D draw * DC at right angles to AB, and pro- 


duce it to E, and biſect CE in F. the point F is wt center of 
the circle ABC, 


= 
wh, ne 


the 


GDB is a right angle, but FDB is likewiſe a right angle; 


then becauſe DA is equal to DB, the 


- 
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For if it be not, iet, if poſſible, G be the center, and join Book III. 
GA, GD, GB. then becauſe DA is equal to DB, and DG 
common to the two triangles ADG, C 
BDG, the two ſides AD, DG are e- 
qual to the two BD, DG, each to | 
each; and the baſe GA is equal to 
the baſe GB, becauſe they are drawn F ] CG 
from the center G *, therefore the Ss 
angle ADG is equal to the angle /N 
GDB. but when a ſtraight line ſtand- A. 
ing upon another ſtraight line, makes 
the adjacent angles equal to one ano- E 
ther, each of the angles is a right angle ©. therefore the . Def, . 
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wherefore the angle FDB is equal to the angle GDB, the greater 
to the leſs, which is impoſſible. therefore G is not the center 
of the circle ABC. in the ſame manner it can be ſhewn, that 
no other point but F is the center; that is, F is the center of 
the circle ABC. Which was to be found. 

Con. From this it is manifeſt, that if in a circle a ſtraight 
line biſect another at right angles, the center of the circle is in 
the line which biſects the other. 
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PROP. II. THE OR. 


F any two points be taken in the circumference of a a 
.circle, the ſtraight line which Joins them ſhall fal! 
within the circle. Apa CE 


& * 
>< REELS” 


Let ABC be a circle, and A, B any two points in the cir- 


cumference; the ſtraight line drawn C 
from A to Bſhall fall within the circle. 


For if it do not, let it fall, if poſ- 


ſible, without, as AEB; find * D the Q-%" 

center of the circle ABC, and join AD, 

DB, and produce DF any ſtraight line | A 
meeting the circumference AB, to E. — 1 : 


angle DAB is equal“ to the angle DBA; A. E B b. 5. 1. 


* N. B. Whenever the expreſſion © raight lines from the center“ or. drawn from the 
center“ occurs, it * to be underſtood that they are drawn to the circumference. 


and 
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and becauſe. AE a fide of the triangle DAE is produced to B, 
the angle DEB is greater © than the angle DAE; but DAE is 
equal to the angle DBE, therefore the angle DEB is greater 
than the ge DBE. but to the greater angle the greater fide 
is oppoſite *; DB is therefore greater than DE. but DB is e- 
qual to DF; wherefore DF is greater than DE, the leſs than 
the greater, which is impoſſible. therefore the ſtraight line 
drawn from A to B does not fall without the circle. in the 
ſame manner, it may be demonſtrated that it does not fall up- 
on the circumference. it falls therefore within it. Wherefore 


jf any two points, &c. Q. E. D. 


u. 1. 3. 


b. 8. 1. 


c. 10, Def. r, © 


PR OP. III. THE OR. 
F a ſtraight line drawn thro” the center of a circle, bi- 
ſect a ſtraight line in it which does not paſs thro? the 
center, it ſhall cut it at right angles. and if it cuts it at 
right angles, it ſhall biſect it. 


Let ABC be a circle; and let CD a ſtraight line drawn 
thro* the center biſect any ſtraight line AB, which does not 


paſs thro* the 3 in the point F. it cuts it alſo at right 


angles. 
Take * E the center of the circle, and join EA, EB. then 


becauſe AF is equal to FB, and FE common to the two tri- 
angles AFE, BFE, there are two fides in the one equal to two 
ſides in the other, and the baſe EA is 
equal to the baſe EB; therefore the 
angle AFE is equal“ to the angle BFE. 
but when a ſtraight line ſtanding upon 
another makes the adjacent angles equal 
to one another, each of them is a right 
angle, therefore each of the angles 

AFE, BFE is a right angle ; wherefore A T 
the ſtraight line CD drawn thro” the 
center biſecting another AB that does D * 
not paſs thro” the center, cuts the fame at right angles. 

But let CD cut AB at right angles; CD alſo biſects it, that 
is, AF is equal to FB, + 

The ſame conſtruction being made, becauſe EA, EB from 
the center are equal to one another, the angle EAF is equal © 
to the angle EBF; and the right angle AFE is equal to the 


right angle BFE, therefore i in the two triangles EAF, EBF 
there 


B 
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to B, | Gerears oo angles i be qual 1 n angles ln the other, 


AE is and the fide EF which is oppoſite to one of the equal angles 1 
greater in each, is common to both; therefore the other ſides are e- mY 
r fide qual ©, AF. therefore is equal to FB. Wherefore if a ſtraight · 1 
B is e- line, &c. Q. E. D. 1 
s than LE 
2 hos ROF. W. THEOR. 10 
1 jos 
N up- | 5. in a circle two ſtraight lines cut one another which te 
refore do not both paſs thro? the center, they do nt t biſect 5 
each the other. RAS 

BEA Let ABCD be a circle, and AC, BD two ftraight lines in my 
N it which cut one another in the point E, and do not both paſs 1 
os the thro? the center. AC, BD do not biſe& one another. | if b 
it at For if it is poſſible, let AE be equal to EC, and BE to ED. of i 

| if one of the lines paſs thro” the center, it is plain that it can- 11 
15 not be biſected by the other which 1 N 
2 does not paſs thro' the center. but if 1 
2 8 neither of them paſs thro” the center, 

right take F the center of the circle, and 

join EF. and becauſe FE a ſtraight 

then line thro” the center, biſects another 
555 AC which does not paſs thro' the [ 


center, it ſhall cut it at right ® angles; 
wherefore FEA is a right angle. a- 


gain, becauſe the ſtraight line FE biſects the ſtraight line BD 
which does not paſs thro' the center, it ſhall cut it at right ® 


angles; wherefore FEB is a right angle. and FEA. was ſhewn 
to be a right angle; therefore FEA is equal to the angle FEB, 


the leſs to the greater, which is impoſſible. therefore AC, BD 
Wherefore if in a circle, c. 


do not biſect one another. 


Q. E. D. 


PR O P. v. HE OR. 


x ot F two circles cut one another, they ſhall not have the | 
from ſame center. | 
d 
= Let the two at ABC, CDG cut one another in the points 
| EBT B, C; they have not the ſame center. ' 
there For. 0 
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Book m. For, i it be poſſible, let E be their center; join EC, — 
draw any ſtraight line EFO meeting 1 . 
them in F and G. and becauſe E 

is the center of the circliTABC; . 
CE is equal to EF. again, becauſe 
E is the center of the circle CDG, A 
CE is equal to EG. but CE was 
ſhewn to be equal to EF; there- 
Fore EF is equal to EG, the leſs to 
the greater, which is impoſſible. 
therefore E is not the center of the 
circles ABC, CDG. Wherefore if two circles, Kc. Q. E. E. D. 


PRO P. VI. THE OR. 


F two circles touch one another internally, they ſhall 
not have the ſame center. i” & et 


Let the two circles ABC, CDE touch one another inter- 
nally in the point C. they have not the ſame center. 


For if they can, let it be F; join FC, and draw any ſtraight 


line FEB meeting them in E and B. 
and becauſe F is the center of the 
circle ABC, CF is equal to FB. alſo 
' becauſe F is the center of the circle 
CDE, CF is equal to FE, and CF 
was ſhewn equal to FB; therefore 
FE is equal to FB, the leſs to the 
greater, which is impoſſible. where- 


fore F is not the center of the circles 
ABC, CDE. Therefore if two circles, &c. Q. E. D. 


PROP. 
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„ and 


PROP. VII. THE OR. 


F any point be taken in the diameter of a circle, which 
is not the center, of all the ſtraight lines which can be 
drawh from it to the circumference, the greateſt is that 
in which the center is, and the other part of that diame- 
ter is the leaſt; and of any others, that which is nearer 
to the line which paſſes thro? the center is always greater 
'D than one more remote. and from the ſame point there 
: can be drawn only two ſtraight lines that are equal to 
one another, one upon each ſide of the ſhorteſt line. 
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Let ABCD be a circle, and AD its diameter, in which let 
any point F be taken which is not the center. let the center 
be E; of all the ſtraight lines FB, FC, FG, &c. that can be 
drawn from F to the circumference, FA is the greateſt, and 
FD the other part of the diameter AD is the leaſt; and of the 
others, FB is greater than FC, and FC than FG. 

Join BE, CE, GE; and becauſe two fides of a triangle are 
greater * than the third, BE, EF are greater than BF; but AE. 20. 2. 
is equal to EB, therefore AE, EF, 
B that is AF, is greater than BF. a- 

gain, becauſe BE is equal to CE, 
and FE common to the triangles. 
BEF, CEF; the two ſides BE, EF 
are equal to the two CE, EF; but 
the angle BEF is greater than the 
angle CEF, therefore the baſe BF is 
greater ® than the baſe FC. for the 
ſame reaſon, CF is greater than GF. | 
again, becauſe GF, FE are greater * than EG, and EG is equal 
to ED; GF, FE are greater than ED. take away the common 
part FE, and the remainder GF is greater than the remainder 
FD. therefore FA is the greateſt, and FD the leaſt of all the 
ſtraight lines from F to the circumference ad DF i is greater 

than CF, and CF than GF. 
© Alſo there can be drawn only two equal ſtraight lines from 
the point F to the circumference, one upon each ide of the 
fan tmorteſt 
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GEF is equal to the angle HEF, 


402%, THE ELEMENTS 
Book III. ſhorteſt line FD. at the point E in the ſtraight line EF, make 


© the angle FEH equal to the angle 
GEF, and join FH. then becauſe 
GE is equal to EH, and EF com- 
mon to the two triangles GEF, HEF ; 
the two ſides GE, EF are equal to 
the two HE, EF; and the angle 


therefore the baſe FG is equal *to 
the baſe FH. but befides FH no o- 
ther ſtraight line can be drawn from | 
F to the circumference equal to FG, for if there can, let it be 
FK, and becauſe FK is equal to FG, and FG to FH, FK is e- 
qual to FH, that is, a line nearer to that which paſſes thro” the 


center is equal to one which is more remote; which is impoſ- 


üble. Therefore if any point be taken, &c. Q. E. D. 


PR OP. VIII. THE OR. 


F any point be taken without a circle, and ſtraight lines 
be drawn from it to the circumference, whereof one 


_ Paſſes thro” the center; of thoſe which fall upon the con- 


cave circumference the greateſt is that which ꝓaſſes thro? 
the center ; and of the reſt, that which is nearer to that 
thro” the center is always greater then the, more remote. 
but of thoſe which fall upon the convex circumference, 
the leaſt is that between the point without the circle, and 


the diameter; and of the reſt, that which is nearer to the 
leaſt. is always leſs than the more remote. and only two 


equal ſtraight lines can be drawn from the point unto the 


circumference, one upon-each ſide of the leaſt, 


Let ABC be a circle, and D any point without it, from which 
let the ſtraight lines DA, DE, DF, DC be drawn to the cir- 
cumference, whereof DA paſſes thro' the center. of thoſe 
which fall upon the concave part of the circumference AEFC, 
the greateſt is AD which paſſes thro', the center; and the 
nearer to it is always greater than the more remote, viz, DE 
than DF, and DF than DC. but of thoſe which fall upon the 


2 convex circumference HLKG, the leaſt is DG between the 
| 5 8 f point 
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point D and the diameter AG; and the nearer to it is always Book III. 


leſs than the more remote, viz. DK than DL, and DL than 
DH. 


Take M the center of the circle ABC, and join ME, MF, a. z. 3. 


MC, MK, ML, MH. and becauſe AM is equal to ME, add 


MD to en therefore AD is equal to EM, MD; but EM, MD 
are greater ® than ED, therefore alſo AD is greater than ED. b. 20. .. 


again, becauſe ME is equal to MF, and MD common to the 
triangles EMD, FMD; EM, MD 


are equal to FM, MD; but the 
angle EMD is greater than the 
angle FMD ; therefore the baſe 
ED is greater © than the baſe FD. Wes | 1 
in like manner it may be ſhewn 
that FD is greater than CD, 


therefore DA is the greateſt; and NM 
DE greater than DF, and DF «han {18 


DC. and becauſe MK, KD are 


reater * than MD, and MK is e- 

qual to MG, the remainder KD | 

is greater i than the remainder GD, . N 
that is, GD is leſs than KD. and 

becauſe MK, DK are drawn to the 
point K within the triangle MID a 

from M, D the extremities of its 

fide MD; MK, KD are leſs © than ML, LD, whereof MK is e. 21. . 


equal to ML, therefore the remainder DK is leſs than the re- 


mainder DL. in like manner it may be ſhewn that DL is leſs 
than DH. therefore DG is the leaſt, and DK leſs than DL, and 
DL than DH. Alſo there can be drawn only two equal ſtraight 
lines from the point D to the circumference, one upon each 


. fide of the leaſt, at the point M in the ſtraight line MD, make 


the angle DMB equal to the angle DME, and join DB. and 
becauſe MK is equal to MB, and MD common to the triangles 
KMD, BMD, the two ſides KM, MD are equal to the two BM, 
MD; and the angle KM is equal to the angle BMD, there- 
fore the baſe DK is equal * to the baſe DB. but beſides DB . 
there can be no ſtraight line drawn from D to the circumfe- 
rence equal to DK. for if there can, let it be DN; and becauſe 
DE is equal to DN, and alſo to DB, therefore DB is equal to 


DN, that is the nearer to the leaſt equal to the more remote, 
which is impoſſible, If therefore any point, &c. Q. E. D. 
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A. 7. 3. 


& 9. 3. 


rence ABC cut the circumference 


- KF, and becauſe within the circle 
DEF there is taken the point K, G 


lines KB, KG, KF, the point K iss 


2 EEA 


PROP. IX, HE OR. 


F a point be taken within a circle, from which there 
fall more than two equal ſtraight lines to the circum- 
ference, that point 1s the center of the circle. 


Let the point D be taken' within the circle ABC, from 
which to the circumfererice there fall more than two equal 
ſtraight lines, viz. DA, DB, DC, the _ Di is the center of 
the circle, | | 

For if not, let E be the center, 
join DE and produce it to the cir- 
cumference in F, G; then FG is 
a diameter” of the circle ABC. and 
becauſe in FG the diameter of the 
circle ABC there is taken the point 
D which is not the center, DG ſhall 
be the greateſt line from it to the 
circumference, and DC greater * 
than DB, and DB than DA. but 
they are likewiſe equal, which is impoſlible. therefore E is 
not the center of the circle ABC, in like manner it may be 
demonſtrated that no other point but D is the center; D 
therefore is the center. Wherefore if a point be taken, Kc. 


Q. E. D. 


PROP. X. THE OR. | 
NE circunifirence of a circle cannot cut . in 
more than two points. 


If it be poſſible, let the circumfe- 
DEF in more than two points, viz. B 


in B, G, F; take the center K of 
the cirele ABC, and join KB, KG, E 


from which to the circumference 
DE fall more than two equal ſtraight 


f Tre COMET 


her in 


the 


AG. and becauſe AG, GF are greater 


OF E U C LI D. 
the center of the circle DEF. but K i is alſo the center of * Book = 


circle ABC; therefore the ſame point is the center of two 


circles that cut one another, which is impoſſible b. Therefore“ 5. 3. 
one circumference of a circle cannot cut another 1 in more than 


two points, Q. E. D. 


PROP. XI. THE OR. 


F two circles touch each other internally, the ſtraight 
1 line which joins their centers being produced ſhall 
paſs through the point of contact. 


Let the two circles ABC, ADE touch each other internal- 
ly in the point A, and let F be the center of the circle ABC, 
arid G the center of the circle ADE. 
the ſtraight line which joins the cen- 
ters F, G being produced paſſes thro? 
the point A. 

For if not, let it fall otherwiſe, if 
poſlible, as FGDH, and join AF, 


* than FA, that is than FH, for FA 

is equal to FH, both being from the 
ſame center; take away the common 
part FG, therefore the remainder AG is greater than the re- 
mainder GH. but AG is equal to GD, therefore GD is great- 
er than GH, the leſs than the greater, which is impoſſible. 


therefore the ſtraight line which joins the points F, G cannot 


fall otherwiſe than upon the point A, that is, it muſt paſs thro' 
it. Therefore if two circles, &c, Q. E. D. 


PROP. XII. THE OR. 


* two circles touch each other externally, the ſtraight 


line which joins their centers ſhall paſs thro? the point 
of contact. 


13 the two circles ABC, ADE touch each other exter- 


' nally in the point A; and let F be the center of the circle 


ABC, and G the center of ADE. the ſtraight line which joins 


the points F, G ſhall paſs thro' the point of contact A. 
For if not, let it paſs otherwiſe, if poſſible, as FCDG, and 
E 3 | Join 


70 t THE ELEMENTS 
Book III. Join FA, AG. and becauſe F is the center of the circle ABC, 
AF is equal to FC. alſo E 
becauſe G is the center of 
the circle ADE, AG is e- 
qual to GD. therefore 
FA, AG are equal to FC, 
DG; wherefore the whole 
| FG is greater than 4og 
«2%. 1. AG, but it is alſo leſs* 
which is impoſſible, rene the ſtraight line which joins the 
points F, G ſhall not paſs otherwiſe than thro' the point of 


F contact A, that is, it muſt paſs thro' it. Therefore if two cir- 
cles, &c. Q. E. D. 55 
PROP. XII. T HE OR. 
See N 


one, whether it touches it on the inſide or outſide. 


For, if-it be poſſible, let the circle EBF touch the circle 

ABC in more points than one, and firſt on the infide, in the 

4. 10. 11, 1. points B, D; join BD, and draw * GH biſecting BD at right 
angles. therefore becauſc the points B, D are in the circumfe- 


rence of each of the circles, the ſtraight line BD falls within 
$ & * . d each of them. and their centers are © in the ſtraight line GH 


3. 


which biſects BD at right angles; therefore GH paſſes thro? 
4 1 3 the point of contact 9, but it does not paſs thro? it, becauſe the 
points B, D are without the ſtraight line GH, which is abſurd, 
therefore one cirele cannot touch another on the inſide in 
more points than one. | 5 | 
Nor can two circles WW! one inother on the outfide' in 
| more 


NE circle cannot touch another in more points than 


ti 


| : | 
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BC, more than one point, for if it be poſſible, let the circle ACK Book III. 
touch the circle ABC in the points A, C, and join AC. there- 
fore becauſe the two points A, C are in | 
the circumference of the circle ACK, 
the ſtraight line AC which joins them 
ſhall fall within d the circle ACK, and 
the circle ACK is without the circle ABC, 
and therefore the ſtraight line AC is 
without this laſt circle ; but becauſe the 
the points A, C are in the circumference of 
of the circle ABC, the ſtraight line AC 
cir- muſt be within ® the ſame circle, which B 
is abſurd. therefore one circle cannot 
touch another on the outſide in more 
than one point. and it has been ſhewn that they cannot touch 
on the inſide in more points than one, therefore one circle, 


"_y ce. Q. E. D. 
de. 
M PROP. XIV. THEOR, 
the E,WAL ſtraight lines in a circle are equally diſtane 
ght from the center; and thoſe which are equally diſtant 
fe- from the center, are equal to one ace 
Let the ſtraight lines AB, CD in the circle ABDC be equal 
to one another; they are equally diſtant from the center. 
X Take E the center of the circle ABDC, and from it draw EF, 
EG perpendiculars to AB, CD, then becauſe the ſtraight line 
EF paſſing thro? the center cuts the ſtraight line AB, which 
does not paſs thro? the center, at right 
angles, it alſo biſeQs * it. wherefore 03. a 3 3: 
AF is equal to FB, and AB double of A 
AF. for the ſame reaſon CD is dou- 
* dle of CG. and AB is equal to CD, 
— therefore AF is equal to CG. and | 
H becauſe AE is equal to EC, the ſquare D 
oy of AE is equal to the ſquare of EC. 
ie but the ſquares of AF, FE are equal 
d. d to che ſquare of AE, becauſe the | % WY 
_ angle AFE is a right angle; and for the like reaſon the ſquares 
5 of EG, GC are equal to the ſquare of EC. therefore the 
4 ſqguares of AF, FE are equal to the * of CG. GE, of 


25 which 


* 


72 
CONS which the ſquare of AF is equal to the ſquare of CG, becauſe 
AF is'equal to CG; therefore the remaining ſquare of FE is 
equal to the remaining ſquare of EG, and the ſtraight line FE 
is therefore equal to EG. but ſtraight, lines 1 in a circle are ſaid 


©, 4. Def. 3. 


See N. 


to be equally diſtant from the center, 
when the perpendiculars drawn to them 
from the center are equal ©, therefore 
AB, CD are equally diſtant from the 
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center. 


Next, if the ſtraight lines AB, CD 
be equally diſtant from the cegter, that 
is, if FE be equal to EG; AB is equal 
to CD. for, the ſame e e be- 
ing made, it may, as before, be demon- 


ſtrated that AB is double of AF and CD double of CG, and 


that the ſquares of EF, FA are equal to the ſquares of EG, 


GC; of which the ſquare of FE is equal to the ſquare of EG, 
therefore the remaining ſquare of 
AF is cqual to the remaining ſquare of CG; and the ſtraight 


becauſe FE is equal to EG; 


line AF is therefore equal to CG.. and AB is double of AF, 


and CD double of CG; wherefore AB is equal to CD. There: 
fore equal ſtraight" lines, &c. Q. E. „ | 


PR 0 p. XV. THE OR. 
HE diameter is the greateſt ſtraight line in a circle ; 


Land of all others, that which is nearer to the center 
s always greater than one more remote; and the greater 
is nearer to the center than the leſs, 


Let ABCD be a circle; of which the amber is AD, 1 
center E; and let BC be nearer to the | center than F 2 AD is 
greater than any ſtraight line BC which gn 8 
is not a diameter, and BC greater 2880 


FG. 


From the center Saw EH, EK per- 


„ 7 N 


pendiculars to BC, FG, and join EB, 


EC, 


EF ; and becauſe AE is equal to 


EB. nd ED to EC, AD is equal by 


. 20, 1. 


| 7 181 becauſe BC is nearer to the center 3 FG, 
EH 


EB, 


than BC, wherefore alſo AD is great- 


EC. but EB, EC, are greater 


er than BC. 


1. 


1 * 


iſe 


FE 
aid 


the extremity, ſo as not to cut the circle; or, which is 


an angle with the ſtraight line which is at right angles to 
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EH is leſs > than EK, but, as was demonſtrated in the Book III. 
preceding, BC is double of BH, and FG double of FK, and, 5. Def. 3. 
the ſquares of EH, HB are equal to the ſquares of EK, KF, 
of which the ſquare of EH is leſs than the ſquare of EK, be- 
cauſe EH is leſs than EK; therefore the ſquare of BH is great- 
er than the ſquare of FK, and the ſtraight line BH greater 
than FK; and therefore BC is greater than FG. 
Next, Let BC be greater than FG; BC is nearer to the 
center than FG, that is, the ſame conſtruction being made, 
EH is leſs than EK, becauſe BC is greater than FG, BH like- 
wile is greater than FK. and the ſquares of BH, HE are equal 
to the ſquares of FK, KE, of which the ſquare of BH is great- 
er than the ſquare of FK, becauſe BH is greater than FK ; 
therefore the ſquare of EH is leſs than the ſquare of EK, and 
the ſtraight line EH leſs than EK. Wherefore the diameter, 
&c. Q. E. D. 
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PROP.XVI T H E OR. 


HE ſtraight line drawn at right angles to the dia- See N, 
meter of a circle, from the extremity of it, falls 
without the circle; and no ſtraight line can be drawn 
between that ſtraight line and the circumference from 


the ſame thing, no ſtraight line can make ſo great an a- 
cute angle with the diameter at its extremity, or ſo ſmall 


it, as not to cut the circle, 


Let ABC be a circle the center of which is D, and the dia- 
meter AB; the ſtraight line drawn at right angles to AB from 


its extremity A, ſhall fall without the circle. 


For if it does not, let it fall, if 
poſſible, within the circle as AC, 
and draw DC to the point C where 
it meets the circumference, and B 
becauſe DA is equal to DC, the” 
angle PAC is equal“ to the angle 
ACD; but DAC is a right angle, 
therefore ACD is a right angle, 
and the angles DAC, Ac are therefore equal to two right 
angles ; 


PS r 
N * 1 
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b. 17. Is 
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Book III. angles; which is impoſſible b. therefore the ſtraight line drawn 


from A at right angles to BA does not fall within the circle. 

in the ſame manner it may be demonſtrated that it does not 
fall upon the circumference ; therefore it muſt fall without the 
circle, as AE, 

And between the ſtraight line AE and the circumference 
no ſtraight line can be drawn from the point A which does 
not cut the circle, for, if poſſible, let FA be between them, and 
from the point D draw © DG perpendicular to FA, and let it 


meet the circumference in H. and becauſe AGD is a right 


angle, and DAG leſsꝰ than a right angle, DA is greater than 
DG. but DA is equal to DH; ＋ 
therefore DH is greater than DG, 
the leſs than the greater, which is 
impoſſible. therefore no ſtraight 
line can be drawn from the point 
A between AE and the circumfe- 
rence, which does not cut the cir- 
cle, or, which amounts to the ſame 
thing, however great an acute angle 
a ſtraight line makes with the dia- 
meter at the point A, or however ſmall an angle it makes with 
AE, the circumference paſſes between that ſtraight line and 
the perpendicular AE. * And this is all that is to be under- 
* ſtood, when in the Greek text and tranſlations from it, the 
© angle of the ſemicircle is ſaid to be greater than any acute 
* reCtilineal angle, and the remaining angle leſs than any rec- 
* tilineal angle.” 

Cor. From this it is manifeſt that the Araight line which is 


E 


drawn at right angles to the diameter of a circle rom the ex- 


tremity of it, touches the cirele; and that it touches it only in 


one point, becauſe if it did meet the circle in two, it would fall 


within it ®, * Alſo it is evident that there can be but one 
ö ſtraight line which touches the circle in the ſame point. 


PROP. XVI. PR OB. 


7 L O draw a ſtraight line from a given point, either 
without or in the e which ſhall touch 


a given circle. 


Firſt, Let A be a given point without the given circle BCD ; 
it 


* 
— 


to 
an 


of the circles BCD, AFG, 
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it is required to draw a ſtraight line from A which ſhall touch Beck I. 
it is req w a ſtraight line from ic uc 


the circle, 


Find “ the center E of the circle, and join AE; and froma. 1. 3. 
the center E, at the diſtance EA deſcribe the circle AFG; 
from the point D draw > DF at right angles to EA, and join b. 11. . 
EBF, AB. AB touches the circle BCD. 

Becauſe E is the center 


EA is equal to EF. and 
ED to EB; therefore the 
two ſides AE, EB are equal 
to the two FE, ED, and 
they contain the angle at 
E common to the two tri- 
angles AEB, FED; there- F 
fore the baſe DF is equal to ; | : 
the baſe AB, and the tri- | 
angle FED to the triangle AEB, and the other angles to the 
other angles ©, therefore the angle EBA is equal to the angle c 4. 
EDF. but EDF is a right angle, wherefore EBA is a right 
angle, and EB is drawn from the center ; but a ſtraight line 
drawn from the extremity of a diameter, at right angles to it, 
touches the circle d. therefore AB touches the circle; and it d. Cor. 16. 3. 
is drawn from the given point A. Which was to be done. - 

But if the given point be in the circumference of the circle, 
as the point D, draw DE to the _ E, and DF at os a 


angles to DE; DF touches the circle © 


PROP. XVII. THE OR. 


F a ſtraight line touches a circle, the ſtraight line 
drawn from the center to the point of contact, ſhall 
be perpendicular to the line touching the circle. 


Let the ſtraight line DE touch the circle ABC in the point 
C, take the center F, and draw the ſtraight line FC; FC i is 
perpendicular to DE. 
For if it be nat, from the point F draw FBG ＋— 
to DE; and becauſe FGC is a right angle, GCF is ® an acute b. «7. «, 
angle; and to the. greater angle the greateſt © ſide is oppoſite, . 19. *. 
therefore 
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Book III. therefore FC is greater than FG; 
but FC is equal to FB; therefore 
FB is greater than FG, the leſs than 
the greater, which is impoſſible. 
wherefore FG is not perpendicular 
to DE. in the ſame manner it may 


be ſhewn, that no other is perpen- 
dicular to it beſides FC, that is FC 


if a ſtraight line, &c, Q.E.D. 


NOT. . FHE © 


F a ſtraight line touches a circle, and from the point 

of contact a ſtraight line be drawn at right angles to 
| the touching line, the center of the circle ſhall be in that 
1 line. 


Let the ſtraight line DE touch the cirele ABC in C, and 
from C let CA be drawn at right angles to DE; the center of 
the circle is in CA, 

For if not, let F be the center, if poſſible, and | join CF. 
Becauſe DE touches the circle ABC A 
and FC is drawn from the center to 
the point of contact, FC is perpen- 

a. 18. 3. dicular * to DE; therefore FCE is a 
right angle. but ACE is alſo a right 
angle; therefore the angle FCE is 
equal to the angle ACE, the leſs to 
the greater, which is impoſſible. 


circle ABC. in the ſame manner it 

may be ſhewn that no other point which is not in CA, is the 

center; that is, the center is in CA. Therefore if a * 
& line, &c. Q.. D. | 


PROP. XX, THE OR. 


& ; HE. angle at the center of a circle is double of the 
angle at the circumference, upon the ſame baſe, 


that is, upon the ſame part of the circumference. = 
| Let 


— 


* 
128988 FR 
— 


is perpendicular to DE. Therefore D | C G 3 


wherefore F is not the center of the TJ) wok. 
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Let ABC be a circle, and BEC an angle at the center, and Book III. 
BAC an angle at the circumference, which have the ſame cir- 
cumference BC for their baſe; the angle A 
BEC is double of the angle BAC. 

Firſt, Let E the center of the circle be 
within the angle BAC, and join AE, and 
produce it to F. Becauſe EA is equal 
to EB, the angle EAB is equal“ to 
the angle EBA; therefore the angles 
EAB, EBA are double of the angleEAB; B | 
but the angle BEF is equal b to the angles F b. 32. I. 
EAB, EBA; therefore alſo the angle 
BEF is double of the angle EAB. for the ſame reaſon, the 
int angle FEC is double of the angle EAC. therefore the whole 
5 to angle BEC is double of the whole angle BAC. 
hat Again, Let BDC be infle&ed to 

the circumference, ſo that E the 
center of the circle be without the 
and angle BDC, and join DE and pro- 
r of duce it to G. It may be demonſtra- 
ted, as in the firſt caſe, that the angle 
CF, GEC is double of the angle GDC, 
and that GEB a part of the firſt is 
double of GDB a part of the other; 
therefore the remaining afigle BEC 


is double of the _—_— angle BDC, Therefore the angle a at 
the center, &c. Q. E. | 


PROP. XXI. 7 H E OR. 
HE, angles in the ſame ſegment of a circle are equal & x 

E | 4: to one another. 
4 Let ABCD be acircle, and BAD, 
the BED angles in the ſame ſegment 
ht BAE D; the angles BAD, BED are 

| equal to one another. 

Take F the center of the circle 
ABCD. and, firſt, let the ſegment 
BAED be greater than a ſemicircle, 
he and join BF, FD. and becauſe the 
ſe, angle BFD is at the center, and the 
| angle BAD at the circumference, and | 
et 8 . | | that 
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Book III. that they have the ſame part of the circumference, viz. BCD | 
„ for their baſe, therefore the angle BFD is double of the angle 
BAD. for the ſame reaſon, the angle BFD is double of the 
angle BED. therefore the angle BAD is equal to the angle 


A. 20, 


BED. 
But if the ſegment BAED be not greater than a em : . 
let BAD, BED be angles in it; theſe A. F | L 


alſo are equal to one another, draw 
AF to the center, and produce it to 
C, and join CE. therefore the ſeg- 
ment BA DC is greater than a ſemi- 
circle; and the angles in it BAC, 
BEC are equal, by the firſt caſe. for 
the ſame reaſon, the angles CAD, 
CED are equal. therefore the whole 
angle BAD is equal to the whole angle 
BED. Wherefore the angles in the ſame ſegment, Kc. Q. E. D. 


cle 


PROP. XXII. THEOR. 


H E oppoſite angles of any quadrilateral gate: de- 
{cribed in a circle, are together Equal to two right 


angles. 
Let ABCD be a quadrilateral figure in the circle Ab 
any two of its oppoſite angles are together equal to two right 
angles. 
Join AC, BD; and becauſe the three angles of every tri- 
a. 32. 1. angle are equal * to two right angles, the three "Ingles of the 
triangle CAB, viz. the angles CAB, ABC, BCA are equal t. to / 
two right angles. but the angle CAB | 
b. 21.5. is equal b to the angle CDB, becauſe 
they are in the ſame ſegment BADC; 


8333842882 25 ?9?2§usæ»é 


2g. 8. 


and the angle ACB is equal to the ſt 
angle ADB, becauſe they are in the m 
ſame ſegment ADCB. therefore the A. 
wholc angle ADC is equal to the m 
angles CAB, ACB. to each of theſe _ ap 
equals add the angle ABC, therefore | C me 
the angles ABC, CAB, BCA are equal to the angicns th 
ADC. but ABC, CAB, BCA are equal to two. right anßles or 
be 


therefore alſo the angles ABC, ADC are equal to two Sight | 
angles, in the ſame: manner the angles BAD, D may be 
| ſhewn 


* 


** OF EUCLID. 
men to be equal to two right — Therefore the oppoſite Book 1: 
13 &c. Q E. D. WWW 


: U P ON the fame ſtraight line, an 


R O FP. An. THE OX. 


of it, there cannot be two ſimilar ſegments of cir- 


cles, not coinciding with one another, 


Ik it be poſſible, let the two ſimilar ſegments of circles, viz. 
ACB, ADB be upon the ſame ſide of the ſame ſtraight line 
AB, not coinciding with one another. then becauſe the cir-- 
cle ACB cuts the circle ADB in the 
two points A, B, they cannot 'cut 
one another in any other point *. one 
of the ſegments muſt therefore fall 
within the other; let ACB fall within 
ADB, and draw the ſtraight line BCD, A. 
and join CA, DA. and becauſe the ſegment AC; is ſimilar 
to the ſegment ADB, and that ſimilar ſegments of circles con- 


rain b equal angles the angle ACB is equal to the angle ADB, b. :1.Def. 3. 


Therefore c. 16. 1. 
there cannot be two ſimilar ſegments of a circle upon the ſame 


the exterior to the interior, which is impoſſible . 


ſide of the ſame line, which do not coincide. Q. E. D. 


. 


'PROP. XXIV. T HE OR. 


O. 1LAR ſegments of circles upon equal ſtraight lines, see N. 


are equal to one another. 


Let AEB, CFD be ſimilar ſegments of circles upon the equal 
Forif the * 

ment AEB 

the point A be A 

on C, and the : 


ſtraight. lines AB, CD; the N AEB is * to thę er. 
ment CFD, 

applied to the Fac | 

ment CFD, ſo as | 5 

ſtraight line AB upon . the Nein B ſhall coincide with the 
point 


* 0 
4 


2. 10. 
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and upon the ſame ſide see x. 
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A. 23, 3. 


. . . 
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c. 6. 1. 


d. 9. 3. 
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Book III. point D, becauſe AB is equal to CD. therefore the ſtraight 


line AB coinciding with CD. the ſegment AEB muſt “ coin- 
cide with the ſegment CFD, and therefore is equal to it, 
Wherefore ſimilar TIT &c. Q. E 1 | 


| PROP. XXV. PROB. 


Segment of a circle being given, to deſeribe the cir- 
cle of which it is the ſegment. 


Let ABC be the given ſegment of a ale. it is required 
to deſcribe the circle of which it is the ſegment. 

Biſect a AC in D, and from the point D draw * DB at right 
angles to AC, and join AB. Firſt, let the angles ABD, BAD, 
be equal to one another; then the ſtraight line BD is equal © 
to DA, and therefore to DC. and becauſe the three ſtraight 
lines DA, DB, DC are all equal, D is the center of the cir- 
cle d. from the center D, at the diſtance of any of the three 
DA, DB, DC deſcribe a circle; this thall paſs thro' the other 
points; and the circle of which ABC is a ſegment is deſcribed, 
and becauſe the center D is in AC, the ſegment ABC is a ſe- 


3 


B 


E. 23. 1. 


= e 52 es 
B 
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micircle, but if the angles ABD. BAD are not equal to one 
another, at the point A in the ſtraight line AB make © the 
angle BAE equal to the angle ABD, and produce BD to E, 
and join EC. and becauſe the angle ABE is equal to the angle 
BAE, the ſtraight line BE is equal © to EA. and becauſe AD 
is equal to. DC, and DE common to the triangles ADE, CDE, 
the two ſides AD, DE are equal to the two CD, DE, each to 
each; and the angle ADE is equal to the angle CDE, for 
each of them is a right angle; therefore the baſe AE is equal 
to the baſe EC. but AE was ſhewn to be equal to EB, where- 


fore alſo BE is equal to EC; and the three ſtraight lines AE, 


bs EB, 
2 
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EB, EC ate therefore equal to one another; wherefore d E is Book III. | 
the center of the circle, from the center E at the diſtance of d. 9. 3. 


any of the three AE, EB* EC defcribe a circle, this fhall paſs 
thro? the other points; and the circle of which ABC is a ſeg- 
ment is deſcribed, and it is evident that if the angle ABD be 
greater than the angle BAD, the center E falls without the 
ſegment ABC, which therefore is leſs than a ſemicircle, but 
if the angle ABD be leſs than BAD, the center E falls within 
the ſegment ABC, which is therefore greater than a ſemicircle, 
wherefore a ſegment of a circle being given, the circle is de- 
ſcribed of which it is a ſegment, Which was to be done, 


PROP. XXVI THEOR. 


N equal circles, equal angles ſtand upon equal circum- 
ferences, whether they be at the centers, or circum- 
ferences. 5 


Let ABC, DEF be equal circles, and the equal angles BGC, 


FHF at their centers, and BAC, EDF at their circumferences. 


the circumference BKC is equal to the circumference ELF. 
Join BC, EF; and becauſe the circles ABC, DEF are equal, 

the ſtraight lines drawn from their centers are equal; there- 

fore the two fides BG, GC, are equal to the two EH, HF; 


and the angle at G is equal to the angle at H; therefore the 
baſe BC is equal to the baſe EF. and becauſe the angle at A = + . 
is equal to the angle at D, the ſegment BAC is ſimilar b to the b · 11. Def. 3. 


ſegment EDF; and they are upon equal ſtraight lines BC, EF; 
but ſimilar ſegments of circles upon equal ſtraight lines are e- 


qual © to one another; therefore the ſegment BAC is equa} © *+ + 


to the 9 EDF. but the whole circle ABC is equal to the 
F whole 


* 
= a» — —- 
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Book III. whole DEF, therefore the remaining ſegment BKC is equal to 
| the remaining ſegment ELF, and the circumference BKC to 
the circumference ELF. Wherefore in equal circles, &c. 


ns. | 
PROP. XXVII, THEOR. 


IN equal circles, the angles which ſtand upon equal 
circumferences, are equal to one another, whether 


lin 
they be at the centers, or circumferences. B. 
Let che angles BGC, EHF at the centers, and BAC, EDF , I Fi 

at the circumferences of the equal circles ABC, DEF ſtand 
upon the equal circumferences BC, EF. the angle BGC is e- EI 


qual to the angle EHF, and the angle BAC to the angle EDF. 
If the angle BGC be equal to the angle EHF, it is manifeſt 
x. 20. 3. that the angle BAC is alſo equal to EDF. but if not, one 


of them is the greater, let BGC be the greater, and at the 
b. 23. 1. point G, in the ſtraight line BG, make > the angle BGK equal 
to the angle EHF; but equal angles ſtand upon equal circum- 
c. 26. 3. ferences ©, when they are at the center; therefore the circum- 
ference BK is equal to the circumference EF. but EF is equal 
to BC, therefore alſo BK is equal to*BC, the leſs to the great- 
er, which is impoflible, therefore the angle BGC is not un- 
equal to the angle EHF; chat is, it is equal to it. and the 
angle at A is half of the angle BGC, and the angle at D half 
of the angle EHF. therefore the angle at A is equal to the 
angle at D. Wherefore in equal circles, &c. Q. E. D. 


PROP. 
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ual 
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DF 
and 
s e- 
DF. 

feſt 
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EL, LF. and becauſe the circles are equal, the ſtraight lines 


ſtand upon equal © circumferences, when they are at the cen- c. 26. 2. 


-cumference EHF. but the whole circle ABC is equal to the 


fore in rt . &c. Q E. D. 


Tg equal circles equal circumferences are ſubtended by 


OF EUCLID. 


PROP. XXVII. THE OR. 


N equal circles, equal ſtraight lines cut off equal cir- 
cumferences, the greater equal to the greater, and 
the leſs to the leſs, 


Let ABC, DEF be equal circles, and BC, EF equal ftraight 
lines in them, which cut off the two greater circumferences 
BAC, EDF, and the two leſs BGC, EHF. the greater BAC 
is equal to the greater EDF, and the leſs BGC to the leſs 
EHF. - 

Take * K, L the centers of the circles, and join BK, KC, a. «. 3 


F 


from their centers are equal, therefore BK, KC, are equal to 
EL, LF; and the baſe BC is equal to the baſe EF; therefore 
the angle BKC is equal b to the angle ELF. but equal angles b. 8. 1. 


ters; therefore the circumference BGC is equal to the cir- 


whole EDP; the remaining part therefore of the circumfe- 
rence, viz. BAC is equal to the «ets od EDF. There- 


' PROP. XXX. nE OR. 
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ces BGC, EHF alſo be ef and join BC, EF. the Rraighs | : 
line BC is equal to the ſtraight line EF. 
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THE ELEMENTS 
Take K, L the centers of the circles, and join BK, KC, 
EL, LF. and becauſe the circumference BGC is equal to the 


D 


b. 27. 3. Circumference EHF, the angle BKC is equal b to the angle 


7. 4. 1. 


b. 4. 1. 
tz 28. 3. 


ELF. and becauſe the cireles ABC, DEF are equal, the ſtraight 
lines from their centers are equal; therefore BK, KC are e- 
qual to EL, LF, and they contain equal angles. therefore the 
baſe BC is equal © to the baſe EF. Therefore iu equal circles, 
&c. Q. E. D. 


PROP. XX. PRO 3B. 


O biſect a given circumference, that is to divide it 
into two equal parts. 


Let ADB be the given circumference; it is required to bi- 


8 it. 


Join AB, and biſect it in C; from the point C draw CD 
at right angles to AB, and join AD, DB. the 3 
ADB is biſected in the point D. 

Becauſe AC is equal to CB, and CD common to the tri- 
angles ACD, BCD, the two ſides Ac, 0 
CD are equal to che two BC, CD; | 


and the angle ACD is equal to the 
angle BCD, becauſe each of them is a 


right angle; therefore the baſe AD A id C | B 


is equal to the baſe BD. but equal | 
ſtraight lines cut off equal © circumferences, the greater equal 


to the greater, and the leſs to the leſs, and AD, DB are each 
of them leſs chan a ſemicircle; becauſe DC paſſes thro? the 


& Cor. 1. 3- center d. wherefore the en ene AD is equal to the cir- 


cumference DB. therefore the given circumference i is biſected 
in D. Which was to be done. 
PROP. 
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equal to ECA; wherefore the 
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PROP. XXI. THE OR. 


N a circle, the angle in a ſemicircle is a right angle; 

but the angle in a ſegment greater than a ſemicircle 

is leſs than a right angle; and the angle in a ſegment leſs 
than a ſemicircle. is greater than a right angle, 

Let ABCD be a circle, of which the diameter is BC, and 


center E; and draw CA dividing the circle into the ſegments 


ABC, ADC, and join BA, AD, DC. the angle in the ſemi- 
circle BAC is a right angle; and the angle in the ſegment 
ABC, which is greater than a ſemicircle, is leſs than a right 
angle; and the angle in the ſegment ADC, which is leſs 
than a ſemicircle, is greater than a right angle 

Join AE, and produce BA to F; and becauſe BE is equal 
to EA, the angle EAB is equal to EBA; alſo, becauſe AE x. f. .. 
is equal to EC, the angle EAC is 


whole angle BAC is equal to the 
two angles ABC, ACB. but FAC 
the exterior angle of the triangle 
ABC, is equal ® to the two angles 
ABC, ACB; therefore the angle 
BAC is equal to the angle FAC, 
and each of them is therefore a 
right © angle, wherefore the angle 
BAC in a ſemicircle is a right angle. 
And becauſe the two angles ABC, BAC of the triangle 


c. to. Def. «. 


- ABC are together leſs than two right angles, and that BAC is a4 u. 
right angle, ABC muſt be leſs than a right angle; and there- 


fore the angle in a ſegment ABC greater than a ſemicircle, is 
leſs than a right angle. 

And becauſe ABCD is a quadrilateral figure in a circle, any 
two of its oppoſite angles are equal © to two right angles; er »e. U 
therefore the angles ABC, ADC are equal to two right angles; 
and ABC is leſs than a right angle, wherefore the other ADC 
is greater than a right angle. 

Beſides, it is manifeſt, that the circumference of the great- 
er ſegment ABC falls without the right angle CAB, but the 
circumference of the leſs ſegment ADC falls within the right 
angle CAT. And this is all that is meant, when in the 
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a, II. I. 


B, the center of the circle 1 is? in BA; 
| therefore the angle ADB in a ſe. 


but ABF is likewiſe a right angle ; 


 Urilatera] figure in 2 circle, the cpp angles BAD. BOD 


THE ELEMENTS 


Book IIT. . Greek text, and the tranſlations from it, the angle of the 


greater ſegment is ſaid to be greater, and the angle of the 
* leſs ſegment is ſaid to be leſs than a right angle.” 

Cor. From this it is manifeſt, that if one angle of a tri- 
angle be equal to the other two, it is a right angle, becauſe 
the angle adjacent to it is equal to the ſame two; and when 
the adjacent angles are equal, they are right angles, 7 


PROP. XXI. THE OI. 


IF a ſtraight line touches a circle, and from the point 
of contact a ſtraight line be drawn cutting the circle, 
the angles made by this line with the line touching the 


circle, ſhall be equal to the angles which are in the alter- 
nate ſegments of the circle. 


Let the ſtraight line EF touch the cite ABCD in B, and 
from the point B let the ſtraight line BD be drawn cutting the 
circle, the angles which BD makes with the touching line EF 
{hall be equal to the angles in the alternate ſegments of the 
circle; ; that is, the angle FBD is equal to the angle which is 
in the ſegment DAB, and the angle DBE to the angle in the 


| ſegment BCD. 


From the point B draw BA at right angles to EF, and 
take any point C in the circumference BD, and join AD, 
DC, CB; and becauſe the ſtraight line EF touches the circle 
ABCD in the point B, and BA is | 
drawn at right angles to the touch- 
ing line from the point of comet 


micircle is a right © angle, and con- 
ſcquently the other two angles BAD, 
ABD are equal © to a right angle. 


therefore the angle ABF is equal to E. B 3 F 5 
the angles BAD, ABD. take from - 2 

theſe equals the common angle ABD, therefore the remain- 
ing angle DBF is equal to the angle BAD which is in the al- 
ternate ſegment of the circle; and becauſe ABCD is a qua- 


are 
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are equal eto two right angles; therefore the angles DBF, Book III 


DBE, being likewiſe equal f to two right angles, are equal to e. 22,3. 
the angles BAD, BCD; and DBF has been proved equal to- 
BAD; therefore the remaining angle DBE is equal to the 

angle BCD in the alternate 8 of the circle. Wherefore 

5 a ſtraight line, &c. 2 E. | 


*- 


p ROP. XXXII. PROB. 


LJ* VV a given ſtraight line to deſcribe a ſegment of a $ee x. 
circle, containing an angle equal to a given rectili- 
neal angle. 


Let AB be the given ſtraight line, and the angle at C the 
given rectilineal angle; it is required to deſcribe upon the 
given ſtraight line AB a ſegment of ; 
a circle, containing an angle equal H 


to the angle C, C 
Firſt, Let the angle at C be a 
right angle, and biſet*® AB in F, 


and from the center F, at the di- A F B N 
ſtance FB deſcribe the ſemicircle 

AHB; therefore the angle AHB in a femicircle is > equal to b. zr. 3 
the ri ight angle at C. 

But if the angle C be not a right angle, at the point A in 


the ſtraight line AB make the angle BAD equal to the angle c. 23. . 
C, and from the point A 


draw © AE at right angles to - H d. 11, 1. 
AD; biſet* AB in F, and E 

from F draw 4 FG at right 
angles to AB, and join GB, | G 
and becauſe AF is equal to 2 


2. 10. I, 


FB, and FG common to the — 
triangles AFG, BFG, the two * | A F | 5 | 
ſides AF; FG are equal to | 


the two BF, FG; and the DNV 
angle AFG is equal to the 

angle BFG; therefore the baſe AG is equal ? to the baſe GB; .: 
and the clacle deſcribed from the center G, at the diſtance GA 


ſhall paſs thro?” the point B; let this be the circle AHB. and 


becauſe from the point A che extremity of the diameter AE. 
| F 4 h AD 
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Book III, AD is drawn at right angles to AF, therefore AD touches 
f.Cor. 16 3. the circle; and becauſe AB drawn from the point of contact 
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A cuts the circle, the angle | H 
DAB is equal to the angle in * 

the alternate ſegment AHB. 

but the angle DAB is equal / 

to the angle C, therefore alſo 

the angle C is equal to the angle 

in the ſegment AHB, where- D 

fore upon the given ſtraight 

line AB the ſegment AHB of 


a circle is deſcribed which contains an angle equal to the given 
angle at C. Which was to be done. 


PROP. XXXIV. PROB. 


O cut off a ſegment from a given circle which ſhall 
contain an angle equal to a given rectilineal angle. 


Let ABC be the given circle, and D the given rectilineal 
angle ; it is required to cut off a ſegment from the circle ABC 
that ſhall contain an angle equal to the angle D. 

Draw * the ſtraight line EF toũching the circle ABC i in the 
point B, and at the point A 
B, in the ſtraight line BF, 
make b the angle FBC equal 
to the angle D. therefore 
becauſe the ſtraight line EF 
touches the circle ABC, D 
and BC is drawn from the 
point of contact B, the F 
angle FBC is equal“ to the B 
angle in the alternate ſeg- 
ment BAC of the circle, but the angle FBC i is — the 
angle D; therefore the angle in the ſegment BAC is equal to 
the angle D. wherefore the ſegment BAC is cut off from the 
given circle ABC containing an angle equal to the n angle 
D. which was to be done. 


E 


PROP, 


2 


ven 


AE, EC is equal to the rectangle contain- 
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PROP, XXXV. THEOR. 


F two ſtraight lines within a circle cut one another, e N. 
the rectangle conn by the ſegments of one of 

them, js equal to the rectangle contained by the ſegments | 

of the other. 


Let the two ſtraight lines AC, BD within the circle ABCD, 
cut one another in the point E; the rectangle contained by 


ed by BE, ED. A 
If AC, BD paſs each of them thro” 
the center, ſo that E is the center; it is 
evident, that AE, EC, BE, ED being all B C 
equal, the rectangle AE, EC is likewiſe | 
equal to the rectangle BE, ED. a 
But let one of them BD paſs thro' the center, and cut the 
other AC, which does not paſs thro' the center, at right angles, 
in the point E. then if BD be biſected in F, F is the center 
of the circle ABCD; and to it from A draw AF. and be- 
cauſe BD which paſſes thro' the center cuts the ſtraight line 
AC, which does not paſs thro' the | 
center at right angles in E, AE, EC. 
are equal * to one another, and be- 
cauſe the ſtraight line BD is cut into 
two equal parts in the point F, and 
into two unequal in the point E, the 


rectangle BE, ED together with the A . 2 
| 


ſquare of EF, is equal * to the ſquare 
of FB; that is, to the ſquare of FA; 
but the ſquares of AE, EF are equal | 
© to the ſquare of FA; therefore the rectangle BE, ED toge- . 47. 1 
ther with the ſquare of EF is equal to the ſquares of AE, EF. 
take away the common ſquare of EF, and the remaining rect- 
angle BE, ED is equal to the remaining ſquare of AE; that 
is, to the rectangle AE, EC. 

Next, Let BD which paſles thro' the center, cut the other 
AC, which does not paſs thro' the center, in E, but not at 
right angles. then, as before, if BD be biſected in F, F is the 


center of the circle, Join AF, and from F draw © FG perpen- d 12. *. 


dicular 


go THE ELEMENTS 

Book III. dicular to AC; therefore AG is equal to GC; wherefore 
2. 3. 3. the reQangle AE, EC together with the ſquare of EG is e- 
b. f. 2. qual ® to the ſquare of AG. to each of theſe equals add the 
ſquare of GF, therefore the rectangle AE, EC together with 

the ſquares of EG, GF is equal to 
the ſquares of AG, GF. but the D 
e 47. 1. ſquares of EG, GF are equal © to the 
ſquare of EF; and the ſquares of 
AG, F are equal to the ſquare of A 
AF. therefore the rectangle AE, EC 
together with the ſquare of EF is e- 
qual to the ſquare of AF; that is, 
to the ſquare of FB. but che ſquare of FB is equal *® to the 
rectangle BE, ED together with the ſquare of EF; therefore 
the rectangle AE, EC together with the ſquare of EF, is equal 
to the rectangle BE, ED together with the ſquare of EF. take 
away the common ſquare of EF, and the remaining rectangle 

AE, EC is therefore equal to the remaining rectangle BE, ED. 
Laſtly, Let neither of the ſtraight lines AC, BD ack thro? 

the center. take the center F, and 

thro' E the interſection of the 

ſtraight lines AC, DB draw the 
diameter GEFH. and becauſe the 
rectangle AE, EC is equal, as has 

been ſhewn, to the rectangle GE, 
EH; and for the ſame reaſon, the 
rectangle BE, ED is equal to the 
ſame rectangle GE, EH; therefore 
the rectangle AE, EC is equal to the rectangle BE, ED. 
Wherefore if two ſtraight lines, &c. Q. E. D. 35-4 


PROP. XXXVI. THE OR. 


F from any point without a circle two ſtraight lines 
be drawn, one of which cuts the cht, and the o- 
ther touches it; the rectangle contatned bythe whole line 
which cuts the ercle, and the part of it without the circle, 


ſhall be equal ro the {qua re of the line which teaches it, 
4. 

Let D be any point withcut the civele ABC, ani DCA, 

DP two {tr night lines drawn from it, of which DCA cuts the 


circle, 
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fore circle, and DB touches the ſame. the rectangle AD, DC is e- Book III, TY! 
AY, qual to the ſquare of DB, 4 
the Either DCA paſſes thro? the center, or it does not; firſt, 1 
with let it paſs thro' the center E, and join EB; therefore the angle 1 
EBD is a right * angle. and becauſe 74 
the ſtraight line AC is biſected in E, ws! 
and produced to the point D, the re&- . 
- angle. AD, DC together with the 1 
= ſquare of EC is equal > to the ſquare nd; 
of ED, and CE is equal to EB. there- W 
35 fore che rectangle, AD, DC together 95 
with the ſquare of EB is equal to the | 
the ſquare of ED. but the ſquare of ED 
Ore is equal © to the ſquares of EB, BD, be- 
pal cauſe EBD is a right angle. therefore 
ake the rectangle AD, DC together with 
gle the ſquare of EB is equal to the 
D. ſquares of EB, BD. take away the common ſquare of EB, 
ro therefore the remaining rectangle AD, DC is equal to the 
ſquare of the tangent DB. 
But if DCA does not paſs thro! the center oß the circle 
) ABC, take 4 the center E, and draw EF perpendicular MS > 
AC, and join EB, EC, ED; then EFD is a right angle. and : 
þ becauſe the ſtraight line EF which paſſes thro” the center, cuts 
the ſtraight line AC, which does not D 
paſs thro' the center at right angles, it 
ſhall likewiſe biſect f it; therefore AF f. 3. 3. 
is equal to FC. and ene the ſtraight 
line AC is biſected in F, and produced 
to D, the rectangle AD, DC together 
with the ſquare of FC is equal to the 
ſquare of FD. to each of theſe equals 
* add the ſquare of FE, therefore the 
rectangle AD, DC together with the 
1 ſquares of CF, FEis equal to the ſquares 
ne of DF, FE. but the ſquare of ED is e- | 
e, qual © to the ſquares of DF, FE, becauſe EFD is a right angle; 
t. and the ſquare of EC is equal to the ſquares of CF, FE; there- 
| fore the rectangle AD, DC together with the ſquare of EC is 
A, equal to the ſquare of ED. and CE is equal to EB, therefore 
he the rectangle AD, DC together with the ſquare of EB, is equal 
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e. 47. 1. 
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Book ITT. to the ſquare of ED. but the ſquares of EB, BD are equal to 


the ſquare © of ED, becauſe EBD is a right angle; therefore 
the rectangle AD, DC together with the ſquare of EB is e- 
qual to the ſquares of EB, BD. take away the common ſquare 
of EB, therefore the remaining rectangle AD, DC is equal to 
the ſquare of DB. Wherefore if from any point, &c. Q. E. D. 
Cor, If from any point with- A 
out a circle, there be drawn two 
ſtraight lines cutting it, as AB, 
AC, the rectangles contained by 
the whole lines and the parts of 
them without the circle, are e- 
qual to one another, viz, the 
rectangle BA, AE to the rect- 
angle CA, AF. for each of them 
is equa] to the ſquare of the 
ſtraight line AD which touches 
the circle, 


PROP. XXXVII, THE OR. 


F from a point without a circle there be drawn two 
ſtraight lines, one of which cuts the circle, and the 
other meets it; if the rectangle contained by the whole 
line which cuts the circle, and the part of it without the 
circle be equal to the ſquare of the line which meets it, 
the line which meets ſhall touch the circle. 


Let any point D be taken without the circle ABC, and from 
it let two ſtraight lines DCA and DB be drawn, of which 
DCA cuts the circle, and DB meets it; if the rectangle AD, 
DC be equal to the ſquare of DB ; DB touches the circle. 

Draw * the firaight line DE touching the circle. ABC, find 
its center F, and join FE, FB, FD; then FED is a right“ 
angle. and becauſe DE touches the circle ABC, and DCA cuts 
it, the rectangle AD, DC is equal © to the ſquare of DE, but 
the rectangle AD, DC is, by Hypotheſis, equal to the ſquare 
of DB; therefore the ſquare of DE is equal to the ſquare of 


DB, and the ſtraight line DE equal to the ſtraight line os 
„ 


& 


OF EUCLID. 


and FE is equal to FB, wherefore DE, EF are equal to DB, Book III. 


BF; and the baſe FD is common to 
the two triangles DEF, DBF; there- 
fore the angle DEF is equal © to the 
angle DBF, but DEF is a right angle, 
therefore alſo DBF is a right angle. 
and FB, if produced, is a diameter, 
and the ſtraight line which is drawn 
at right angles to a diameter, from the 
extremity of it, touches the circle. 
therefore DB touches the circle ABC. 
Wherefore if from a point, &c. A 


Q. E. D. 


D 
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DEFINITION S. 


I. 
Rectilineal figure is faid to be inſcribed in another recti- 
lineal figure, when all the angles of the inſcribed * 
are upon the ſides of the figure in which it 
is inſcribed, each upon each. | 
1 

In like manner a figure is ſaid to be deſcribed 
about another figure, when all the ſides of 
the circumſcribed figure paſs thro” the angu- 
lar points of the figure about which it is deſcribed, each 


thro? each. 


III. | 
A rectilineal figure is ſaid to be inſcribedin 
a circle, when all the angles of the in- 
ſcribed figure are upon the circumference 
of the circle. 


Iv. 
A rectilineal figure is ſaid to be deſcribed about a circle, when 


each fide of the circumſcribed figure* 
touches the circumference of the circle. / " 
. 
In like manner a circle is ſaid to be inſcri- 
bed in a rectilineal figure, when the cir- 
cumference of the circle touches each \ / 
VI. A 


ſide of the figure. 


ure 


ach 
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VI. 
A circle is ſaid to be deſcribed about a rec- 
tilineal figure, when the circumference | 
of the circle paſſes thro” all the angular 


points of the figure about which it is 
deſcribed, 


VII. 
A ſtraight line is ſaid to be placed in a circle, when the extre- 
mities of it are in the circumference of the circle. 


PROP. I. PROB. 


N a given circle to place a ſtraight line, equal to a gi- 


ven ſtraight line not greater than the diameter of the 
? 
circle, 2 


Let ABC be the given circle, and D the given ſtraight line, 
not greater than the diameter of the circle. 2 

Draw BC the diameter of the circle ABC; then, if BC is 
equal to D, the thing required is done; for in the circle ABC 
a ſtraight line BC is placed e- 
qual to D. but if it is not, BC A 
is greater than D; make CE 
equal * to D, and from the cen- C 
ter C, at the diſtance CE, de- 
ſcribe the circle AEF, and join | 20 
CA. therefore becauſe C is 
the center of the circle AEF, 
CA is equal to CE; but D is equal to CE, therefore D is e- 
qual to CA. wherefore in the circle ABC a ſtraight line is 
placed equal to the given ſtraight line D, which is not great- 
er than the diameter of the circle. Which was to be done, 


PROP. II. PROB. 


. a given cirele to inſcribe a triangle equiangular to a 
given N 


Let 


96 THE ELEMENTS 
Book TV: Let ABC be the given circle, and DEF the given triangle; 
it is required to inſcribe in the circle ABC a triangle equian- 
gular to the triangle DEF, 
Draw * the ſtraight line GAH touching the circle in the 
point A, and at the point A, in the ſtraight line AH, make b 


the angle HAC equal to the angle DEF; and at the . A. 
in the ſtraight line 


AG, make the angle 
GAB equal to the 
angle DFE, and join 
BC. therefore be- 
cauſe HAG touches 
the circle ABC, and 
AC is drawn from the 
point of contact, the 
angle HAC is equal | 
to the angle ABC in the alternate * of the circle, but 
HAC is equal to the angle DEF, therefore alſo the angle ABC, 
is equal to DEF. for the ſame reaſon the angle ACB is equal 
to the angle DFE; therefore the remaining angle BAC is e- 
qual © to the remaining angle EDF, wherefore the triangle 
ABC is equiangular to the triangle DEF, and it is 1 
in the circle ABC. Which was to be done. | 


PROP. III. PROB: 


BOUT a given circle to deſcribe a triangle equian- 
_ Eular to a given triangle. 


Let ABC be the given circle, and DEF the given triangle; 
it is required to deſcribe a triaũgle about the circle ABC e- 
quiangular to the triangle DEF. _ 

Produce EF both ways to the points 8. H, and find the 
center K of the circle ABC, and from it draw any ſtraight 
line KB; at the point K in the ſtraight line KB, make * the 
angle BKA equal to the angle DEG, and the angle BEC e- 
qual to the angle DFH; and thro' the points A, B, C draw 
the ſtraight lines LAM, MBN, NCL touching: the circle 
ABC. therefore becauſe LM, MN, NL touch the circle ABC 
in the points. A, B, C to which from the center are drawn 
KA, KB, KC, the fngles at the points A, B, C are right © 
angles. and becauſe the four angles of the quadrilateral fi- 

gure 


lian- 


8 


vided into two triangles; and that two of them KAM, KBM 


for the angle ABC is biſected by 
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gure AMBK are equal to four right angles, for it can be di- Book TV. 
as right angles, 7 

the other two 

AKB, AMB are 
equal to two right 


angles. but the an- | 
gles DEG, DEF A 
are likewiſe equal | — 


4 to two right an- G E F H 43. % 
gles; therefore the e 30s" (OT | 
angles AKB, AMB M B N 


are equal to the 


angles DEG, DEF, of which AKB is equal to DEG; where- 

fore the remaining angle AMB is equal to the remaining angle 
DEF. in like manner the angle LNM may be demonſtrated to 

be equal to DFE; and therefore the remaining angle MLN is 
equal © to the remaining angle EDF. wherefore the triangle e. 32. ». 


ILMN is equiangular to the triangle DEF. and it is deſcribed 


about the circle ABC. Which was to be done; 


PROP. IV. P R O B, 
Toi inſcribe a circle i ina given triangle. See N. 


= 


Let the given triangle be ABC; it is required to inſcribe a 
circle in ABC. | 
Biſect the angles ABC, BCA by the Rraight lines BD, CD a. g. 1. 
meeting one another in the point D, from which draw * DE, b. 12 « 
DF, DG perpendiculars to AB, A 
BC, CA. and becauſe the angle. - 
EBD is equal to the angle FBD, 


BD, and that the right angle 
BED is equal to the right angle 
BFD, che two trian gles EBD, E 
FBD have two angles of the one 
equal to two angles of the other, 
and the ſide BD, which is op- B Wi. C 
poſite to one of the equal angles We? 

in each, is common to both; therefore their other ſides ſhall 
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Book IV. be equal ©; wherefore DE is equal to DF. for the ſame rea- 


e. 26. 1. 


ſon, DG is equal to DF ; therefore the three ſtraight lines DE, 
DF, DG are equal to one ano- * 

ther, and the circle deſcribed 
from the center D, at the diſtance 
of any of them, ſhall paſs thro? 
the extremities of the other two, 
and touch the ſtraight lines AB, 
BC, CA, becauſe the angles at 
the points E, F, G are right an- 
gles, and the ſtraight line which 
is drawn from the extremity of B 
a diameter at right anglds to it, 
touches © the circle. therefore the ſtraight lines AB, BC, CA 
do each of them touch the circle, and the circle EFG is inſeri- 


bed in the triangle ABC. Which was to be done. 


NOF. V. ANON 
18 a circle about a given triangle. 


Let the given triangle be ABC; it is required to deſcribe a 
circle about ABC. | Ts 
Biſect“ AB, AC in the points D, E, and from theſe points 


* 


A 


c. 4. 


meet one another. for if they do not meet they are parallel, 
wherefore AB, AC which are at right angles to them are pa- 
rallel; which is abſurd. let them meet in F, and join FA; al- 
ſo, if the point F be not in BC, join BF, CF. then becauſe 
AD is equal to DB, and DF common, and at right angles to 


AB, the baſe AF is equal.* to the baſe FB. in like manner it - 


may be ſhewn that CF is equal to FA; and therefore BF is e- 
qual to FC ; and FA, FB, FC are therefore equal to one an- 
40 — | 3 | ; other. 


* 


draw DF, EF at right angles to AB, AC; DF, EF produced 


2 
E, 


e 4 


ints 
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other, wherefore the circle deſcribed from the center F, at the Book IV. 


diſtance of one of them, ſhall paſs thro' the extremities of the 
other two; and be deſcribed about the triangle ABC, Which 
was to be done, m7 
Cor, And it is manifeſt that when the center of the circle 
falls within the triangle, each of its angles is leſs than a right 
angle, each of them being in a ſegment greater than a ſemicir- 
cle. but when the center is in one of the ſides of the triangle, 
the angle oppoſite to this fide, being in a ſemicircle, is a right 
angle, and if the center falls without the triangle, the angle 
oppoſite to the fide beyond which it is, being in a ſegment leſs 
than a ſemicircle, is greater than a right angle. Wherefore, if 
the given triangle be acute angled, the center of the circle falls 
within it; if it be a right angled triangle, the center is in the 
fide oppolite to the right angle; and if it be an obtuſe angled 


triangle, the center falls without the triangle, beyond the de 
oppoſite to the obtuſe angle. 


PROP. VI. PROB. 
* inſeribe a ſquare in a given circle. 


— * 


Let ABCD be the given circle; it is required to inſcribe a 


| ſquare in ABCD. 


Draw the diameters AC, BD at right angles to one an- 
other; and join AB, BC, CD, DA. becauſe BE is equal to 
ED, for E is the center, and that EA | 
is common, and at right angles to 
BD; the baſe BA is equal * to the 
baſe AD. and for the ſame reaſon, 
BC, CD are each of them equal to 
BA or AD; therefore the quadri- 
lateral figure ABCD is equilateral. 
It is alſo rectangular; for the ſtraight 
line BD being the diameter of the C 
circle ABCD, BAD is a ſemicircle ; wherefore the angle 558 


is a right angle. for the ſame reaſon each of the angles ABC, b 31. 3. 


BCD, CDA is a right angle. therefore the quadrilateral fi- 
gure ABCDiis rectangular, and it has been ſhewn to be equi- 
lateral, therefore it is a ſquare ; and it is inſcribed in the cir- 
cle — *. was to be done. 

G 2 | PROP. 


* 


FO@ 


Book IV. 
— — 


A. 17. 1. 


i H 


e. 25. . 


d. 34. 1. 
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PROP. vn. PRO B. 
* deſcribe a ſquare about a given circle. 


Let ABCD be the given circle; it is required to deſcribe a 
ſquare about it. ”, 

Draw two diameters AC, BD of the circle ABCD, at right 
angles to one another, and thro? the points A, B, C, D draw* 
FG, GH, HE, KF touching the circle. and becauſe FG touches 
the circle ABCD, and EA is drawn from the center E to the 
point of contact A, the angles at A are right“ angies. for the 
ſame reaſon, the angles at the points B, C, D are right angles. 


and becauſe the angle AEZ is a right 6 F 
angle, as likewiſe is EBG, GH is pa- 22 2 
rallel © to AC. for the ſame reaſon, / | 

AC. is parallel to FK. and in like E be” 
manner GF, HK may each of them B D 


be demonſtrated to be parallel to BED. 
therefore the figures GK, GC, AK, 
FB, BK are parallelograms. and GF 

is therefore equal 4 to HK, and GH EL C K 

to FK. and becauſe AC is equal to BD, and that AC is equal 
to each of the two GH, FK; and BD to each of the two 
GF, HK; GH, FK are each of them equal to GF or HK. 
therefore the quadrilateral figure FG HK is equilateral. It is 
alſo rectangular; for GBEA being a parallelogram, and AEB 
a right angle, AGB is 4 likewiſe a right angle. in the ſame 
manner it may be ſhewn that the angles at H, K, F are right 
angles, therefore the quadrilateral figure FGHK is rectangular. 

and it was demonſtrated to be equilateral ; therefore it is a 
ſquare; and it is * about the circle ABCD. Which 
was to be done. 


PROP, VIII. PR OB. 
# O inſcribe a circle in a given ſquare. 55 


„ 


Let ABCD be the given ſquare; it is required to inſcribe a a 

circle in ABCD. | . 
Biſect “ each of the ſides AB, AD, in the points F, E, and 
thro' E draw * EH parallel to AB or DC, and thro' F draw 
FK 


+ therefore the four ſtraight lines GE, 
SF, GH, GK are equal to one ano- | | 


) 
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FER parallel to AD or BC, therefore each of che figures AR, Book IV. 


KB, AH, HD, AG, GC, BG, GD is a parallelogram, and 


their oppoſite ſides are equal ©, and becauſe AD is equal toc, 34. .. 


AB, and that AE is the half of AD, and AF the half of AB; 
AE is equal to AF, wherefore the A 
ſides oppoſite to theſe are equal, viz. 


FG to GE. in the ſame manner it may | 
be demonſtrated that GH, GK are 
each of them equal to FG or GE. F. G 5 


N 


ther; and the circle deſcribed from 

the center G, at the diſtance of one of B H C 

them ſhall paſs thro' the extremities of the other three, and 

touch the ſtraight lines AB, BC, CD, DA ; becauſe the an- 

gles at the points E, F, H, K are right“ angles, and that the “ . » 
ſtraight line which is drawn from the extremity of a diameter, 

at right angles to it, touches the circle ©. therefore each of the ©+ 16. 3. 
ſtraight lines AB, BC, CD, DA touches the circle, which 


therefore is inſcribed in the ſquare ABCD. Which-was to be 
done, 


PROP. IX. PROB. 
| O deſcribe a circle about a given ſquare, 


Let ABCD be the given ſquare; it is required to deſcribe a 
circle about it. | 

Join AC, BD cutting one another in E. and becauſe DA is 
equal ro AB, and AC common to the triangles DAC, BAC, 
the two ſides DA, AC are equal to the 
two BA, AC; and the baſe DC is equal A D 
to the baſe BC; wherefore the angle NP | 25 
DAC is equal * to the angle BAC, and | MING 
the angle DAB is biſected by the ſtraight 2 
line AC. in the ſame manner it may be B——— C 
demonſtrated that the angles ABC, BCD, | 


CDA are ſeverally biſected by the ſtraight : 
lines BD, AC. therefore becauſe the angle DAB is equal to 


the angle ABC, and that the angle EAB is the half of DAB, 
and EBA the half of ABC; the angle EAB is equal to the 
angle EBA; wherefore the fide EA is equal“ to the fide EB. b. 6. 1. 
in the ſame manner it may be demonſtrated that the ſtraight 

ö G 3 lines 
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— IV, lines EC, ED are each of them equal to EA or EB, therefore 


T2, 11. 2. 


37. 3. 


©, 32, 3. 


f. 32. 1. 


other three, and be deſcribed about the ſquare ABCD. Which 


of the angles 


contact D, the angle BDC is equal © to the angle DAC in the 


THE ELEMENTS n 
the four ſtraight lines EA, EB, EC, ED are equal to one an- 
other; and the circle deſcribed from the center E, at the di- 


ſince of one of them, ſhall paſs thro' the extremities of the 


was to be done, 


PROP. X. PROB, - 


p deſcribe an Iſoſceles triangle, having each of the is 
| angles at the baſe double of the third angle. - ys 
I de 
Take any ſtraight line AB, and divide * it in the point C, A 
ſo that the rectangle AB, BC be equal to the ſquare of CA; 01 


and from the center A, at the diſtance AB deſcribe the cir- 
cle BDE, in which place ® the ſtraight line BD equal to AC, 
which is not greater than the diameter of the. circle BDE; join 
and about the triangle ADC deſcribe © the circle 
ACD. the triangle ABD is ſuch as is required, that is, each . 
D, ADB is double of the angle BAD. 

Becauſe the rectangle AB, BC is equal to the ſquare of AC, 


and that AC is equal to BD, the rectangle AB, BC is equal to oo 
the ſquare of BD. and becauſe 

from the point B without the * 
circle ACD two ſtraight lines 

BCA, BD are drawn to the cir- 8 
cumference, one of which cuts, r 
and the other meets the circle, 1 
and that the rectangle AB, BC 

contained by the whole of the 8 
cutting line, and the part of it 8 
without the circle, is equal to the 0 
ſquare of BD which meets i. A 
the ſtraight line BD touches © li 


the circle ACD. and becauſe rn. B 
BD touches the circle, and DC is drawn from the t of 


alternate ſegment of the circle; to each of theſe add the angle 
CDA, therefore the whole angle BDA is equal to the two 2 
angles CDA, DAC. but the exterior angle BCD is equal * to 5 
the angles CDA, DAC; therefore alſo BDA is equal to BCD. 
| | but 


t of 


the 
* 
1 gle p 


two 
to 
D. 


but 
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but BDA is equal * to the angle CBD, becauſe the fide AD Bock IV. 
is equal to the ſide AB; therefore CBD, or DBA is equal to 8. 5. 1. 
BCD; and conſequently the three angles BDA, DBA BCD, are 

equal to one another. and becauſe the angle DBC is equal to the 

angle BCD, the fide BD is equal h to the fide DC. but BD b. 6. r. 
was made equal to CA, therefore alſo CA is equal to CD, and 

the angle CDA equal © to the angle DAC, therefore the an- 

gles CDA, DAC together, are double of the angle DAC. but 

BCD is equal to the angles CDA, DAC; therefore alſo. BCD 

is double of DAC. and BCD is equal to each of the angles 

BDA, DBA; each therefore of the angles BDA, DBA is 

double of the angle DAB. wherefore an Iſoſceles triangle 

ABD is deſcribed having each of the angles at the baſe double 

of the third angle. Which was to be done, 


PROP. XI, PROB. 


O inſcribe an equilateral and equiangular pentagon in 
a given circle, | 


Let ABCDE be the given circle; it is required 40 inſcribe 
an equilateral and equiangular pentagon in the circle ABCDE. 
Deſcribe * an Iſoſceles triangle FGH having each of the a. 10. 4. 
angles at G, H double of the angle atF; and in the circle 
ABCDE inſcribe ® the triangle ACD equiangular to the tri- b. 2. 4. 
angle FG H, ſo that the angle | A | 
CAD be equal to the angle | 
at F, and each of the angles 


ACD, CDA equal to the F B 
angle at G or H; wherefore 

each of the angles ACD, 

CDA is double of the angle 


CAD. Biſect the angles 
ACD, CDA by the ſtraight 6 -H 
lines CE, DB, and join AB, 
BC, DE, EA. ABCDE is the pentagon required. 
Becauſe each of the angles ACD, CDA is double of CAD, —_— 
and are biſected by the ſtraight lines CE, DB, the five angles 
DAC, ACE, ECD, CDB, BDA are equal to one another. but | 
equal angles ſtand upon equal d circumferences ; therefore the & *% 8. 
five circumferences AB, BC, CD, DE, EA are equal to one 
7 2 another. 


cg. Is 
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Book TV: another. and equal circumferences are ſubtended by equal © 
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e. 29. 3. ſtraight lines; therefore the five ſtraight lines AB, BC, CD, 


f. 27. 3. 


a. 11. 4. 


e. 18. 3. 


DE, EA are equal to one another. Wherefore the pentagon 
ABCDE is equilateral. It is alſo equiangular; becauſe the cir - 
cumference AB is equal to N 

the circumference DE, if to 

cach be added BCD, the F 


whole ABCD is equal to B 

the whole ED CB. and the | 

angle AED ſtands on the | 

circumference ABCD, and 

the angle BAE on the cir- 

cumference EDCB ; there- (3 (3 H D 


fore the angle BAE is e- 
qual * to the angle AED. for the ſame reaſon, each of the 
angles ABC, BCD, CDE is equal to the angle BAE, or AED. 


therefore the pentagon ABCDE is equiangular; and it has 


been ſhewn that it is equilateral, Wherefore in the given cir- 
cle an equilateral and equiangular pentagon has been inſcribed. 
Which was to be done. Xs 
PROP. XII. PRO B. 
O deſcribe an equilateral and equiangular pentagon 


about a given circle. | 


Let ABCDE be the given circle; it is required to deſcribe 
an equilateral and equiangular pentagon about the circle 
ABCDE. | 

Let the angles of a pentagon inſcribed in the circle, by the 
laſt propoſition, be in the points A, B, C, D, E, fo that the 
circumferences AB, BC, CD, DE, EA are equal *; and thro” 
the points A, B, C, D, E draw GH, HK, KL, LM, MG 


b. x7. 3. touching the circle; take the center F, and join FB, FK, FC, 


FL, FD. and becauſe the ſtraight line KL touches the circle 
ABCDE in the point C, to which FC is drawn from the 
center F, FC is perpendicular © to KL; therefore each of the 


"angles at C is a right angle. for the ſame reaſon, the angles at 


the points B, D are right angles. and becauſe FCK is a 


& 47. 1. right angle, the ſquare of FK is equal 4 to the ſquares of FC, 


CK. for the ſame reaſon the ſquare of FK is equal to the ſquares 
of FB, BK. therefore the ſquares of FC, CK are equal to the 
ſquares of FB, BK, of which the ſquare of FC is equal to the 


ſquare of FB; the remaining ſquare of CK is therefore equal to 
| | the 


Fare two angles of one equal to 
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BK. and becauſe FB is equal to FC, and FK common to the 
triangles BFK, CFK, the two BF, FK are equal to the two 
CF, FK; and the baſe BK is equal to the baſe KC; therefore 


10 5 
the remaining ſquare of BK, and the ſtraight line CK equal to Book IV., 


the angle BFK is equal ꝰ to the angle KFC, and the angle BKF e. s. «. 


to FK C. wherefore the angle BFC is double of the angle KFC, 
and BK C double of FKC. for the ſame reaſon, the angle CFD 
is double of the angle CFL, and CLD double of CLF. and 
becauſe the circumference BC is equal to the sircumference 
CD, the angle BFC is equal * 8 

to the angle CFD. and BFC is 
double of the angle KFC, and 
CFD double of CFL; there- 
fore the angle KFC is equal to 
the angle CFL; and the right 
angle FCK is equal to the right 
angle FCL, therefore in the 
two. triangles FKC, FLC, there 


— 


two angles of the other, each to | 

each, and the fide FC, which is adjacent to the equal angles in 
each, is common to both; therefore the other ſides ſhall be 
equal ® to the other ſides, and the third angle to the third 
angle. therefore the ſtraight line KC is equal to CL, and the 
angle FKC to the angle FLC. and becauſe KC is equal to CL, 
KL is double of KC. in the ſame manner, it may be ſhewn 
that HK is double of BK. and becauſe BE is equal to KC, as 
was demonſtrated, and that KL is double of KC, and HK 
double of BK, HK ſhall be equal to KL. in like manner it 


. 25. 3. 


C- 26. 1 


may be ſhewn that GH, GM, ML are each of them equal to 


HK or KL. therefore the pentagon GHELM is equilateral. 
It is alſo equiangular; for ſince the angle FKC is equal to the 
angle FLC, and that the angle HKL is double of the angle 
TKC, and KLM double of FLC, as was before demonſtrated ; 
the angle HKL is equal to KLM. and in like manner it may 
be ſhewn, that each of the angles KHG, HGM, GMI is equal 
to the. angle HKL or KLM. therefore the five angles GHK, 
HEL, KLM, LMG, MG being equal to one another, the 
pentagon GHELM is equiangular, and it is cquilateral, as 


> was demonſtrated; and it is deſcribed about the circle ABCDE. 


Which was to be done, 
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2. 12. I, 


fl. 26. 1. 


+ Book IV. 
— gonnennd 


ſame manner it may be demon- 
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PROP. XIII. P RO B. 
O inſcribe a circle in a given equilateral and equian- 
gular pentagon. 


Let ABCD E be the given equilateral and equiangular pen- 
tagon; it is required to inſcribe a circle in the pentagon 
ABCDE. 

Biſect * the angles BCD, CDE by the ſtraight lines CF, DF, 
and from the point F in which they meet draw the ſtraight 
lines FB, FA, FE. therefore fince BC is equal to CD, and 
CF common to the triangles BCF, DCF, the two fides 
BC, CF are equal to the two DC, CF; and the angle BCF is 
equal to the angle DCF; therefore the baſe BF is equal ® to 
the baſe FD, and the other angles to the other angles, to which 
the equal ſides are oppoſite ; therefore the angle CBF is equal 
to the angle CDF, and becauſe the angle CDE is double of 
CDF, and that CDE is equal to CBA, and CDF to CBF; 
CBA is alſo double of the angle | 
CBF; therefore the angle ABF 
is equal to the angle CBF; where- 
fore the angle ABC is biſected 
by the ſtraight line BF. in the B 


ſtrated, that the angles BAE, 
AED are biſected by the ſtraight H 
lines AF, FE. from the point F 
draw © FG, FH, FK, FL, FM 
perpendiculars to the ſtraight lines 
AB. BC, CD, DE, EA. and 
becauſe the angle HCF is equal to KCF, —* the right angle 
FHC equal to the right angle FKC; in the triangles FHC, 
FEC there are two angles of one equal to two angles of the 
other; and the ſide FC, which is oppoſite to one of the equal 
angles | in each, is common to both; therefore the other ſides 
ſhall be equal d, each to each; -wherefore the perpendicular 
FH is equal to the perpendicular FK. in the ſame manner it 
may be demonſtrated that FL, FM, FG are each of them e- 
qual to FH or FK; therefore the five ſtraight lines, FG, FH, 
FE, FL, FM are equal to one another. wherefore the 'circle 
deſcribed from the center F, at the diſtance of one of theſe 
five, ſhall paſs thro' the extremities of the other four, and 

touch 


lan- 


-ircle 
theſe 

and 
ouch 
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touch the ſtraight lines AB, BC, CD, DE, EA, becauſe the Book IV. 
angles at the points G, H, K, L, M are right angles; and 

that a ſtraight line drawn from the extremity of the diameter 

of a circle at right angles to it, touches © the circle, therefore e. 16. 3. 
each of the ſtraight lines AB, BC, CD, DE, EA touches the 

circle; wherefore it is inſcribed in the pentagon ABCDE. 

Which was to be done. 


* 


PROP. XIV. PRO B. 


O deſcribe a circle about a given equilateral and e- 
quiangular pentagon. | 


Let ABCDE be the given equilateral and equiangular pen- 
tagon; it is required to deſcribe a circle about it. 

Biſect“ the angles BCD, CDE by the ſtraight lines CF, FD, a. 9. 1. 
and from the point F in which they meet draw che ſtraight 
lines FB, FA, FE to the points B, 
A, E. It may be demonſtrated, in 
the ſame manner as in the preceeding 
propoſition, that the angles CBA, 
BAE, AED are biſected by the 
ſtraight lines FB, FA, FE. and be- 
cauſe the angle BCD is equal to the 
angle CDE, and that FCD is the half 
of the angle BCD, and CDF the 
half of CDE; the angle FCD is e- 
qual to FDC; wherefore the fide CF i is equal Þ to the fide FD. b. 6. 1. 
in like manner it may be demonſtrated that FB, FA, FE are 
each of them equal to FC or FD. therefore the five ſtraight 
lines FA, FB, FC, FD, FE are equal to one another; and 
the circle deſcribed from the center F, at the diſtance of one 
of them, ſhall paſs thro' the extremities of the other four, 
and be deſcribed about the equilateral and equiangular penta- 
gon ABCDE. Which was to be done. 


PROP. 
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Book IV. 
Fro Ape PROP. XV. PR O B. 
See N. O inſcribe an equilateral and equiangular hexagon in the a1 
a given circle. demc 
Let ABCDEF be the given circle; it is required to inſcribe are e: 
an equilateral and equiangular engen in it. the h 
Find the center G of the circle ABCDEF, and 4 the di- and 1 
ameter AGD; and from D as a center, at the diſtance DG to be 
deſcribe the circle EGCH, join EG, CG, and produce them to Ci 
the points B, F; and join AB, BC, CD, DE, EF, FA. the is eq 
hexagon ABCDEF is equilateral and equiangular. midi: 
. Becauſe G is the center of the circle ABCDEF, GE is equal A 
to GD, and becauſe D is the center of the circle EGCH, DE ſtraig 
is equal to DG; wherefore GE is equal to ED, and the tri- lar h 
angle EGD is equilateral, and therefore its three angles EGD, ſtrat. 
GDE, DEG are equal to one another, becauſe the angles at a cir 
4. 5. r. the baſe of an Iſoſceles triangle are equal a and the three angles hexa 
b. 32. 1. of a triangle are equal“ to two right angles; therefore the uſed 
angle EGD is the third part of two right angles, in the ſame 
manner it may be demonſtrated that A 
the angle DGC is alſo the third part 
of two right angles. and becauſe the 
| {ſtraight line GC makes with EB the F B I. 
& 13. 1. adjacent angles EGC, CGB equal © —=G * 
| to two right angles; the remaining — 
angle CGB is the third part of two E C the « 
right angles; therefore the angles pent; 
EGD, DGC, CGB are equal to one as th 
f. 15. 1. another, and to theſe are equalꝰ the D cum: 
vertical oppoſite angles BGA, AGF, | part 
FGE. therefore the ſix angles EGD 4 and 
Dc, CGB, BGA, AGF, FCE, H | is th 
are equal to one another. but equal 1 Fave 
erer 


b. 26. 3. angles ſtand upon equal © circumferences ; ; therefore the 
ſix circumferences AB, BC, CD, DE, EF, FA are equal to part 


one another, and equal circumferences are ſubtended by equal BE, 

+ 29. 3. f ſtyalght lines; therefore the ſix {traight lines are equal to one ten 
ansther, and the hexagon ABCDEF is equilateral. It is al- "= 

ſo equiangular; for ſince the circumference AF is equal to and 

ED, . tp each of theſe add the circumference ABCD; there- circl 

fore the whole circumference F ABCD ſhall be equal to the ſerib 


whole 
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whole EDCBA. and the angle FED ſtands upon the circumfe- Book IV, 
rence FABCD, and the angle AFE upon EDCBA ; therefore 
the angle AFE is equal to FED. in the ſame manner it may be” 
demonſtrated that the other angles of the hexagon ABCDEF 
are each of them equal to the angle AFE or FED. therefore 
the hexagon is equiangular, and it is equilateral, as was ſhewn ; 
and it is inſcribed in the given circle ABCDEF. Which was 
to be done, 

Cor. From this it is manifeſt, that the ſide of the hexagon 
is equal to the ſtraight line from the center, that is, to the ſe- 
midiameter of the circle. 

And if thro' the points A, B, C, D, E, F there be drawn 
ſtraight lines touching the circle, an equilateral and equiangu- 
lar hexagon ſhall be deſcribed about it, which may be demon- 
ſtrated from what has been ſaid of the pentagon ; and likewiſe 
a circle may be inſcribed in a given equilateral and equiangular 
hexagon, and circumſcribed about it, by a method like to 1 
uſed for the pentagon. 


FROP.AVL PROS, 
O inſcribe an equilateral and equiangular quindeca- See x. 
gon in a given circle. 
Let ABCD be the given circle; it is required to inſcribe an 
equilateral and equiangular quindecagon in the circle ABCD. 

Let AC be the fide of an equilateral triangle inſcribed “ in a. 2. 4. 
the circle, and AB the ſide of an equilateral and equiangular 
pentagon inſcribed ® in the ſame; therefore of ſuch equal parts h. 11. 4, 
as the whole circumference ABCDF contains fifteen, the cir- 
cumference ABC, being the third 
part of the whole, contains five ; 
and the circumference AB, which 
is the fifth part of the whole, con- 
tains three; therefore BC their dit- 
ference contains two of the ſame 
parts, biſect BC in E; therefore 
BE, EC are, each of them, the fif- 
teenth part of the whole circumfe- 8 
rence ABCD. therefore if the ſtraight lines BE, EC be drawn 
and ſtraight lines equal to them be placed d around in the whole 4 6 
circle, an equilateral and equiangular quindecagon ſhall be in- 
ſcribed in it. Which was to be done. 


And 
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Book IV, And in the ſame manner as was done in the pentagon, if 
| thro” the points of diviſion made by inſcribing the quindeca- 
gon, ſtraight lines be drawn touching the circle, an equilateral _ 
and equiangular quindecagon ſhall be deſcribed about it. and. 
likewiſe, as in the pentagon, a circle may be inſcribed in a 
given equilateral and equiangular * and circum- 
{cribed about it. a 


(i 


OF EUCLID. 111 


teral _ 111 


in a FL EW LE WS 3 


93 


V 


OO RKV. 0 


DEFINITIONS. 


I. 
LESS magnitude is ſaid to be a part of a greater magni- 
tude, when the leſs meaſures the greater, that is, when 
* the leſs is contained a certain number of times exactly in 
* the greater.” 


| II. 
A greater magnitude is ſaid to be a multiple of a leſs, when 
H E the greater is meaſured by the leſs, that is, when the 
greater contains the leſs a certain number of times exactly.” 
2 III. 
** Ratio is a mutual relation of two magnitudes of the ſame gee N. 
kind to one another; in reſpect of quantity.“ ; 
Magnitudes are ſaid to have a ratio to one another, when the | "Rb 
leſs can be multiplied ſo as to exceed the other. F 
Vo: | 
The firſt of four magnitudes is ſaid to have the ſame ratio to 
the ſecond, which the third has to the fourth, when any e- 
quimultiples whatſoever of the firſt and third being taken, 
and any equimultiples whatſoever of the ſecond and fourth ; 
if the multiple of the firſt be leſs than that of the ſecond, 
the multiple of the third is alſo leſs than that of the fourth ; 
or, if the multiple of the firſt be equal to that of the ſecond, 
the multiple of the third is alſo equal to that of the fourth ; 
| or, 
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Book V. or, if the multiple of the firſt be greater than that of the ſe- 


* 
„* 


- 
* 
- 


cond, the multiple of the third is alſo greater than that of the 
fourth. 
VI. 
1 which have the ſame ratio are called proportion- 
als. N. B. When four magnitudes are proportionals, it 
* is uſually expreſſed by ſaying, the firſt is 1 the ſecond, 
* as the third to the fourth.“ 
„ 
hen of the equimultiples of four magnitudes (taken as in the 
th Definition) the multiple of the firſt is greater than that 
of the ſecond, but the multiple of the third is not greater 
than the multiple of the fourth; then the firſt is ſaid to 
have to the ſecond a greater ratio than the third magnitude 
has to the fourth; and on the contrary, the third is ſaid to 
have tothe fourth a leſs ratio than the firſt has to the ſecond, 
VIII. 
« Analogy, or ae is the ſimilitude of ratios.” 


Proportion conſiſts in three terms at leaſt, 
| X. | 
When three magnitudes are proportionals, the firſt is ſaid to 
have to the third the duplicate-ratio of that which it has to 


the ſecond. 


— — 
6. 


Wt 


XI. 

When four magnitudes are continual proportionals, the firſt 
is ſaid to have to the fourth the Triplicate ratio of that 
which it has to the ſecond, and ſo on Quadruplicate, &c. 
increaſing the denomination ſtill by unity, in any number 
of proportionals, 

Definition A, to wit, of Compound ratio. 

When there are any number of magnitudes of the ſame kind, 
the firſt is ſaid to have to the lait of them the ratio com- 
pounded of the ratio which the firſt has to the ſecond, and 
of the ratio which the ſecond has to the third, and of the 
ratio which the third has to the fourth, and ſo on unto the 


laſt magnitude, 


For example, If A, B, C, D be four magukndes of the ſame 


kind, the firſt A is ſaid to have to the laſt D the ratio com- 
pounded of the ratio A to B, and of the ratio B to C, and 
of the ratio of C to D; or, the ratio of A to D is ſaid ta 


be compounded of the ratios of A to B, B to C, and C to D. 
Aud 


the ſe 
of the 


Yrtions 
als, it 
econd, 


in the 
in that 
preater 
ſaid to 
nitude 
ſaid to 
econd, 


ſaid to 
has to 


1e firſt 
f that 
te, &c. 
number 


e kind, 
o com- 
id, and 
of the 
nto the 


ie ſame 
io com- 
C, and 
ſaid to 
C to D. 


And 
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Andif A has to B, the ſame ratio which E has to F; and B Book V. 


to C, the ſame ratio that G has to H; and C to D, the 


ſame that K has to L; 


then, by this Definition, A is ſaid 


to have to D the ratio compounded of ratios which are the 
ſame with the ratios of E to F, G to H, and K to L. and 
the ſame thing is to be underſtood when it is more briefly 
_ expreſſed by ſaying A has to D, the ratio compounded of 


the ratios of E to F. G to H, and K to L. 


In like manner, the ſame things being ſuppoſed, if M has to 
N the ſame ratio which A has to D, then, for ſhortneſs 


ſake, M is ſaid to have to N, the ratio compounded of the 
ratios of Eto F, G to H, and K to L. 
XII. 


In proportionals, the antecedent terms are called homologous 
to one another, as alſo the conſequents to one another, 
* Geometers make uſe of the following technical words to ſig- 
* nify certain ways of changing either the order or magni- 
* tude of proportionals, ſo as that they continue {till to be 


proportionals. 


XIII. 


113 


Permutando, or Alternando, by Permutation, or alternately; see N. 


this word is uſed when there are four proportionals, and it \ 


is inferred, that the firſt has the ſame ratio to the third, 
which the ſecond has to the fourth; or that the firſt is to 
the third, as the ſecond to the foutch. as is ſhewn in the 


1 6th Prop. of this 5th Book. 
XIV. 


Invertendo, by Inverſion; when there are four proportionals, 
and it is inferred, thas the ſecond is to the firſt, as the 


fourth to the third, Prop. B. Book Sch. 
XV. 


Componendo, by Compoſition; when there are four propor- 
tionals, and it is inferred, that the firſt, together with the 


ſecond, is to the ſecond, as the third together with the 


fourth, is to the fourth, 18th Prop. Book 5th. 


XVI. 


Dividendo, by Diviſion; when 1 are four proportionals, 
and it is inferred, that the Exceſs of the firſt above the ſe- 
cond, is to the ſecond, As the Exceſs of the third above the 


fourth, is to the fourth? 1 7th Prop. Book 5th. 


XVII. 


Colvertendo, by. Converſion ; when there are four propor- 


1 H 


tionals, 


THE ELEMENTS 


tionals, and it is inferred, that the firſt is to its Exceſs above 
the ſecond, as the third to its Exceſs above the fourth. 
Prop. E. Book 5th. - 

XVIII, 


Ex aequali (ſc. diſtantia), or, ex aequo, from equality of 


diſtance; when there is any number of magnitudes more 


than two, and as many others, ſo that they are propor- 


tionals when taken two and two of each rank, and it is in- 
ferred, that the firſt is to the laſt of the firſt rank of mag- 
nitudes, as the firſt is to the laſt of the others. of this 
© there are the two following kinds, which ariſe from the 
different order in which the magnitudes are taken two and 
* b | 
XIX. 
Ex acquali, from equality; this term is uſed fimply by itſelf, 
when the firſt magnitude is to the ſecond of the firſt rank, 
as the firſt to the ſecond of the other rank; and as- the ſe- 
cond is to the third,of the firſt rank, ſo is the ſecond to the 


third of the other; and ſo on in order, and the inference 


is as mentioned in the preceeding Definition; whence this 
is called Ordinate proportion. It is demonſtrated in 22d 
Prop. Book 5th. | 8 
XX. 

Ex — in proportione perturbata, ſeu inordinata, from 
equality, in perturbate or diſorderly proportion *; this term 
is uſed when the firſt magnitude is to the ſecond of the firſt 
rank, as the laſt but one is to the laſt of the ſecond rank ; 
and as the ſecond is to the third of the firſt rank, ſo is che 
laſt but two to the laſt but one of the ſecond rank; and as 
the third is to the fourth of the firſt rank, ſo is the third 
from the laſt to the laſt but two of the ſecond rank; and ſo 
on in a croſs order. and the inference is as in the 18th De- 
finition. It is demonſtrated in 23d Prop. of Book 5th, 


A X T. M. . 


?. hs 


QuINULTIPLES of the ſame, or of equal OE. 
are equal to one another, | 
nu. Those 


* 4. Prop, Lib. 2. Archimedis de ſphaera et cylindro, 


udes, 
wos 


to F; therefore AG and CH together are e- 
qual to * E and F together. for the ſame rea- = 
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: II, | 
Thoſe magnitudes of which the ſame, or equal magnitudes,” 
are equimultiples, are equal to one another, 
III. | 
A multiple of a greater magnitude is greater than the ſame 
multiple of a leſs. 


IV, 
That magnitude of which a multiple is greater than the ſame 
multiple of another, is greater than that other magnitude. 


PROF. I. THEO. 
F any number of magnitudes be cquimultiples of as 
1 many, each of each; what multiple ſoever any one 
of them is of its part, the ume multiple ſhall all the firſt 
magnitudes be of all the other, 


Let any number of magnitudes AB, CD be equimultiples 
of as many others E, F, each of each; whatfoever multiple 
AB is of E, the ſame multiple ſhall AB and CD together be 
of E and F together. l 

Becauſe AB is the ſame multiple of E that CD is of F, as 
many magnitudes as are in AB equal to E, ſo many are there 
in CD equal to F. Divide AB into magni- 
tudes equal to E, viz, AG, GB; and CD in- A 
to CH, HD equal cach of them to F. the num- 
ber therefore of the magnitudes CH, HD ſhall & E 
be equal to the number of the others AG, 
GB. and becauſe AG is equal to E, and CH B 


ſon, becauſe GB is equal to E, and HD to F; 
GB and HD. together are equal to E and F 
together. Wherefore as many magnitudes as 
are in AB equal to E, ſo many are there in 
AB, CD together equal to E and F together. D 
Therefore whatſoever multiple AB is of E, | 
the ſame multiple is AB and CD together of E and F together. 
Therefore if any magnitudes, how many ſoever, be equi- 
multiples of as many, each of each, whatſoever multiple any 
one of them is of its part, the ſame multiple ſhall all the firſt 


24 > 


magnitudes be of all the other. * for the ſame Demonſtration 


H 2 holds 


— 


— —' 


a. Ax. 2. I. 


> 
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Book V. © holds in any number of magnitudes, which was here applicd 


a 


with the ſixth is of F the fourth. - E 
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* to two.” 
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* 


PR OP. H. THE OR. 


F the firſt magnitude be the ſame multiple of the ſe- 
cond that the third is of the fourth, and the fifth the 


ſame multiple of the ſecond that the ſixth is of the fourth; 
then ſhall the firit together with the fifth be the ſame 


multiple of the ſecond, that the third together with the 


ſixth is of the fourth. 


Let AB the firſt be the fame multiple of C the ſecond, that 
DE the third is of F the fourth; and BG the fifth the ſame 
multiple of C the. ſecond, that EH the fixth is of F the fourth, 
Then is AG the firſt together with D 
the fifth the ſame multiple of C the A. | 
ſecond, that DH the third together | | 


* % 


Becauſe AB is the ſame multiple B | 
of C, that DE is of F; there are as | 
many magnizudes in AB equal to C, 1 | 
as there are in DE equal to F. in like G c| H F 
manner, as many as there are in BG X 
equal to C, ſo many are there in EH equal to F. as many 


then as are in the whole AG equal to C, ſo many are there 


in the whole DH equal to F. therefore AG is the ſame mul- 


tiple of C, that DH is of F; that is, AG the firſt and fifth 


together, is the ſame multiple the ſecond C, that DH the 


third and ſixth together is of the fourth D; 
F. If therefore the firſt be the ſame mul- : 
tiple, &c. * E. D. A E- 


Con. £ From this it is plain, 5 if a- B- 
ny number of magnitudes AB, BG, GH, 
* be multiples of another C; and as ma- Tc: K 
ny DE, EK, KL be the fine multiples 
of F, each of each; the whole of the | 
firſt, viz. AH is the ſame multiple of | | 

| 
C, that the whole of the laſt, viz. DL H CLF 


* - ® 


cd 
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PROP. II. THE OR. 


F the firſt be the ſame multiple of the ſecond, which 

the third is of the fourth; and if of the firſt and third 
there be taken equimultiples, theſe ſhall be 1 
the one of the ſecond, and the other of the fourth, 


Let A the firſt be the Habs multiple of B the ſecond, that 
C the third is of D the fourth; and of A, C let the equi- 
multiples EF, GH be taken. then EF is the ſame multiple of 
B, that GH is of D. 

Becauſe EF is the ſame multiple of A, that GH is of C, 
there are as many magnitudes in EF equal to A, as are in 
GH equal to C. let EF be 
divided into the magnitudes F H 
EK, KF, each equal to A, = 
and GH into GL, LH, 
each equal to C. the num- - 
ber therefore of the magni- KA 


tudes EK, KF, ſhall be equal L+ 
to the number of the others 

GL, LH. and becauſe A is | 

the ſame multiple of B, | 

that C is of D, and _ | 


EK is equal to A, and GL E. A B G CD 
to C; therefore EK is the 
ſame multiple of B, that GL is of D. for the ſame reaſon, 


KF is the ſame multiple of B, that LH is of D; and ſo, if 


there be mare parts in EF, GH equal to A, C. becauſe there- 
fore the firſt EK is the ſame multiple of the ſecond B, which 
the third GL is of the fourth D, and that the fifth KF is the 
ſame multiple of the ſecond B, which the ſixth LH is of the 
fourth D; EF the firft gen) with the fifth is the ſame 
multiple a of the ſecond B, whic 


the ſixth is of the fourth D. If therefore the firſt, &c. 


Q. E. D. 


H 3 PROP, 


GH the third together with a. 2. 


a. 3. 


b. H, poth. 


2 


cquimultiples whatever G, H. | 


THE ELEMENTS 


PROP.IV. THEOR. 


F the firſt of four magnitudes has the ſame ratio to the 
ſecond which the third has to the fourth; then any 
equimultiples whatever of the firſt and third ſhall have 
the ſame ratio to any equimultiples of the ſecond and 
fourth, viz. * the equimultiple of the firſt ſhall have the 
* ſatne ratio to that of the ſecond, which the equimultiple 
© of the third has to that of the fourth.” 


Let A the firſt have to B the ſecond, the ſame ratio which 
the third C has to the fourth D; and of A and C let there be 
taken any equimultiples whatever E, F; andof B and * any 


which F has to H. | 
Take of Frand F any equimul- 
tiples whatever K, L, and of G, | 
H, any cquimultiples whatever M, | 
N. then becauſe E is the ſame 

multiple of A, that F is of C; 
and of E and F have been taken | 
cquimultiples K, L; therefore K 
is the ſame multiple of A, that L K E 
7 


then E has the ſame ratio to G, | | | 
| 


is of CA., for the ſame reaſon, M 


A 
is the ſame multiple of B, that NL C 


is of D. and becauſe as A is toB, 


ſo is C to Db, and of A and C 


have been taken certain equimul- 
tiples K, L; and of B and D have 
been taken certain equimultiples 


8 


— 


— 


| 


iq 
I 


G 
| 


[ 


| 


Mn = e' re E ͤ g. 


„ 


— 


r 


f M, N; if therefore K be greater 
than M, L is greater than N; and | 
b. 5. De. 5. if equal, equal; if leſs, leſs*. And 1 | 


| 

1 ; K, L are any equimultiples what- 

I ever of E, F; and M, N any what- 

| ever of G, H. as therefore E 1s 

| to G, ſo is F to H. Therefore if che rt, &c. O. E. D. 

| Cor. Likewiſe if the firſt has the ſame ratio to the ſecond, 


| which the third has to the fourth, then alſo any * 
1 ples 


5 
f ] md Aa - ew > © 
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ples whatever of the firſt and third have the ſame ratio to the Book V., 
ſecond and fourth, and in like manner the firſt and the third 
have the ſame ratio to any equimultiples whatever of the ſe- 
cond and fourth, | 
Let A the firſt have to B the ſecond, the ſame ratio which 
the third C has to the fourth D, and of A and C let E and F 
be any equimultiples whatever; then E is to B, as F to D. 
Take of E, F any equimultiples whatever K, L and of B, 
D any equimultiples whatever G, H; then it may be demon- 
ſtrated, as before, that K is the ſame multiple of A, that L 
is of C. and becauſe A is to B, as C is to D, and of A and 
C certain equimultiples have been taken, viz. K and L; and 
of B and D certain equimultiples G, H; therefore if K be 
greater than G, I. is greater than H; and if equal, equal; if 
leſs, leſs©. and K, L are any equimultiples of E, F, and G, c. 8. Def. 5. 
H any whatever of B, D; as therefore E is to B, ſo is F to 
D. and in the ſame way the other caſe is demonſtrated. 


NOR, V. THEOR: 


F one magnitude be the ſame multiple of another, see x. 
which a magnitude taken from the firſt is of a magni- 
tude taken from the other; the remainder ſhall be the 


ſame multiple of the remainder, that the whole is of the 
whole. | 


Let the magnitude AB be the fame multiple of CD, that 
AE taken from the firſt, is of CF taken from G1 
| the other; the remainder EB thall he the ſame 
multiple of the remainder FD, that the whole a 
AB is of the whole CD. * A+ "th 
| Take AG the ſame 'multiple of FD, that | 
| A is of CF. therefore AE is the ſame * 1. 5. 
multiple of CF, that EG is of CD. but AE, 
by the hypotheſis, is the ſame multiple of CF, E 
that AB is of CD. therefore EG is the ſame _ 
multiple of CD that AB is of CD; wherefore F. 
EG is equal to AB®., take from them the 


b. 1. AX, 5 


1 
common magnitude AE; the remainder AG PB D 
). is equal to the remainder EB. Wherefore ſince | 
ond, AE is the ſame- multiple of CF, that AG 1s of FD, and that 
ulti- AG is equal to EB; therefore AE is the ſame multiple of CF, 
ples H 4 | chat | 
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Book V. that EB is of FD. but AF is the ſame multiple of CF, that AB is 


of CD; therefore EB is the ſame multiple of FD, that AB is 
of CD. Therefore if one magnitude, &c. Q. E. D. 


PROP. VI. THE OR. 

F two magnitudes be equimultiples of two others, and 

if equimulcples of theſe be taken from the firſt two, 

the remainders are either equal to theſe others, or equi- 
multiples of them. 

Let the two magnitudes AB, CD be equimultiples of the two 
E, F, and AG, CH taken from the firſt two be equimultiples 
of the ſame E, F; the remainders GB- HD are cither equal to 
E, F, or equimulriples of them, 

Firſt, Let GB be equal to E; HD is equal to F. make CK 
cqual to F; and becauſe AG is the ſame 
multiple of E, that CH is of F, and that A K 3 
GB is equal to E, and CK to F; there- 
fore AB is the ſame multiple of E, that C. 
KH is of F. But AB, by the hypotheſis, 
is the ſame multiple of E that CD is of G | | 
F; therefore KH is the ſame multiple of H 
F, that CD is of F; wherefore KH is e- x | | 
qual to CD. take away the common . | 
magnitude CH, then the remainder KC is B DEF 
equal to the remainder HD. but KC is equal to F, HD there- 
fore is equal to F. 

But let GB be a en of E; then HD i is the ſame mul- 
tiple of F. Make CK the ſame multiple K 


of F, that GB is of E. and becauſe AG 
is the ſame multiple of E, that CH is of \ 


F, and GB the ſame multiple of E, that Ch 
CK is of F, therefore AB is the ſame © + 

multiple of E, that KH is of Fb. but a 
AB is the ſame multiple of E, that CD | H+ 


is of F; therefore KH is the ſame mul- 
tiple of F, that CD is of it; wherefore | | | 
KH is equal to CD®, take away CH from 
both, therefore the remainder KC is e- B D E E 

qual to the remainder HD. and becauſe GB is the ſame mul- 


tiple of E, that KC is of F, and that KC is equal to HD; there- | 


fore HD is the ſame multiple of F, that GB is of E. If there- 


fore two magnitudes, &c. Q. E. D. | 
a PROP. 


3 is 


[- 
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PROP. A. THE OR. — 


F the firſt of four magnitudes has to the fecond, the see x. 
. ſame ratio which the third has to the fourth; then if 
the firſt he greater than the ſecond, the third is alſo 
greater than the fourth; and if equal, equal; if leſs, leſs. 


Take any equimultiples of each of them, as the doubles of 
each. then by Def. 5th of- this Book, if the double of the firſt 
be greater than the double of the ſecond, tHe double of the 
third is greater than the double of the fourth. but if the firſt ' 
be greater than the ſecond, the double of the firſt is greater 
than the double of the ſecond. wherefore alſo the double of 
the third is greater than the double of the fourth; therefore 
the third is greater than the fourth. in like manner, if the firſt 
be equal to the ſecond, or leſs than it, the third can be proved 
to be equal to the fourth, or leſs than it. e if the firſt, 


Ke. Q. E. D. 


P RO P. B. T HE OR. 


F four magnitudes are proportionals, they are propor- See x. 
tionale alſo when taken inverſely. 


If the magnitude A be to B, as C is to D, then alſo inverſe- 


y B is to A, as D to C. 


Take of B and D any cquimultiples | | 
whatever E and F; and of A and C any e- | 
quimultiples whatever G and H. Firſt, Let 
E be greater than G, then G is leſs than E; 
and becauſe. A is to B, as C is to D, and 
of A and C the firſt and third, G and H 
are equimultiples; and of B and D the ſe- 
cond and fourth, E and F are equimulti- 
ples; and that G is leſs than E, H is alſo 
leſs than F; that is, F is greater than H. 
if therefore E be greater than G, F is great- 
er than H. in like manner, if E be equal | 
to G, F may be ſhewn to be equal to H; 
and if leſs, leſs, and E, F are any equi- 
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Book V. | 
multiples whatever of B and D, and G, H any whatever of A 


See N. 


b. 5. Def. 5. 


"CG &, & 


F is of C; E is the fame multiple of B, that 


verſely © A is to B, as C is to D. There- 


and C. Therefore as B is to A, ſo is D to C. If then four 
magnitudes, &c. Q. E. D. 5 


PR OP. C. THE OR. 


F the firſt be the ſame multiple of the ſecond, or the 


ſame part of it, that the third is of the fourth; the 
firſt is to the ſecond, as the third is to the fourth. 


Let the firſt A be the ſame multiple of B the ſecond, that 
C the third is of the fourth D. A is to B, as 
C is to D. 

Take of A and C any equimultiples what- 
ever E and F; and of B and D any equi- 
multiples Wee G and H. then becauſe 
A ts the ſame multiple of B that C is of D; 
and that E is the ſame multiple of A, that 


f 


F is of D 2; therefore E and F are the ſame 
multiples of B and D. but G and H are equi- 
multiples of B and D; therefore if E be a | 
greater multiple of B, than G is; F is a great- 
er multiple of D, than H is of D; that is, 
if E be greater than G, F is greater than H. 
in like manner, if E be equal to G, or leſs; | | 
F is equal to H, or leſs than it. But E, F 
are equimultiples, any whatever, of A, C, | | 
and G, H any equimultiples whatever of B, ( 
D. Therefore A is to B, as C is to D. 
Next, Let the firſt A be the ſame part 
of the ſecond B, that the third C is of 
the fourth D. A is to B, as C is to D. 
for B is the ſame multiple of A, that D | 
is of C; wherefore by the preceeding 
caſe B is to A, as D is to C; and in- | 


4 


— — 


fore if the firſt be the fame multiple, 
&. E D. 


PROP. 


Ind 


of A 


four 


r the 
the 


that 


O P. 


inverſely B is © to A, as D to C. but A is a | 
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PROP. D. THE OR. 


F the firſt be to the ſecond as the third to the fourth, Sev. 


and if the firſt be a multiple, or part of the ſecond ; 
the third is the ſame multiple, or the ſame part of the 
fourth. 


Let A be to B, as C is to D; and firſt let A be a multiple 
of B; C is the ſame multiple of D. 

Take E equal to A, and whatever mul- 
tiple A or E is of B, make F the ſame mul- 2 
tiple of D. then becauſe A is to B, as C is 
to D; and of B the ſecond and D the 
fourth equimultiples have been taken E and 
F; A is to E, as C to F*, but A is equal 
to E, therefore C is equal to Fb. and F is 
the ſame multiple of D, that A is of B. AB 
Wherefore. C is the ſame multiple of D, E 
that A is of B. | 

Next, Let the firſt A he a part of the ſe- 
cond B; C the third is the ſame part of 
the four D. | | | 

Becauſe Ais is to B, as C is to D; 7 GY | 


part of B, therefore B is a multiple of A, 


and, by the preceeding caſe, D is the ſame multiple of C; that 


is, C is the fame part of D, that A is of B. Theretges if the 
firſt, &c. Q. E. D. 


PROP. VII. THE O. 


EA. magnitudes have the ſame ratio to the ſame 


magnitude; and the ſame has the ſame ratio to equal 


magnitudes. 
* 


Let A and B be equal magnitudes, and C any other. A and 


B have each of them the ſame ratio to C, and C has the fame 


ratio to each of the magnitudes A and B. 


Tako of A and B any equimultiples whatever D and E, and 
; g 55 
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Book V. of C any multiple whatever F. then becauſe D is the ſame 
multiple of A, that E is of B, and that A is 
z. f. Ax. 5. equal to B; D is“ equal to E. therefore if 0 
D be greater than F, E is greater than F; and 
if equal, equal; if leſs, leſs. and D, E are 
any equimultiples of A, B, and F is any 
b. 5. Def. 5. multiple of C. Therefore ® as A is to C, ſo is 


B to C. | | [| 
[| 


Likewiſe C has the ſame ratio to A that it 
has to B. for, having made the ſame con- 
ſtruction, D may in like manner be ſhewn e- 
qual to E. therefore if F be greater than D, 
it is likewiſe greater than E; and if equal, 
equal; if leſs, leſs, and F is any multiple 
whatever of C, and D, E, are any equimul- 
tiples whatever of A, B. Therefore C is to | 
A, as C is to B. Therefore equal magnitudes. &c. Q. E. D. 


P RO P. VIII. THE OR. 
F unequal magnitudes the greater has a greater ratio 


to the ſame than the leſs has. and the ſame magnitude 
has a greater ratio to the leſs than it has to the greater. 


Let AB, BC be unequal magnitudes of which AB is the 
greater, 251 let D be any magnitude E 
whatever, AB has a greater ratio to D 
than BC to D. and D has a greater ra- 
tio to BC than unto AB, F.. A. 

If the magnitude which is not the | 
greater of the two AC, CB, be not leſs _ Ct 
than D, take EF, FG the doubles af E 
AC, CB, as in Fig. 1. but if chat which G B 
is not the greater of the two AC, CB . K H D 


be leſs than D (as in Fig. 2. and 3.) this 
magnitude can be multiplied ſo as to be- 
come greater than D, whether it be 
AC or CB, Let it be multiplied until it | 
become greater than D, and let the o- 
ther be multiplied as often; and let EF 

be the multiple thus taken of AC, and FG the ſame 3 
of CB, therefore EF and FG are each * them * than 
D. and 


wm 


ſame 


— 0 


iple 
han 
and b 
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D. and in every one of the caſes take H the double of D, K Book V. 
its triple, and-ſo on, till the multiple of D be that which firſt OE MY 


becomes greater than FG, let L be that multiple of D which 


is firſt greater than FG, and K the multiple of D which is 


next leſs than L. 


Then becauſe L is the multiple of D which is the firſt that 
becomes greater than FG, the next preceeding multiple K is 
not greater than FG; that is, FG is not leſs than K. and ſince 
EF is the ſame aukiple of AC, that FG is of CB; FG is the 

ſake multiple of CB, that EG is of AB*; wherefore EG ande. «. « 
FG are equimultiples of AB and CB. and it was ſhewn that 


FG was not leſs than K, E 


and, by the conſtruction, 
EF is greater than D ; 

therefore the whole EG 
is greater than K and D 
together, but K together 
with D is equal to L; 
therefore EG is greater 
than L; but FG is not 
greater than L; and EG, 


FG are equimultiples of 


AB, BC, and L is a mul- 
tiple of D; therefore 7 
AB has to D a greater 
ratio than BC has to D. 

Alſo D has to BC a 
greater ratio than it has 


to AB. for, having made 


the ſame conſtruction, it 


may be ſhewn, in like manner, that L is greater than FG, but 


F 


| 


ly 


E 


F 


[A 
cl 


| 
G 
L 


B 
K | b. 2. Def. 3. 


| | 


j 


| 


that it is not greater than EG. and L is a multiple of D; and 
FG, EG are equimultiples of CB, AB. Therefore D has to 
CB a greater ratio ® than it has to AB. Wherefore of unequal 


magnitudes, &c. Q. E. D. 


_PROP. 


& 5. Def. 5. 
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PRO P. IX. THEOR. 


AGNITUDES which have the fame ratio to the fame 

magnitude are equal to one another ; and thoſe to 
which the ſame magnitude has the ſame ratio are equal to 
one another, | 


Let A, B have cach of chern the ſame ratio to C; A is e- 
qual to B. for if they are not equal, one of them is greater 
than the other; let A be the greater; then, by what was ſhewn 
in the preceeding Propoſition, there are ſome equimultiples of 
A and B, and ſome multiple of C ſuch, that the multiple of A 
is greater than the multiple of C, but the multiple of B is not 
greater than that of C. Let ſuch multiples be taken, and let 
D, E, be the equimultiples of A, B, and F the multiple of C 
ſo that D may be greater than F, and E not ener than F. 
but becauſe A is to C, as B is to C, and IJ 
of A, B are taken equimultiples I; . 
and of C is taken a multiple F ; and that | 
D is greater than F; E ſhall alſo be greater A | 9D 
than F“; but E i not greater than F, | | 
which is impoſſible, A therefore and B F 
are not unequal; that is, they are equal. | C| 

Next, Let C have the ſame ratio-to each Ws 
of the magnitudes A and B; A is equal B | | . x 
to B. for if they are not, one of them is F 
greater than the other; let A be the = 
greater, therefore, as was ſhewn in Prop. 
8th, there is ſome multiple F of C, and ſome equimultiples E 
and D of B and, A ſuch, that F is greater than E, and not 
greater than D, but becauſe C is to B, as C is w, A, and that 
F the multiple of the firſt is greater than E the multiple of the 
ſecond; F the multiple of the third is greater than D the mul- 
tiple of the fourth“. but F is not greater than D, which is im- 
poſſible. Therefore A is equal to B. . Wherefore magnitudes 
which, &c. * E. D. 
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PROP: X. THE OR. 


HAT magnitude which has a greater ratio than ano- see n, 
ther has unto the ſame magnitude is the greater of 

the two. and that magnitude to which the ſame has a 
greater ratio than it has unto another magnitude is the 


leſſer of the two. 


Let A have to C a greater ratio than B has to C; A is 
greater than B. for becauſe A has a greater ratio to C, than 
B has to C, there are“ ſome equimultiples of A and B, and * 7. Def. g. 
ſome multiple of C ſuch, that the multiple of A is greater than 
the multiple of C, but the multiple of B is not greater than it. 
let them be taken, and let D, E be equi- \ 
multiples of A, B, and F a multiple of C | 
ſuch, that D is greater than F, but E is D 
not greater than F. therefore D is greater Al 
than E. and becauſe D and E are equi- | 


than E; therefore A is ® greater than B. C | 
Next, Let C have a greater ratio to B | 

than it has to A; B is leſs than A. for * Bl 

there is ſocks Whultiple F of C, and ſome e- E 

quimultiples E and D of B and A ſuch, | 

that F is greater than E, but is not greater ; 

than D. E therefore is leſs than D ; and 

becauſe E and D are equimultiples of B and A, therefore B 

is d leſs than A. That magnitude therefore, &c. Q. E. D. 


PROP. XI. THEOR. 


ATIOS that are the ſame to the ſame ratio, are the 
ſame to one another. 


Let A be to B, as C is to D; CoD ſo let E be to 


F; A is to B, as E to F. 
Take of A, C, E any equimultiples whatever G, H, K; and of 


B, D, F any equimultiples whatever L, M. N. Therefore fince. 


A ts to B, as EC toDyand of A, Care taken A G. 
H; and 
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THE ELEMENT S 


Book V. H; and L, M of B, D; if G be greater than L, H is greater 
a. 5. Def. 5, than M; and if equal, equal; and if leſs, leſs “. Again, be- 


cauſe C is to D, as E is to F, and H, K are taken equimultiples 
of C, E; and M, N of D, F; if H be greater than M, K is 
greater chan N; and if equal, equal; and if leſs, leſs. but if G 


G— a IDIOT — rad: de fa 
A— C— E— 
— — * 
L- — M- —— 22225 


be greater than L, it has been ſhewn that H is greater than M; 
and if equal, equal; and if leſs, leſs; therefore if G be greater 
than L, K is greater than N; and if equal, equal; and if leſs, 
leſs. and G, K, are any equimultiples whatever of A, E; and 
L, N any whatever of B, F, Therefore as A is to B, ſo is E 
to FA. Wherefore ratios that, &c. Q. E. D. 


PROP. XII. T HE OR. 


I. any number of magnitudes be proportionals, as one 
of the antecedents is to its conſequent, ſo ſhall all the 
antecedents taken together be to all the conſequents. 


Let any number of magnitudes A, B, C, D, E, F, be propor- 
tionals ; that is, as A is to B, ſo C to D, and E to F. as A is 
to B, ſo ſhall A, C, E together be to B, D, F together, 

Take of A, C, E any equimultiples whatever G, H, K; 


G— H— 1 — 
— C—— E 

— D—— F—— 

L- drm — 


and of B, D, F any equimultiples whatever L, M. N. then be- 
cauſe A is to B, as C is to D, and as E to T4008 that G, H, 
K are 
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K are equimultiples of A, C, E, and L., M, N equimultiples of Book V., 
B, D, F; if G be greater than L, H is greater than M, and K 
greater than, N; and if equal, equal; and if leſs, leſs *, Where- a. 5. Def. 3. 
fore if G be greater than L, then G, H, K together are greater 
than L, M, N together; and if equal, equal; and if leſs, leſs, 
and G, and G, H, K together are any equimultiples of A, and 
A, C, E together, becauſe if there be any number of magni- 
tudes equimultiples of as many, each of each, whatever mul= 
tiple one of them is of its part, the ſame multiple is the whole 
of the whole b. for the ſame reaſon L, and L, M, N are any b. 1. 3. 
equimultiples of B, and B, D, F. as therefore A is to B, ſo are 
A, C, E together to B, D, F together, Wherefore if any 
number, Kc. Q. E. D. | 


PROP. XII, THEOR. 


F the firſt has to the ſecond the ſame ratio which the see N. 


third has to the fourth, but tlie third to the fourth a 
greater ratio than the fifth has to the ſixth; the firſt ſhall 
alſo have to the ſecond a greater ratio than the fifth has 
to the ſixth. 


Let A the firſt have the ſame ratio to B the ſecond which 
C the third has to D the fourth, but C the third to D the 
fourth a greater ratio than E the fifth to F the ſixth. alſo the 
firſt A ſhall have to the ſecond B a greater ratio than the 
fifth E to the fixth F. | 
. Becauſe C has a greater ratio to D, than E to F, there are 
ſome equimultiples of C and E, and ſome of D and F ſuch, 
that the multiple of C is greater than the multiple of D, but 


— i 4 8 "4 8 2 
— 6— —H — 
698383 E , 
D— — A 
e 1 ; 
- K — L——— 


the multiple of E is not greater than the multiple of F *, let a. 5. Def. 3. 
ſuch be taken, and of C, E let G, H be equimultiples, and K, L. 
equimultiples of D, F ſo that G be greater than K, but H not 
greater than L; and whatever multiple G is of C take M the 
ſame multiple of A; and what multiple K is of D, take N the 
fame multiple of B. then becauſe A is to B, as C to D, and 

1 | e 
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THE ELEMENTS 


Book V. of A and C, M and G are equimultiples. and of B and D, N 


and K are equimultiples; if M be greater than N, G is greater 


b. 5. Def. 5. than K; and if equal, equal; and if leſs, leſs b; but G is 


greater than K, therefore M is greater than N. but H is not 
greater than L; and M, H are equimultiples of A, E; and 
N, L equinratiples of B, F. Therefore A has a greater ratio 


a. 5. Def. 3. to B, than E has to F*, Wherefore if the firſt, &c. Q. E. D. 


See N. 


a. 8. 5. 


WW 
c. 10. 5. 


d. 9. 5. 


Cor, And if the firſt has a greater ratio to the ſecond, than 
the third has to the fourth; but the third the ſame ratio to 
the fourth, which the Sth has to the ſixth; it may be de- 
monſtrated in like manner that the firſt has a gretter ratio to 
the ſecond than the fifth has to the fixth. 


PROP. XIV. THEOR. 
F the firſt has to the ſecond the ſame ratio, which the 
1 third has to the fourth; then, if the firſt be greater 
than the third, the ſecond ſhall be greater than the fourth; 
and if equal, equal; and if leſs, leſs. 
Let the firſt A have to the ſecond B the ſame ratio, which 
the third C has to the fourth D; if A be greater than C, B is 


greater than D. 
Becauſe A is greater than C,and B is any other magnitude, 


A has to B a greater ratio than C to B*, but as A is to B, fo 


F 1145 
1 


4811 | | | 
1 | | | | | — | E. 
AB CD ABCD ABCD 


is C to D; therefore alſo C has to D a greater ratio than C 
has to B. d_ bur of rwo magnitudes, that to which the ſame has 
the greater ratio is the lefſer ©, wherefore D is leſs than B; 
that is, B is greater than D. ds 
Secondly, If A be equal to C, B is equal to P. for A is to 
B, as C, that is A, to D; B therefore is equal to Da. 
Thirdly, If A be leſs than, C, B ſhall be leſs than D. for 


C is greater than A, and becauſe C is to D, as A is to B, Dis 


greater than B by the firſt caſe; wherefore B is s lefs than D. 
Therefore if the firſt, &c. ACS D. 


/ 


PROP, 


Mes N1T DES have 1 * ſame ratio to one another 


as A to B, ſo C to D. > FREE I TRY Rney . EVREES 

they ſhall alſo be pro- | Oo — 
portionals when ta- — C—— 

ken alternately; that B 4 

is, A is to C. a8 B to | = TR... 

D. : F — — wen — rere. "1 1 

| Take of A od B | ? 


| aur enn whatever E and F; 3 C and D take 4 
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PROP, XV. T HE OR. 


which their equimultiples have. 


Let AB be the ſame multiple of C, that DE is of F. C is to 
F, as AB to DE. 


Becauſe AB is the ſame multiple of C that DE is of F, there 


are as many magnitudes in AB equal to C, as there are in DE 
equal to F. Let AB be divided into magni- A 


tudes, each equal to C, viz. AG, GH, HB; | D 


and DE into magnitudes, each equal to F, 
viz, DK, KL, LE. then the number of the 8 
firſt AG, GH, HB ſhall be equal to the | K 
number of the laſt DK, KL, LE. and be- 

cauſe AG, GH, HB are all equal, and that H}- L 
DK, KL, LE are alſo equal to one another; | 
therefore AG is to DK, as GH to KL, and 

as HB to EE A. and as one of the antece- B C E Fa. 7. 80 
dents to its conſequent, ſo are all the ante- | 

cedents together to all the conſequents together *; wherefore b. 12. 5, 
as AG is to DK, ſo is AB to DE, but AG is equal to C, and 

DE to F. therefore as C is to F, ſo is AB to DE. Therefore 
magnitudes, &c. Q. E. DP). 


PROP. XVI. THE OR. 


F four magnitudes of the ſame kind be proportionals, 
they ſhall alſo be 9 when taken alter- 
nately. 


Let the four magnirudes A,B, C, D be proportionals, vis, 


— „ 
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T H E ELEMENTS 


— 2 ny equimultiples whatever G and H. and becauſe E is the 
ſame multiple of A, that F is of B, and that magnitudes have 

& 15.5 the ſame ratio to one another which their equimultiples have“; 
therefore A is to B, as E is to F, butas A'is to B, ſo is Cto 


D. 3 as C is E- = — 
b. 11. 5. to D. ſo b is E to F. 1 

again, becauſe G, H A C—— 

are equimultiples of D 

C, D, as C is to D, | 

ſo is G to H; but as F — 1 — —rñ m4 


C is to D, ſo is E to 
F. Wherefore as E is to F, ſo is G to H. But os four 
magnitudes are proportionals, if the firſt be.greater than the 
third, the ſecond ſhall be greater than the fourth ; and if e- 
& 14. 5. qual, equal; if leſs, leſs ©, Wherefore if E be greater than G, 
F likewiſe is greater than H; and if equal, equal; if leſs, leſs. 
and E, F are any equimultiples whatever of A, B; and G, H 
d. 5. Def. 3. any whatever of C, D. Therefore A is to C, as B to D 4. If 
then four magnitudes, &c. Q. E. D. | 


PR OP. XVII. THEOR. 


Seo x. F magnitudes taken jointly be proportionals, they ſhall 

alſo be proportionals when taken ſeparately, that is, if 
two magnitudes together have to one of them, the ſame 
ratio which two others have to one of theſe, the remain- 


ing one of the firſt two ſhall have to the other, the ſame - 


ratio which the remaining one of the laſt two has to the 


other of theſe. 3 
Let AB, BE, CD, DF be the magnitudes taken jointly 
' which are proportionals; that is, as AB to BE, ſo is CD to 
DF.;. they ſhall alſo be proportionals taken ſeparately, viz. as 
AE to EB, ſo CF to FD. {2 
Take of AE, EB, CF, FD any equimultiples whatever GH, 
HK, LM, MN; and again, of EB, FD, take any equimultiples 
whatever KX, NP. and becauſe GH is the ſame multiple of 
AE chat HK is of EB, therefore GH is the ſame multiple * of 
AE, that GK is of AB. but GH is the ſame multiple of AE, 
that LM is of CF; n. GK is the ſame multiple of AB, 
* that 


&. 1. * 


3 


is, if 
ſame 
nain- 


OOO 


ſame | 


0 the 


pintly 
D to 
iz. as 


GH, 
Itiples 
ple of 
le ® of 
f AE, 
f AB, 

that 
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that LM is of CF. Again, becauſe LM is the ſame multiple of Book V. 
CF that MN is of FD; therefore LM is the ſame multiple a of « *. 5. 
CF, that LN is of CD. but LM was ſhewn to be the ſame 
multiple of CF, that GK is of AB; GK therefore is the ſame 
multiple of AB, that LN is of CD; that is, GK, LN are equi- 
multiples of AB, CD. Next, becauſe HE is the ſame multiple 

of EB, that MN is of FD; and that KX is | 
alſo the ſame multiple of EB, that NP is X 
of FD; therefore HX is the ſame multiple | P 
of EB, that MP is of FD. And becauſe | 
AB is to BE, as CD is to DF, and that of | 
AB and CD, GK and LN are equimul- R 4 JHA: 
tiples, and of EB and FD, HX and MP are N | '» 
equimultiples; if GK be greater than HX, r. | | 
then LN is greater than MP; and if e- H | B 
qual, equal; and if leſs, leſs ©, but if GH | 
be greater than KX, by adding the com- E. F | 
mon part HK to both, GK is greater than bt = a 
HX; wherefore alſo LN is greater than | 
MP; and by taking away MN from both, G A C L 
EM is greater than NP. therefore if GH | 

be greater than KX, LM is greater than NP, In like manner it 
may be demonſtrated, that if GH be equal to KX, LM like- 
wiſe is equal to NP; and if leſs, leſs. and GH, LM are any 
equimultiples whatever of AE, CF, and KX, NP are any 
whatever of EB, FD. Therefore © as AE is to EB, ſo is CF to 
FD. If then magnitudes, &c, Q.E, D. 


PROP. XVII, THEOR. 


F magnitudes taken ſeparately be proportionals, they ve N. 
ſhall alſo be proportionals when taken jointly, that is, 
if the firſt be to the ſecond, as the third to the fourth, 
the firſt and ſecond together ſhall be to the ſecond, as the 
third and fourth together to the fourth. 


. 3H 


+ 


4 
5. 

MI. {x 
DN N ay 
*»: 


c. 5. Def. & N 
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Let AE, EB, CF, FD be proportionals; that is, as AE to 
EB, ſo is CF to FD; they ſhall alſo be proportionals when ta- 
ken jointly; that is, as AB to BE, ſo CD to DF. 

Take of AB, BE, CD, DF any equimultiples whatever GH,” 
HK, LM, MN; and again of BE, DF take any whatever &- 
d KO, NP. and becauſe KO, NP are equimultiples | 
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THE ELEMENTS 


k V. of BE, DF; and that KH, NM are equimultiples likewiſe of th: 
BE, DF, if KO the multiple of BE be greater than KH which | Ion 
is a multiple of the ſame BE, NP likewife the multiple of DF wh 
ſhall be greater than NM the multiple | gre 
of the ſame DF; and if KO be equal | an 
to KH, NP ſhall be equal to NM; and Q+ 
if leſs, leſs. [ M A 

Firſt, Let KO not be greater than P | qv 
EH, therefore NP is not greater than KL . M 
NM. and becauſe GH, HK are equi- N | is 

| 


multiples of AB, BE, and that AB is 
greater than BE, therefore GH is great- 

- er* than IIK; but KO is not greater than 
KH, wherefore GH is greater than 
KO. In like manner it may be ſhewn, 
that LM is greater than NP. 'There- 
fore if KO be not greater than KH, & 
then GH the multiple of AB is al- 


mainder GK is the ſame multiple of 0 
the remainder AE that GH is of AB®, 

which is the fame that LM is of CD. 

In like manner, becauſe LM is the 

ſame multiple of CD, that MN is of 


DF, the remainder LN is the ſame | 
multiple of the remainder CF, that KF 
the whole LM is of the whole CD®.: |] 


but it was ſhewn that LM is the ſame. 
multiple of CD that GK is of AE; 


go + 


therefore GK is the ſame multiple of G 
AE that LN is of CF; that is, GK, 
LN are, equimultiples of AE, CF. 


| 


r 


Al 


A 


ways greater than KO the multiple of BE; and likewiſe LM the 
multiple of CD greater than NP the multiple of DF. 

Next, Let KO be greater than KH; therefore, as has been 
ſhewn, NP is greater than NM. and becauſe the whole GH is 
the fame multiple of the whole AB, that HK is of BE, the re- 


NM 


B, pN 


L. 


» 


* C 


* 


| 


and becauſe KO, NP are equimultiples of BE, DF, if from KO, 


NP there be taken KH, NM, which are likewiſe equimultiples 5 
of BE, DF, the remainders HO, MP are either equal to 5 
BE, DF, or equimultiples of them ©. Firſt, Let HO, MP be e- + 


qual to BE, DF; and becauſe AE is to EB, as CF to FD, and 


2”, 


that 


hat 


. * 
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that GK, LN are equimultiples of AE, CF; GK ſhall be to Book V. 
EB, as LN to FDd. but HO is equal to EB, and MP to FD; 4. Cor. 4. 5: | 
wherefore GK is to HO, as LN to MP, If therefore GK be 
greater than HO, LN is greater than MP; and if equal, equal; 


and if leſs, lefs®. e. A. 5, 


But let HO, MP be equimultiples of EB, FD; and becauſe. 
AE is to EB, as CF to FD, and that of AE, CF are taken e- 
quimultiples GK, LN; and of EB, FD, the equimultiples HO, 
MP; if GK be greater than HO, LN 0 | 
is greater than MP; and if equal, e- | | 
qual; and if leſs, leſs ; which was | <2 6 tht & 
likewiſe ſhewn in the preceeding caſe, H P 
If therefore GH be greater than KO, 
taking KH from both, GK is greater 
than HO; wherefore alſo LN is M 
greater than MP ; and conſequent- NI __. 
ly, adding NM to both, LM is great- | DB | N. 
er than NP. therefore if GH be E þ 9 
greater than KO, LM is greater than 7 pl 7 
NP. In like manner it may be ſhewn | 
that if GH be equal to KO, IMis GI A| CI I. 
equal to NP; and if leſs, leſs. And | 
irt the caſe in which KO is not greater than KH, it has been 
ſhewn that GH is always greater than KO, and likewiſe LM 


— 


T 


than NP, but GH, LM are any equimultiples of AB, CD, and 


KO, NP are any whatever of BE, DF; therefore as AB is 


to BE, ſo is CD to DF, If then magnitudes, &c, > D. 


PROD. XIX. THE OR. 


F a whole magnitude be to a whole, as a magnitude See N. 
taken from the firſt is to a magnitude taken from the 


other; the remainder ſhall be to the remainder as the 


whole to the whole. 


Let the whole AB be to the whole CD, as AE a magnitude 
taken from AB to CF a magnitude taken from CD; the re- 
mainder EB ſhall be to the remainder FD, as the whole AB, 
to the whole CD. 
Becauſe AB is to CD, as AE to CF; likewiſe, alternately * „A. 16. 5. 
14 BA 


* 
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A is to AE, as DC to CF. and becauſe if mag- A 


17. 6. 


19. . 
b. B. 5. 
© 18. 5, 


AE, as DC to CF. | 


nitudes taken "JRAy be proportionals, they are 
alſo proportionals ® when taken ſeparately ; there- | C 
fore as BE is to EA, ſo is DF to FC; and alter- . 1 
nately, as BE is to DF, ſo is EA to FC. but as 

| 

| 

| 


AE to CF, ſo, by the Hypotheſis, is AB to CD; F 5 
therefore alſo BE the remainder ſhall be to the re- 
mainder DF, as the whole AB to the whole CD, | 
Wherefore if the whole, &c. Q. E. D. | E362 
Cox. If the whole be to the whole, as a mag- B 3 


nitude taken from the firſt is to a magnitude ta- 
ken from the other; the remainder likewiſe is to the remain- 
der, as the magnitude taken from the firſt to that taken from 
the other. the Demonſtration is contained in the preceeding. 


bh 


PROP. E. TH EQR. 


þ four magnitudes be proportionals, they are alſo pro- 
portionals by converſion, that is, the firſt is to its ex- 
ceſs above the ſecond, as the third to its exceſs above 
the fourth. | 


A 


| | Let AB be to BE, as CD to DF; then BA is to 1 


Becauſe AB is to BE, as CD to DF, by divi- E | 
fion*, AE is to EB, as CF to FD; and by in- 1 
verſion b, BE is to EA, as DF to FC. Wherefore, F+ 
by Compoſition ©. BA is to AE, as DC is to CF. 


If therefore four, &c. Q. E. D. 


P.R+O P. XX. TH EON. 


F there be three magnitudes, and other three, which 
taken two and two have the ſame ratio; if the firſt 


be greater than the third, the fourth ſhall be greater than 
the ſixth ; 


; and if equal, equal; and if leſs, leſs. 
Let 


et 
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Let A, B, C be three magnitudes, and D, E, F ocher Book V. 
three, which taken two and two have the ſame ratio, viz, as 9 
A is to B, ſo is D to E; and as B to C, ſo is | 
E to F. If A be greater than C, D ſhall be | 
greater than F; and if equal, equal; and if leſs, ' 
leſs. 
Becauſe A is greater than C, and B is any | 
other magnitude, and that the greater has to 
the ſame magnitude a greater rario than the leſs 
has to it*; therefore A has to B a greater ra- 
tio than C has to B. but as Dis to E, ſo is A 
to B; therefore® D has to E a greater ratio 
than C to B. and becauſe Bis to C, as E to F, 
by inverſion, C is to B, as F is to E; and D 
was ſhewn to have to E a greater ratio than C 
to B; therefore D has to E a greater ratio than F to E*, but c. Cor. 12. 5. 
the wagaitude which has a greater ratio than another to the 
{ame magnitude, is the greater of the two. D is therefore a 10. 5. 
greater than F. 

Secondly, Let A be equal to C; D ſhall be equal to F. be- 


R 
E 
+. 


cauſe A and C are equal to one a- , by 

nother, A is to B, as C is to Be. 1 

but A is to B, as D to E; and C is 

to B, as F to E; wherefore D is to | 

E, 4 F to Ef; and therefore D is A . 11. 5 
u 


equal to F* .B C 
Next, Let A be leſs than C; D D E F 
ſhall be leſs than F. for C is great: 
er than A, and, as was ſhewn in 
the firſt caſe, C is to B, as F to E, 
and in like manner B is to A, as E | | 


to D; therefore F is greater than 
D, by the firſt caſe; and therefore D is leſs than F. Therefore 
if there be three, &c. Q. E. D. | 


PROP, XXI. THE OR. 
F there be three magnitudes, and other three, which 
have the ſame ratio taken two and two, but in a croſs 
order; if the firſt magnitude be greater than the third, 


the fourth ſhall be greater than the dach; and if * 
equal ; and if leſs, leſs, © 
4 | * Let 
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a Let A, B, C be three magnitudes, and D, E, F other F 


— 
— — — P 4 
> . . - 
4 M — 


ill three, which have the ſame ratio taken two and two, but in a ny © 
4 croſs order; viz. as A is to B, ſo is E to F, ratic 
* and as B is to C, ſo is D to E. If A be great- 0 C, 1 
Hi er than C, D ſhall be greater than F; and if | T 
t — equal, equal; and if leſs, leſs, : and 
4 | Becauſe A is greater than Gy and B is any o- 1 what 
2. 8. 3. ther magnitude, A has to B a greater ratio * y an 

than C has to B. but as E to F, ſo is A to B; beca 


. 
b. 1% s. therefore E has to F a greater ratio than C to K B C 
B. and becauſe B is to C, as D to E, by inver- D 1 F D, a1 
ſion, C is to B, as E to D. and E was ſhewn to 
have to F a greater ratio than C to B; there- 8 | 
. Cor. 13. 5. fore E has to F a greater ratio than E to D. © 


* 
: x 
— 
> M 
* 0 


— — - 
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- 
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Secondly, Let A be equal to c; D ſhall be ca to F. Becauſc N; 
e. . . A and C are equal, A is © to B,asCistoB. "_ A is to 'B, as E WW leſs, | 
to F; and C is to B, as E to D; multi 


* 12; 5 whereforeE is to F, as Eto Df; <| | what: 
& 9. 5. and therefor G. b e Fs, Ne 
four! 

& ſame 

and a 

E ö ſo G 

Be 

Z three, 


pi but the magnitude to which the ſame has a | magr 
l greater ratio than it has to another, is the leſſer three 

il d. 10. 3. of the two d. F therefore is leſs than D; that is, D is greater two 

| j than F. great 
| 


Next, Let A be leſs than C; 
D ſhall be leſs than F, for C is 
.greater than A, and, as was 
ſhewn, C is to B, as E to D, 
and in like manner B is to A, 
as F to E; therefore F is great- 


ABC A 
PEE} 
1. 


er than D, by caſe firſt; and foreg: 
therefore. D is leſs than F. U H; v 
Therefore if there be three, &c. Q_ E. D. and ſc 

Nie the: 


PROP. XXII. THEOR. 


gee N. F there be any number of magnitudes, and as many o- 

thers, which taken two and two in order have the 
ſame ratio; the firſt ſhall: have to the laſt of the firſt 
magnitudes the ſame ratio which the firſt of the others 
has to the laſt. N. B. This is i cited by the words 


cc 
ex aequali, or, ex emo." 
Firſt, 


any o- 
we the 
he firſt 

others 
> words 


Firſt, 


whatever K and L; and of C and | 


N; and if equal, equal; and if 
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Firſt, Let there be three magnitudes A, B,. C, and as ma- Book V. 


ny others D, E, F, which taken two and two have the ſame 
ratio, that is ſuch that A is to B, as D to E; and as B is to 
C, ſo is Eto F. A ſhall be to C, as D to F. 

Take of A and D any equimultiples whatever G and H; 
and of B and E any equimultiples | 8 


F any whatever M and N. then 
becauſe A is to B, as D to E, and | | 
that G, H are equimultiples of A, | 
D, and K, Lequimultiples of B, E; ABC 


as G is to K, ſo is H to L. for KM HI. N mo ;, 


the ſame reaſon K is to M, as L to | 
N, and becauſe there are three | 
magnitudes G, K, M, and other A 7 
three H, L, N, which two and DN | 
two have the ſame ratio; if G be — | nl 
greater. than M, H is greater than 


leſs, leſs b. and G, H are any equi- 


\ 


b. 20. 5. 


multiples whatever of A, D, and M, N are any equimultiples | 


whatever of C, F. therefore © as A is to C, ſoisD to F. 

Next, Let there be four magnitudes A, B, C, D, and other 
four E, F, G, H, which two and two have the | 
ſame ratio, viz. as A is to B, ſo is E toF; | A. B. C. D. 
and as B to C, ſo F to G; CH 5 Ts Po: H. 
ſo G to H. A ſhall be to D, 8 <5 . Cool MEA | 


c. 5. Def. 5. 


Becauſe A, B, Care three magnitudes, and E, F, G other - 


three, which taken two and two have the ſame ratio; by the 
foregoing caſe, A is to C, as E to G. but C is to D, as G is to 
H; wherefore again, by the firſt caſe, A is to D, as E to H. 
and ſo on, whatever be the number of magnitudes. Therefore 
if there be any _—_— &c. Q. E. D. 
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THE ELEMENTS 


«lj PROP. XXII. THEOR. 


Se x. IF there be any number of magnitudes, and as many o- 
thers, which, taken two and two, in a croſs order, 
have the ſame ratio; the firſt ſhall have to the laſt of the 
firſt magnitudes the ſame ratio which the firſt of the o- 
thers has to the laſt. N. B. 7 his is uſually cited by the 
words © ex aequai in froportione perturbata ; or, ex 
1 acquo hertur bat“? | 


Firſt, Let there be three magnitudes A, B, C, and other 
three D, E, F, which taken two and two in a croſs order 
Have the ſame ratio, that is ſuch that A is to B, as E to F; 
and as B is to C, ſo is D to E. A is to C, as D to F, firſt 

Take of A, B, D any cguimultiples whatever G, H, K; and : 
of C, E, F any equimultiples whatever L. M. N. and be- me 


cauſe G, H are equimultiples of four 

A, B, and that magnitudes have ö L. 

the ſame ratio which cheir equi- | DE. 

8 multiples have *; as A is to B, 44 || | to C 

| ſo is G to H. and for the . the 1 

reaſon, as L is to F, ſo is M w AR 4 D F F firſt 

= N. but as A is to B, ſo * E % G II I. KILN ſecon 
be F; as therefore G is to H, fo is M | | "of thirc 
= b, 1. , to Nb. and becauſe as B is to C, 1 2 8 | four 
4 ſo is D to E, and that H, K are | == 
"| . equimultiples of B, D, and L, 8 | | verſi 
| M of C, E; 3s H js to L. 8 | * as A 
&45 K to M. and it has been ſhewn , | . „ | to B 
1 that G is to H, as M to N. then AED BG, 
1 '* becauſe there are three magni- | mag 
tudes G, H, L. and other three | | likes 

K, M, N which have the ſame | AG 

| ratio taken two and two in a croſs order; if G be greater than | TR: 
= d. 2. „ L, K is greater than N; and if equal, equal; and if leſs, leſs , Wh 
f and G, K are any equimultiples whatever of A, D; and L, N 0 
1 any whatever of C, F; as therefore A is to 83 foi is D to F. tion, 


Next, 


ther four E, F, G, H, which, taken two and 


| OF EUCETID. | 
Next, Let there be four magnitudes A, B, C, D, and o- Book V. 
a 


two in a croſs order, have the ſame ratio, viz. | AB. D. 
A to B, as G to H; B to C, as F to G; and TT . . 
C to D, as E to F. Ah to D, as E to II. — 

Becauſe A, B, C are three magnitudes, and F, G, H othas 
three, which, taken two and two in a croſs order, have the 
ſame ratio; by the firſt caſe, A is to C, as F to H. but C is to 
D, as E is to F; wherefore again, by the firſt caſe, A is to D, 
as E to H. and ſo on, whatever be the number of magnitudes, 


Therefore if there be any number, &c. Q. E. D. 
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— 


F the firſt has to the ſecond the ſame ratio which the ste x. 


third has to the fourth; and the fifth to the ſecond 
the ſame ratio which the ſixth has to the fourth; the 
firſt and fifth together ſhall have to the ſecond, the ſame 


ratio which the third and ſixth together have to the 
fourth. 


Let AB the firſt have to C the ſecond the ſame ratio, which 
DE the third has to F the fourth; and let BG the fifth have 
to C the ſecond the ſame ratio, which EH Gi 
the ſixth has to F the fourth, AG, the H 
firſt and fifth together, ſhall have to C the 
ſecond the ſame ratio, which DH, the | 
third and fxth e has to F the B+ 
fourth, |! E. 
Becauſe BG is to 0. as EH to F; by in- 
verſion C is to BG, as F to EH. and becauſe | | 
as AB is to C, ſo is DE to F; and as C | 
to BG, ſo F to EH; ex cual * AB is to | | 
BG, as DE to EH, and becauſe theſe A C D F 
magnitudes are proportionals, they ſhall | 


| a 22. a 


likewiſe be proportionals when taken jointly®; as therefore, . f. 


AG is to GB, ſo is DH to HE; but as GB to C, fois HE to 


F. Therefore, ex acquali*, as AG is ro C, ſo is DH to F. 
Wherefore if the firſt, &c. Q. E. D. 


Con. 1. If the ſame Hypotheſis be made as in the Propoñ - 
en. the exceſs of the firſt and fifth ſhall be to the ſecond, as 


the 


— — 
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4. A. & 14. 5. 


der N. 


THE ELEMENTS. * 
Book V- the exceſs of the third and ſixth to the fourth. the demon- 


ſtration of this is the ſame with that of the Propoſition, if Di- 
viſion be uſed inſtead of Compoſition. 

Cor. 2. The Propoſition holds true of two ranks of magni- 
tudes, whatever be their number, of which each of the firſt 
rank has to a ſecond magnitude the ſame ratio that the corre- 


| ſponding one of the ſecond rank has to a fourth magnitude; 


as is manifeſt. 


PROP. XXV. THEOR. 


F four magnitudes are proportionals, the greateſt and 


leaſt of them together are greater than-the other two 
together. - | 


Let the four magnitudes. AB, CD, E, F be proportionals, 
viz, AB to CD, as E to F; and let AB be the greateſt of them, 
and conſequently F the leaſt ®. AB the v3 with F are greater 
than CD together with E. 

Take AG equal to E, and CH equal to F. then becauſe as 
AB is to CD, fo is E to F, and that AG is equal to E, and CH 
equal to F; AB is to CD, as AG to CH. 
and becauſe AB the whole is to the whole | : 
CD, as AG is to CH; likewiſe the re- G + D 
mainder GB ſhall be to the remainder aL 
HD, as the whole AB is to the whale b : 
CD. but AB is greater than CD, there- | 
fore © GB is greater than HD. and be- | 
cauſe AG is equal to E, and CH to F: | | | 
AG and F together are equal to CH and A C E F 
E together, If therefore to the unequal 
magnitudes "GB, HD, of which GB is the greater, there be 
added equal magnitudes, viz. to GB the two AG and F, and 
CH and Eto HD; AB and F together are greater than CD 
and E. Therefore if four magnitudes, &c. Ak. N. 


ö 


PR OP. F. HE OR. 


AT IOS which are compounded of che me ratios, 
are the ſame with one another. 


_ ” 
tio \ 
A te 
finiti. 
of A 
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n. fl Let A be to B, as D to E; and B to C, as E to F. the ra- Book V. 
Di- tio which is compounded of the ratios of 2 rn 
A to B, and B to C, which, by the De- | 
A. B. C. 
i- finition of compound ratio, is the ratio D. E. F 
irſt of A to C, is the ſame with the ratio of F 
re- D to F, which, by the ſame Definition 
de; is compounded of the ratios of D to E, and E to F. | 


Becauſe there are three magnitudes A, B, C, and three o- 
thers D, E, P which taken two and two in order have the ſame 


ratio; ex aequali, A is to C, as D to F*, a. 22, 5 
Next, Let A be to B, as E to F, and B to C, as D to E; 
and therefore, ex acquali in proportione perturbatap, b. 23. 5. 
wo A is to C, as DtoF; that is, the ratio of A to 


A. N C. 
C, which is compounded of the ratios of A to D. E. F 
B, and B to C, is the ſame with the ratio of || 


D to F, which is compounded of the ratios of 


als, D to E, and Eto F. and in like manner the Propoſition may 
. be demonſtrated whatever be the number of ratios in either caſe. 


PROP. G. THE OR. 
as F ſeveral ratios be the ſame with ſeveral ratios, each to ge x. 
each; the ratio which is compounded of ratios which 
are the ſame with the firſt ratios, each to each, is the 
BW fame with the ratio compounded of ratios which are the 
fame with the other ratios, each to each. 
Let A be to B, as E to F; and C to D, as G to H. and let 


A be to B, as K to L; ad C 70 D, $0 00-3, then the ra- 
tio of K to M, by the Definition 


of compound ratio, is compound- |. | 

ed of the ratios of K 10 L, and . F C. H. K. 3 N. 

L to M, which are the ſame wit = 

the ratios of A to B, and C to D. \ ? 
1 


and as E to F, ſo let N be to O; and as G to H, ſo let O be 
to P; then the ratio of N to P is compounded of the ratios of 1 
N to O, and O to P, which are the ſame with the ratios f = 
E to F, and G to H. and it is to be ſhewn that the ratio of 
K to M, is the ſame with the ratio of N to P, or that K is to „ 
M, as N to P. | | ' 
Becauſe K is to L, as (A to B, that is, as E to F, that is as) | 
N to O; and as L to M, ſo is (C to D, and ſo is G to H. | \ 


and q 


tios, 


— —— — —Ü—U—ñä — 
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nnd ſo is) O to P. ex ae quali“, K is to M, as N to P. There - 
a 22.5, fore if ſeveral ratios, &c. Q. E. D. 8 


PROP. H. THE OR. 
_— F a ratio compounded of ſeveral ratios be the fame 


with a ratio compounded of any other ratios, and if 


one of the firſt ratios, or a ratio compounded of any of 
the firſt, be the ſame with one of the laſt ratios, or with 
the ratio compounded of any of the laſt; then the ratio 
compounded of the remaining ratios of the firſt, or the 
remaining ratio of the firſt, if but one remain, is the ſame 
with the ratio compounded of thoſe remaining of the laſt, 
or with the remaining ratio of the laſt. . 


Let lis firſt ratios be thoſe of A to B, B to c 2 to D, 

] D to E, and E to F; and let the other ratios be thoſe of G to 
H, H ͤto K, K to L, and L to M. n the ratio of A to 

a. Defini- F, which is compounded of the 2 f 


bonded vr. firſt ratios be the ſame xith the . 9. . 
tio. ratio of G to M, which is cam- HR. . .. | 


pounded of the other ratios. and | | 
beſides, l the ratio of A to D, 6 
which mpounded of the ratios of A to B, B to C, C to 
D, be the ſame with the ratio of G to K, which is compound- 
ed of the ratios of G to H, and H to K. then the ratio com- 
pounded of the remaining: firſt ratios, to wit, of the ratios of 
D to E, and E tg F, which compounded ratio is the ratio of 
D to F, is the ſame with' the ratio of RK to M, which is com- 
pounded of the remaining ratios of K to L. and L to M of the 
other ratigs. 
Becauſe, by the Hypotheſis, A'is to D, as 'G to K, by in- 
verſionb, D is to A, as K to G; and as A is to F, ſo is G to 


b. B. 6. 
"ML M; therefore , ex aequali, D is to F, as K to M. If there- 
ante a ratio which is, &c. Q. E. D. | 1 
$f bins. . 3 RAE: 
8 . 5 


of the 
ſame 
alſo a 
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theref 
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[heres 


ſame 


and if - 
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> fame 
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Book V. 
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I F there be any number of ratios, and any number of see 8, 


other ratios ſuch, that the ratio compounded of ra 
tios which are the ſatns with the firſt ratios, each to "MY 
is the ſame with the ratio compounded of ratios witch 


are the ſame, each to each, with the laſt ratios; and if 


one of the firſt ratios, or the ratio which is compounded 
of ratios which are the ſame with ſeveral of the firſt ra- 


tios, each to each, be the ſame with one of the laſt ra- 


tios, or with the ratio compounded of ratios which are 
the ſame, each to each, with ſeveral of the laſt ratios: 
then the ratio compounged of ratios which are the ſame 
with the remaining ratios of the firſt, each to each, or 
the remaining ratio of the firit, if but one remain; is the 
ſame with the ratio compounded of ratios which are the 
ſame with thoſe remaining of the laſt, each to each, or 
with the remaining ratio of the laſt. | 


Let the ratios of A to B, C to D, E to F be the firſt ratios; 


and the ratios of G to H, K to L, M to N, O to P,.Q to R, 


be the other ratios. and let A be to B, as 8 to T; and C to 


D, as T to V; and E to F, as V to X. therefore, by the Defi- 
nition of compound ratio, the ratio of 8 to X is compounded 


| mn. _—_— : 


| | h, k, L 5 | 22 
A, B; C, D; E., F. a 8, * V, X. 
G. H; K, L; M,N; O, PI Q,R.. X. Z. as b. c, d. 


of the ratios of Sto T. T to V, and V to X, which are the 
ſame with te ratios of A to B, C to D, E to. F, each to each. 
alſo as G to H, ſo let Y be to Z; and K to L, as Z to a; M 
to N, as a to b; O to P, as b toc; and Q to R, as c to d. 
therefore, by the ſame Definition, the ratio of Y to d is com- 
* of the ratios of Y to Z, Z to a, a to b, b to c, and 
K c to 


9 — — A 
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Book V. c to d, which are the ſame, each to each, with the ratios of 


"WTR 2 


G to H, K to L., MtoN, O to P, and Q to R. therefore, 
by the Hypotheſis, S is to X, as Y to d. alſo let the ratio of 
A to B. that is, the ratio of S to T, which is one of the firſt 
ratios, be the ſame with the ratio of e to g, which is com- 


Pounded of the ratios of e to f, and f to g, which, by the 


Hypotheſis, are the ſame with the ratios of G to H, and K to 
L, two of the other ratios; and let the ratio of h to 1 be that 
which is compounded of the ratios of h to k, and k to l, which 
are the ſame with the remaining firſt ratios, viz. of C to D, 
and E to F; alſo let the ratio of m to p be that which is com- 
pounded af. the ratios of m to n, n to o. and o to p, which are 
the ſame, each to each, with the remaining other ratios, viz. 
of Mto N, O to P, and Q to R. then the ratio of h to 1 is the 
ſame with the ratio of m to p, or h is to I, as m to p. 


h, k, | 
A, B; C, D; E, F 9g. T.V;: I, 
G, H; K, L; M, N; O, P; Q R. Y, Z, a, b. C, d. 
e, f. 8. m. n, o, p 


Becauſe e is to f, as (G to H, that is as) Y to Z; and f is 
to g, as (K to L, that is as) Z to a; therefore, ex aequali, e 
is to g, as Y to a. and, by the Hypotheſis, A is to B, that is 
8 to T, as e to g; wherefore 8 is to T, as J to a, and, by in- 
verſion, T is to 8, as a to I; and S is to X, as Y to d; 
therefore, ex aequali, I is to X. as a to d. alſo becauſe h is 
to k, as (C to D, that is as) T to V; and k is to Il, as (E to 
F, that is as) V to X; therefore, ex aequali, h is to I, as T 


to X. in like manner it may be demonſtrated that m 1s to p, 


as a to d. and it was ſhewn that T is to X, as a to d. there- 


fore *h is to l, as m to p. Q. E. D. 

The Propoſitions G and K are uſually, for the ſake of bre- 
vity, expreffed in the ſame terms with Propoſitions F and H. 
and therefore it was proper to ſhew the true meaning of them 
when they are ſo expreſſed ; eſpecially ſince they are very fre- 


quently made uſe of by Geometers. 
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DN IMILAR rectilineal figures | | 
are thoſe which have their 8 
ſeveral angles equal, each to 3 | P44 


each, and the ſides about 
the equal angles proportionals, 
II. 


* ſuch as have their ſides about two of their angles pro- 
1 portionals in ſuch manner, that a ſide of the firſt figure 
* is to a ſide of the other as the remaining fide of this o- 
« ther is to the remaining fade of the firſt,” 


III. 
to p- A ſtraight line is ſaid to be cut in extreme and mean ratio, 
1ere- when the whole is to the greater ſegment, as the greater 
ſegment is to the leſs, 
' bre- | IV; | 
d H. The altitude of any figure is the ſtraight 
them line drawn from its vertex perpendicu- 
fre- lar to the baſe. 
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Book VI. 
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" Reciprocal figures; viz. triangles and parallelograms, are gee N. 


4. 38. 1. 


Aual to the triangle ALC. re 6 BC * 


b. 5 Del. g. 


baſe CD, the ſame mul- 
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PR OP. I. THEOR. 


R1aNcLEs and parallelograms of the ſame altitude 
are one to another as their baſes. 
Let the triangles ABC, ACD, and the 1 EC, 


CF have the ſame altitude, viz. the perpendicular drawn from 
the point A to BD. then as the baſe BC is to the baſe CD, fo 


is the triangle ABC to the triangle ACD, and the parallelo- 


gram EC to the parallelogram CF, 

Produce BD both ways to the points H, L, and take any 
number of ſtraight lines BG, GH, each equal to the baſe 
BC; and DK, KL, any number of them, each equal to the 
baſe CD; and join AG, AH, AK, AL, then becauſe CB, 
BG, GH are all equal, the triangles AHG, AGB, ABC 
are all equal *, therefore whatever multiple the baſe HC 
is of the baſe BC, the ſame multiple is the triangle AHC 
of the triangle ABC. for the ſame reaſon whatever un 
the baſe LC is of the F A F 


tiple is the triangle ALC | , J 

of the triangle ADC. he 
and if the baſe HC be e- 13 
qual to the baſe CL, the 4 : 

triangle AC is alſo e- 


and if the baſe HC be .D K L 
greater. than the baſe CL, likewiſe the triangle AHC is great- 
er than the triangle. ALC; and if leſs, leſs, therefore ſince 


there are four magnitudes, viz, the two baſes BC, CD; and 


the two triangles ABC, ACD; and of the baſe BC and the 
triangle ABC the firſt and third, any equimultiples whatever 
have been taken, viz. the baſe HC and triangle AHC; and 
of the baſe CD and triangle ACD the ſecond and fourth have 
been taken any equimultiples whatever, viz, the baſe CL and 
triangle ALC; and that it has been ſhewn that if the baſe HC 
be greater than the baſe CL, the triangle AHC is greater than 
the triangle ALC; and if equal, equal; and if leſs, leſs. 
Therefore ® as the baſe BC is to the baſe CD, ſo is the tri- 


angle ABC to the triangle ACD. 


And becauſe the parallelogram CE is double of the 3 
ABC, 
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ABC*, and the parallelogram CF double of the triangle ACD, Book VI. 
and that magnitudes have the ſame ratio which their equimul- « 41. 1. 
tiples have ©; as the triangle ABC is to the triangle ACD, ſo d. 18. 3. 
is the parallelogram EC to the parallelogram CF. and becauſe 
it has been ſhewn that as the baſe BC is to the baſe CD, ſo is 
the triangle ABC to the triangle ACD; and as the triangle 
ABC to the triangle ACD, fo is the parallelogram EC to the 


parallelogram CF; therefore as the baſe BC is to the baſe CD, 


ſo is © the parallelogram EC to the parallelogram CF. Where- e. 17. s. 
fore triangles, &c, Q. E. D. 
Cor. From this it is plain that triangles and parallelograms 


that have equal altitudes, are one to another as their baſes. 


Let the figures be placed ſo as to have their Hs in the 
ſame ſtraight line; and having drawn perpendiculars from the 
vertices of the triangles to the baſes, the ſtraight line which 
joins the vertices is parallel to that in which their baſes are f, f 33. 1. 
becauſe the perpendiculars are both equal and parallel to one 
another. then, if the ſame conſtruction be made as in the 
Propoſition, the Demonſtration will be the ſame, 


PROP. Il. THE OR. 


F a ſtraight line be drawn parallel to one of the ſides see x. 
of a triangle, it ſhall cut the other ſides, or theſe 
produced, proportionally. and if the ſides, or the ſides 
produced be cut proportionally, the ſtraight lines which 
Joins the points of ſection ſhall be parallel to the remain- 
ing ſide of the triangle. 


Let DE be drawn parallel to BC one of the ſides of the tri- 
angle ABC. BD is to DA, as CE to EA. 

Join BE, CD; then the triangle BDE is equal to the tri- 
angle CDE“, becauſe they are on the ſame baſe DE, and be- a. 37. r. 
tween the ſame parallels DE, BC. ADE is another triangle, 
and equal magnitudes have to the ſame, the ſame ratiob; there- b. 7. 8. 
fore as the triangle BDE to the triangle ADE, ſo is the tri- 
angle CDE to the triangle ADE; but as the triangle BDE to 
the triangle ADE, ſo is BD to DA, becauſe having the ſame © *- 
altitude, viz, the perpendicular drawn from the point E to- 
AB, they are to one another as their baſes, and for the ſame 

| R 3 reaſon, 
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Book VI: reaſon, as the triangle CDE to the triangle ADE, fo is CE to 


4 1 5. EA. Therefore as BD to DA; ſo is CE to EA ®, 
Next, Let the ſides AB, AC of the triangle ABC, or theſe 
A A EK... 


— 


\ 


D 5 


& 
\ 
2 


r E B C 
produced, be cut proportionally in the points D, E, that is, 
ſo that BD be to DA, as CE to EA, and join DE, DE is 
parallel to BC. | 

The ſame conſtruction being made, becauſe as BD to DA, 
| ſois CE to EA; and as BD to DA, fo is the triangle BDE to 

* triangle ADE“; and as CE to EA. ſo is the triangle CDE. 
to the triangle ADE; therefore the triangle BDE is to the 
triangle ADE, as the triangle CDE to the triangle ADE, 
that is, the triangles BDE, CDE have the ſame ratio to the 

e. 9. 5. triangle ADE; and therefore © the triangle BDE is equal to 

the triangle CDE. and they are on the ſame baſe DE; but e- 

f. 39. 1. qual triangles on the ſame baſe are between the ſame parallels; 
therefore DE is parallel to BC, Wherefore if a ſtraight line, 
&c. Q. E. D. 

PEO P. H. 


F the angle of a triangle be divided into two equal 
angles, by a {ſtraight line which alſo cuts the baſe ; 
the ſegments of the baſe ſhall have the ſame ratio which 


the other ſides of the triangle have to one another. and 
if the ſegments of the baſe have the ſame ratio which the 


other ſides of the triangle have to one another, the 


ſtraight line drawn from the vertex to the point of ſec- 
tion divides the vertical angle into two equal angles. 


Let the angle BAC of any triangle ABC be divided into two 
equal angles by the ſtraight line AD. BD is to DC, as BA to 
ZC. | £2 
0 Thro' 


CE to 


theſe 


0” $VCLTD ” 


Thro' the point C draw CE parallel to DA, and let BA Book 
produced meet CE in E. Becauſe the ſtraight line AC meets 4 31. f. 
the parallels AD, EC, the angle ACE is equal to the alternate 
angle CAD®, but CAD, by the Hypotheſis, is equal to the“ 29. 1. 
angle BAD; wherefore BAD is equal to the angle ACE, A- 
gain, becauſe the ſtraight line 
BAE meets the parallels AD, 
EC, the outward angle BAD 
is equal to the inward and op- 
poſite angle AEC. but the 
angle ACE has been proved e- 
qual to the angle BAD; there- 
fore alſo ACE is equal to the B 
angle AEC, and conſequently 
the ſide AE is equal to the ſide? AC. and becauſe AD is drawn c. 6. «. 
parallel to one of the ſides of the triangle BCE, viz. to EC, 
BD is to DC, as BA to AE*; but AE is equy] to AC; there- d. 2. 6. 
fore as BD to DC, ſo is BA to AC., e. 7. 5. 

Let now BD be to DC, as BA to Ac. and join AD; the 
angle BAC is divided into two equal angles by the ſtraight 


D C 


line AD, 


The ſame conſtruction being made, becauſe as BD to DC, 
ſois BA to AC; and as BD to DC, ſo is BA to AE , becauſe | 
AD is parallel to EC; therefore BA is to AC, as BA to AEf. f 1. 5. 
conſequently AC is equal to AE, and the angle AEC is there- 8. 9. 5. 
fore equal to the angle ACE®. but the angle AEC is equal to k. 5. .. 
the outward and oppoſite angle BAD; and the angle ACE is 
equal to the alternate angle CAD b. wherefore alſo the angle 
BAD is equal to the angle CAD. therefore the angle BAC is 
cut into two equal angles by the ſtraight line AD. Therefore 
if the angle, &c. Q. E. D. 


K 4 PROF. 


„ 
9. 5. 
S. 1. 


* ACF has been proved equal 


THE ELEMENTS 


PROP, A, THEOR. 


F the outward angle of a triangle made by producing 
I one of its ſides, be divided into two equal angles, by 
a ſtraight line which alſo cuts the baſe produced ; the 
ſegments between the dividing line and the extremities 
of the baſe have the ſame ratio which the other ſides of 


the triangle have to one another, and if the ſegments of 


the baſe produced have the. ſame ratio which the other 
ſides of the triangle have, the ſtraight line drawn from 
the vertex to the point of ſection divides the outward 
angle of the triangle into two equal angles. 


Let the outward angle CAE of any triangle ABC be divi- 
ded into two equal angles by the ſtraight line AD which meets 
the baſe produced in D. BD is to DC, as BA to AC. 

Thro' C draw CF parallel to AD*; and becauſe the ſtraight 
line AC meets the parallels AD, FC, the angle AC is equal 
to the alternate angle CAD®, but CAD is equal to the angle 
DAES; therefore alſo DAE is equal to the angle ACF. Again, 


becauſe the ſtraight line FAE meets the parallels AD, FC, the 
outward angle DAE is equal FE 


to the inward and oppoſite 
angle CFA. but the angle 


to the angle DAE; there- 
fore alſo the angle ACF is | 
equal to the angle CFA, B | _—: D 
and conſequently the ſide 

AF is equal to the fide AC d. and becauſe AD is par allel toFC 


a fide of the triangle BCF, BD is to DC, as BA to AF; but 


AF it equal to AC; as therefore BD to DC, ſo is BA to 
AC. | 

Let now BD be to DC, as BA to AC, and join AD ; the 
angle CAD is equal to the angle DAE. 

The ſame conſtruction being made, becauſe BD is to DC, 
as BA to AC; and that BDis alſo to DC, as BA to AF*, there- 
fore BA is to AC, as BA to Aff wherefore AC is equal to 
AF, and the angle AFC equal l to the angle ACF, but 

the 
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the angle AFC is equal to the outward angle EAD, and = Vi. 


the angle ACF to the alternate angle CAD; therefore alſo 
EAD is equal to the angle CAD. Wherefore if the outward, 


&c. Q. E. D 
PROP. IV. THE OR. 


HE ſides about the equal angles of equiangular tri- 

angles are proportionals ; and thoſe which are op- 

poſite to the equal angles are homologous ſides, that is, 
are the antecedents or conſequents of the ratios. 


Let ABC, DCE be equiangular triangles, having the angle 
ABC equal to the angle DCE, and the angle ACB to the angle 
DEC, and conſequently * the angle BAC equal to the angle a. 32. . 
CDE. The fides about the equal angles of the triangles ABC, 


'DCE are proportionals; and thoſe are the * ſides 


which are oppoſite to the equal angles. 

Let the triangle DCE be placed ſo that its ſide CE may be 
contiguous to BC, and in the ſame ſtraight line with it. and 
becauſe the angles ABC, ACB are together leſs than two right 
angles; ABC and DEC, which is b. 17. 1. 
equal to ACB, are alſo leſs than 
two right angles. wherefore BA, 


ED produced ſhall meet ©; let them A c. 12. Ax. I, 
be produced and meet in the point 

F. and becauſe the angle ABC is 

equal to the angle DCE, BF is pa- B 1 

rallel 4 to CD. Again, becauſe the Z, . 


angle ACB is equal to the angle 

DEC, AC is parallel to FE 9, therefore FACD is a parallelo- 
gram ; and conſequently AF is equal to CD, and AC to FDe. e. 34. 7. 
and becauſe AC is parallel to FE one of the fides of the tri- 

angle FBE, BA is to AF, as BC to CE*. but AF is equal to f. 2. 6. 
CD, therefore ? as BA to CD, ſo is BC to CE; and altcrnate- s 7. 5- 
ly, as AB to BC, ſo DC to CE. Again, becauſe CD is parallel 

to BF, as BC to CE, ſo is FD to DE ,; but FD is equal to AC; 
therefore as BC to CE, ſo is AC to DE. and alternately, as 

BC to CA, ſo CE to ED. therefore becauſe it has been pro- 

ved that AB is to BC, as DC to CE; and as BC to CA, fo CE 

to ED, ex acquali”, BA is to AC, as. CD tg DE. Therefore h. 22. f, 
the ſides, &c. Q. E. D. 


PROP. 


iS 
= 


& 23. 1. 


£ &. 1. 
1. 4. 1. 


THE ELEMENTS 


PROP.V. THEOR. 


F the ſides of two triangles, about each of their angles) 

be proportionals, the triangles ſhall be equiangular, 

and have their equal angles oppoſite to the homologous 
ſides, 


Let the triangles ABC, DEF have their fides proportionals, 
ſo that AB is to BC, as DE to EF; and BC to CA, as EF to 
FD; and conſequently, ex aequali, BA to AC, as ED to DF. 
the triangle ABC is equiangular to the triangle DEF, and their 
equal angles are oppoſite to the homologous ſides, viz, the 


,angle ABC equal to the angle DEF, and BCA to EFD, and 


allo BAC to EDF. 

At the points E, F in the ſtraight line EF make * the angle 
FEG equal to the angle ABC, and the angle EFG equal to 
BCA; wherefore the remain- 1 
ing angle BAC is equal to 
the remaining angle EGF b, 
and the triangle ABC is We- 


D 
fore equiangular to the tri- 1 


angle GEF; and conſequent- B C 
ly they have their ſides op- 
poſite to che equal angles 
proportionals b. wherefore as 
AB to BC, ſo is GE to EF; but as AB to BC, ſo is DE to 
EF; therefore as DE to EF, 10 4 GE to EF. therefore DE and 
GE have the ſame ratio to EF, and conſequently are equal ©, K 
for the ſame reàſon NF is equal to FG. and becauſe, in the 
triangles DEF, CEF, DE is equal to EG, and EF common, the 


two ſides DE, EF are equal to the two GE, EF, and the baſe 


DF is equal to the baſe GF; therefore the angle DEF is equal 
f to the angle GEF, and the other angles to the other angles 
which are ſubtended by the equal ſides 2. Wherefore the angle 
DFE is equal to the angle GFE, and EDF to EGF. and be- 
cauſe the angle DEF is equal to the angle GEF, and GEF to 
the angle ABC; therefore the angle ABC is equal to the angle 
DEF. for the ſame reaſon, the angle ACB is equal to the 
angle DFE, and the angle at A to the angle at D. Therefore 
the triangle ABC is equiangular to the png DEF, Where- 


| fore if the tides, &c. Q. E. D. 


PROP. 
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- Book VI- 


PROP.VI THEOR. 


F two triangles have one angle of the one equal to one 
angle of the other, and the ſides about the equal angles 
proportionals, the triangles ſhall be equiangular, and ſhall 
have thoſe angles equal 1 88 are oppoſite to the homo- 
logous ſides. 


Let che triangles ABC, DEF have the angle BAC in the 
one equal to the angle EDF in the other, and the ſides about 
thoſe angles proportionals; that is, BA to AC, as ED to DF. 
The triangles ABC, DEF are equiangular, and have the angle 
ABC equal to the angle DEF, and ACB to DFE. 


At the points D, F, in the ſtraight line DF, make * the = 23- ., 


angle FDG equal to either of the angles BAC, EDF; and the 
angle DFG equal to the 

angle ACB, wherefore A. — 
the remaining angle at B D 
is equal to the remaining 


one at G®, and conſe- 


quently the triangle ABC 

is equiangular to the tri- 

angle DGF; and there- og * 

fore as BA to AC, lo is“ B 0 E F 

GD to DF. but, by the Hypotheſis, as BA to AC, ſo is ED 
to DF; as therefore ED to DF, ſo is 4 GD to- DF; wherefore 
ED is equal © to DG; and DF is common to the two triangles 
EDF, GDF. therefore the two ſides ED, DF are equal to the 
two ſides GD, DF; and the angle EDF is equal to the — 
GDF, wherefore the baſe EF is equal to the baſe FG*, and 
the triangle EDF to the triangle GDF, and the remaining 
angles to the remaining angles, each to each, which are ſub- 
tended by the equal fides. therefore the angle DFG is equal to 
the angle DFE, and the angle at G to the angle at E. but the 
angle DFG is equal to the angle ACB; therefore the angle 
ACB is equal to the angle DFE. and the angle BAC is equal 
to the angle EDF®; wherefore alſo the remaining angle at B 
is equal to the remaining angle at E. Therefore the trianple 
ABC is equiangular to the triangle DEF. Wherefore if wo 


triangles, Ke. Q. E. D. 


PROP. 


b. 32. J. 


e. 4. 6. 


d. 11. 5. 
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the angle ABG to the angle RB 
DEF ; the remaining angle 


THE ELEMENTS 


PROP. vn. THE OR. 


F two triangles have one angle of the one equal to one 
angle of the other, and the ſides about two other an- 
gles proportionals; then if each of the remaining angles 


be either leſs, or not leſs than a right angle; or if one of 


them be a right angle: the triangles ſhall be equiangular, 
and have thoſe angles equal about which the ſides are 
proportionals, 


Let the two triangles ABC, DEF have one angle in the one 
equal to one angle in the other, viz. the angle BAC to the angle 
EDF, and the tides about two other angles ABC, DEF pro- 
portionals, ſo that AB is to BC, as DE to EF; and, in the 
firſt caſe, let each of the remaining angles at C, F be leſs than 
a right angle. 'The triangle ABC is equtangular to the triangle 
DEF, viz. the angle ABC is equal to the angle DEF, and the 
remainining angle at C to the remaining angle at F. 

For if the angles ABC, DEF be not equal, one of them is 
greater than the other ; 
point B in the ſtraight line 
AB make the angle ABG 
equal to the angle* DEF. and 
becauſe the angle at A is e- 
qual to the angle at D, and 


D 
6 
1 


AGB is equal ® to the remaining angle DFE, therefore the 
triangle ABG is equiangular to the triangle DEF ; wherefore © 
as AB is to BG, ſo is DE to EF; but as DE to EF, fo, by Hy- 
potheſis, is AB to BC; therefore as AB to BC, ſo is AB to 
BG *; and becauſe AB has the ſame ratio. to each of the lines 
BC, BG; BC is equal © to BG, and therefore the-angle BGC 
is equal to the angle BCG*, but the angle BCG is, by Hypo- 
theſis, leſs than a right angle; therefore alſo the angle BGC is 


leſs than a right angle, and the adjacent angle AGB muſt be 


greater than a right angle“. But it was proved that the angle 


AGB is equal to the angle at F; therefore the angle at F is 
greater than a right angle, bur, by the Hypotheſis, it is leſs 


than a right angle; which is abſurd. Therefore the angles ABC, 
| DEF 


let ABC be the greater, and at the 


e 157 


DEF are not unequal, that is, they are equal, and the angle B ook VT. 2 
at A is equal to the angle at D.; wherefore the remaining angle 
at C is equal to the remaining angle at F, therefore the tri- 
angle ABC is equiangular to the triangle DEF. 

Next, Let each of the angles at C, F be not leſs than a right 
angle. the triangle ABC is alfo in this caſe equiangular tg 
the triangle DEF, 

The ſame conſtruction 
being made, it may be prox { A D 
ved in like manner that BC 
is equal to BG, and the 
angle at C equal to the | 
angle BGC. but the angle C E F 
at C is not leſs than a right 
angle ; therefore the angle BGC is not leſs than a right angle. 
wherefore two angles of the triangle BGC are together not leſs 
than two right angles; which is impoſſible ; and therefore b. 27. .. 
the triangle ABC may be proved to be equiangular to the tri- 
angle DEF, as in the firſt caſe, 
Laſtly, Let one of the angles at C, F, viz. the angle at C 

be a right angle; in this caſe likewiſe the triangle ABC is e- 
quiangular to the triangle DEF, 

For if they be not equian- 
gular, make at the point B of 
the ſtraight line AB the angle 
ABG equal to the angle DEF; 
then it may be proved, as ing 
the firſt caſe, that BG is e- 
qual to BC. but the angle BCG 
is a right angle, therefore fthe 
angle BGC is alſo a right an- 
gle; whence two of the an- 


>» — 
Q 


gles of the triangle BGC are 2 2 C 
together not leſs than two 
right. angles; which is impoſ- G 


fible b. therefore the triangle ABC is equiangular to the trĩ- 
angle DEF. Wherefore if two triangles, &c. Q. E. D. 


PROP. 


a. 32. 1. 


b. 4. 6. 


CG I, Def. 6. 


the remaining angle ACB is e A 


THE ELEMENTS 


PROP. VII THE OR. 


N a right angled triangle, if a perpendicular be drawn 


from the right angle to the baſe; the triangles on 
each fide of it are ſimilar to the whole triangle, and to 
one another. 


Let ABC be a right angled triangle having the right angle 
BAC; and from the point A let AD be drawn perpendicu- 
lar to the baſe BC. the triangles ABD, ADC are ſimilar to the 
whole triangle ABC, and to one another. 

Becauſe the angle BAC is equal to the angle ADB, each of 
them being a right angle, and that the angle at B is common 
to the two triangles ABC, ABD; 


qual to the remaining angle 
BAD. therefore the triangle 
ABC is equiangular to the tri- 
angle ABD, and the ſides about << a 
their equal angles are propor- B53 5 
tionals b, wherefore the trian- 

gles are ſimilar. 


D C 


Alſo the triangles ABD, ADC are ſimilar to one another. 


Becauſe the right angle BDA is equal to the right angle 


ADC, and alſo the angle BAD to the angle at C, as has been 
proved; the remaining angle at B is equal to the remaining 
angle DAC. therefore the triangle ABD is equiangular and 
ſimilar © to the triangle ADC. Therefore in à right angled, 


Kc. Q. E. D. 


Cor. From this it is manifeſt that the perpendicular drawn 
from the right angle of a right angled triangle to the baſe, is a 


mean proportional between the ſegments of the baſe: and alſo 


that each of the ſides is a mean proportional between the baſe, 
and its ſegment adjacent to that fide. becauſe in the triangles 
BDA, ADC, BD is to DA, as DA to DC®; and in the tri- 
angles ABC, DBA, BC is to BA, as BA to BD®; and in the 
triangles ABC, ACD, BC is to CA, as CA to CD®. 


PROP. 


in the like manner it may be demonſtrated 
that the triangle ADC is ſimilar to the triangle ABC, 


ſition 
CA 1 
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Book VI. 
— 


PROP. IX. PR OB. 


* a given {ſtraight line to cut off any part requi-see R. 
red 


Let AB be the given ſtraight line; it is required to cut off 
any part from it. 

From the point A draw a ſtraight line AC making any an- 
gle with AB; and in ACtake any point D, and take AC which 
is the ſame multiple of AD that AB is of a 
the part which is to be cut off from it; join 
BC, and draw DE parallel to it. then AE 
is the ſame part of AB that AD is of AC; F 
that is, AE is the part required to be cut 
off, 

Becauſe ED is parallel to one of the ſides 
of the triangle ABC, viz. to BC, as CD is 
to DA, ſo is , BE to EA; and, by compo- "he 
ſition d, CA is to AD, as BA to AE. but B b. 18. 8. 
CA is a multiple of AD, therefore © BA is the fame mul- < D- 5. 
tiple of AE. whatever part therefore AD is of AC, AE is the 
ſame part of AB. wherefore from the ſtraight line AB the 
part required is cut off, Which was to be done. 


PROP. X. F RO B. 


0 divide a given ſtraight line Gmilarly to a given 4. 


vided ſtraight line, that is, into parts that ſhall have 
the ſame ratios to one another which the parts of the di- 
vided given ſtraight line have. 


Let AB be the ſtraight line given to be divided, and AC 
the divided line; it is required to di- A 
vide AB Gumilarty to AC. 

Let AC be divided in the points EN. 
D, E; and let AB, AC be placed ſo F D 
as to contain any angle, and join BC, 
and through the points D, E draw ow” | 
* DF, EG parallels to it; and through B 
D draw DHE parallel to AB. there- K 
fore each of the figures FH, HB, is a | 
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Book VI, parallellogram; wherefore DH is equal ® to FG, and HK to 

b. 34. 1 GB. and becauſe HE is parallel to A | 
KC one of the ſides of the triangle 

6. 2:6. DRC, as CE to ED, fois © KH to [SG | 
HD. but KH is equal to BG, and 1 
HD to GF; therefore as CE to ED, # hy 
ſo is BG to GF, again, becauſe FD G 1 
is parallel to EG one of the ſides — 
of the triangle AGE, as ED to DA, K. C 
ſo is GF to FA. but it has been 
proved that that CE is to ED, as BG to GF; as therefore 
CE to ED, ſo is BG to GF; and as ED to DA, ſo GF to FA. 
therefore the given ſtraight line AB is divided ſimilarly to AC. 
Which was to be done. 
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P R O P. XI. PR OB. ' 
O find a third proportional to two given ſtraight 


lines. 
Let AB, AC be the two given ſtraight lines, and let them ' 
be placed ſo as to contain any angle; it is re- A | tof 
quired to find a third proportional to AB, E 
AC. ; : ſemi 
Produce AB, AC to the points D, E; B poir 
and make BD equal to AC, and having gles 
joined BC, through D, draw DE parallel to B 
a 31. 1. ita. | | | 3 ſemi 
Becauſe BC is parallel to DE a fide of D E * 
> 2-6 the triangle ADE, A; is to BD, as AC to angl 
CE, but BD is equal to AC, as therefore AB to AC, ſo is - 
| AC to CE. Wherefore to the two given ſtraight lines AB, AC port 
| a third proportional CE is found. Which was to be done. 3 
port 


PROP. XI. PRO B. 
O find a fourth proportional to three given ſtraight 
lines. 3 


Let A, B, C be the three given ſtraight lines; it is requi- 
ted to find a fourth proportionabto A, B, C. 
N | Take 


to 


equi- 


Take 


the point E. and becauſe 


angle ADC, DB is drawn from A 
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Take two ſtraight lines DE, DF containing any angle EDF; Book VT. 

— gen 

and upon theſe make DG e- D 


qual to A, GE equal to B, EN "JOE 

and DH equal to C; and B 

having joined GH, draw TL as 

EF parallel “ to it through . C_ — 3}, 


of the ſides of the triangle 
DEF, D eis to GE, as DH 
to HF®, but DG is equal to A, GE to B, and DH to C; b. 2. . 
therefore as A is to B, ſo is C to HF. Wherefore to the three 


given ſtraight lines A, B, C a fourth proportional HF is 
found. Which was to be done, 


G H 
GH is parallel ro EF one / \ 
E 


, PROP, XIII. PROB. 


O find a mean proportional between two given 
{ſtraight lines. 


Let AB, BC be the two given ſtraight lines; it is required 
to find a mean proportional between them. 

Place AB, BC in a ſtraight line, and ä AC deſcribe the 
ſemicircle ADC, and from the 
point B draw * BD at right an- 
gles to AC, and join AD, DC. 

Becauſe the angle ADC in a 
ſemicircle is a right angle b, and 
becauſe in the right angled tri- 


a. 11. 1. 


1 b. 31. 3 
B. CG: 


the right angle perpendicular to the baſe, DB. is a mean pro- 


portional between AB, BC the ſegments of the baſe ©, there- c. cor. 8. 


fore between the two given ſtraight lines AB, BC, a mean pro- 
portional DB is found, Which was to be done. 
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THE ELEMENTS 


PROP. XIV. THE OR. 


Þ, WAL parallelograms which have one angle of the 

one equal to one angle of the other, have their ſides 
about the equal angles reciprocally proportional: and pa- 
rallelograms that have one angle of the one equal to one 


angle of the other, and their ſides about the equal angles 


reciprocally proportional, are equal to one another, 


Let AB, BC be equal parallelograms which have the angles 
at B equal, and let the ſides DB, BE be placed in the ſame 
ſtraight line; wherefore alſo FB, BG are in one ſtraight line“. 
the ſides of the parallelograms AB, BC about the equal angles, 
are reciprocally proportional; that is, DB is to BE, as GB to 
BE. : | | 

Complete the parallelogram FE; and becauſe the parallelo- 
gram AB is equal to BC, and 4A . 


that FE is another parallelo- \ \ — 1 
B E 


gram, AB is to FE, as BC to 
FE b. but as AB to FE, fo is 
the baſe DB to BEC“; and as D 

BC to FE, ſo is the baſe GB to 
BF; therefore as DB to BE, OE 

ſo is GB to BFA. Wherefore 1275 G C 
the ſides of the parallelograms AB, BC about their equal an- 
gles are reciprocally proportional. 

But let the ſides about the equal angles be reciprocally pro- 
portional, viz. as DB to BE, ſo GB to BF; the parallelogram 
AB is equal to the parallelogram BC. poo 

Becauſe as DB is to BE, ſo GB to BF; and as DB to BE, 
ſo is the parallelogram AB to the parallelogram FE; and as 
GB to BF, ſo is the parallelogram BC to the parallelogram FE; 
therefore as AB to FE, ſo BC to FE d. wherefore the parallelo- 
gram AB is equal © to the parallelogram BC, Therefore equal 


parallelograms, &c. Q. E. D. 
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PROP. XV. THE OR. 


ne EWA triangles which have one angle of the one 
es equal to one angle of the other, have their ſides a- 
oh bout the equal angles reciprocally proportional: and tri- 
ne angles which, have one angle in the one equal to one 
les angle in the other, and their ſides about the equal angles 
reciprocally proportional, are equal to one another. 
les Let ABC, ADE be equal triangles which have the angle 
mw BAC equal to the angle DAE; the ſides about the equal an- 
4 gles of the triangles are reciprocally proportional; that is, CA 
0 is to AD, as EA to AB. 


Rook VI. 
＋E-Uè— 


Let the triangles be placed ſo that their ſides CA, AD be in 
one ſtraight line; wherefore allo EA and AB arc in one 
ſtraight line*; and join BD. Becauſe the triangle ABC is e- 4. 14. 14 
qual to the triangle ADE, and that B D 
ABD is another triangle; there- = 
fore as the triangle CAB is to the 
triangle BAD ſo is triangle EAD 
to triangle DAB b, but as triangle 

. CAB to triangle BAD ſo is the 

baſe CA to AD ©; and as triangle 
EAD to triangle DAB, ſo is the C 
baſe EA to AB“; as therefore CA to AD, ſo is EA to AB. d. 17. 5. 
wherefore the ſides of the triangles ABC, ADE about the e- 
qual angles are reciprocally proportional. | 

But let the fides of the triangles ABC, ADE about . e- 
qual angles be reciprocally proportional, viz. CA to AD, as 
EA to AB; the triangle ABC is equal to the triangle ADE. 

Having e BD as before, becauſe as CA to AD, ſo is 
EA to AB; and as CA to AD, ſo is triangle BAC to triangle 
BADe; and as EA to AB, fo triangle EA to triangle BAD; 
therefore © as triangle BAC to triangle BAD, ſo is triangle 
EAD to triangle BAD ; that is, the triangles BAC, EAD have 
the ſame ratio to the triangle BAD. wherefore the triangle 
ABC is equal“ to the triangle ADE. Therefore equal 8. e. 9. 8 
, &c. Q. E. D. 


3] Ee PROP, 
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Book VT. a l 'e 
k ; | l 
PROP, AVI. THE OR. 0 

F four ſtraight lines be proportionals, the rectangle con- 5 

tained by the extremes is equal to the rectangle con- 0 


tained by the means: and if the rectangle contained by 
the extremes be equal to the rectangle contained by the 
means, the four {ſtraight lines are proportionals. 


| Let the four ſtraight lines AB, CD, E, F be proportionals, 
viz. as AB to CD, ſo E to F; the rectangle contained by AB, 
F is equal to the rectangle contained by CD, E. | 
From the points A, C draw * AG, CH at right angles to 
AB, CD ; and make AG equal to F, and CH equal to E, and 
complete the parallelograms BG, DH. becauſe as AB to CP, 


wm is E to F; and that E is equal to CH, and F to AG; AB As 
is d to CD, as CH to AG. therefore the ſides of the oarallelo- q 
grams BG, DH about the equal angles are reciprocally pro- 
portional; but parallelograms which have their ſides about e- th 
qual angles reciprocally proportional, are equal to one another“; lit 
therefore the parallelogram BG is equal to the parallelogram th 
DH. and the parallelogram E 5 a by 
BG is contained by the 5 H to 
ſtraight lines AB, F, becauſe K— 2 | ta 
AG is equal to F; and the G a 3 
parallelogram DH is con- | mY | [ CC 
tained by CD and E, becauſe | ec 
CH is equal to E. therefore © by 
the rectangle contained by = — ar 
the ſtraight lines AB, F is X D 
equal to that which is con- | n g - to 
tained by CD and E. | | 
And if the rectangle contained by FE ſtraight lines AB, F ſq 
be equal to that which is contained by CD, E ; theſe four lines 
are proportionals, viz.' AB is to CD, asE to F. * | co 
The ſame conſtruction being made, becauſe the rectangle of 
contained by the ſtraight lines AB, F is equal to that which eq 
is contained by CD, E, and that the rectangle BG is contained 0 
by AB, F, becauſe AG is equal to F; and the rectangle DH 1 
by CD, E, becauſe CH is equal to E; therefore the parallelo- ſt 
gram BG is equal to the parallelogram DH; and they are e- 8 
quiangular. 


to that which is con- 
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equiangular. but the ſides about the equal angles of equal pa- — 
rallelograms are reciprocally proportional ©, wherefore as AB c. 14. 6. 

to CD, ſo is CH to AG; and CH is equal to E, and AG to F. 

as therefore AB is to CD, ſo E to F. Wherefore if four, &c. 


Q. E. D. 
PROP. XVII. THE OR. 


F three ſtraight lines be proportionals, the rectangle 


contained by the extremes is equal to the ſquare of 
the mean: and if the rectangle contained by the extremes 


be equa] to the ſquare of the mean, the three W 
lines are proportionals. . 


5 * 


Let the three ſtraight lines A, B, C be proportionals, viz, 
as A to B, ſo B to C; the rectangle contained by A, C is e- 
qual to the ſquare of B. 

Take D equal to B; and becauſe as A to B, ſo B to C, and 
that B is equal to D; Aj is to B, as D to C. but if four ſtraight a. z. 5. 
lines be proportionals, 2 
the rectangle contained 
by the extremes is equal 


— 


b — — 


tained by the means b. | E 
therefore the rectangle I —— 0 | 16. 


contained by A, C is 
equal to that contained 
by B, D. but the rect- | A B 
angle contained by B, D is the ſquare of B; becauſe B is e- 
qual to D, therefore the rectangle contained by A, C is an 
to the ſquare of B. 

And if the rectangle contained by A, C be equal to the 
ſquare of B; A is to B, as B to C. | 
The ſame conſtruction being made, becauſe the rectangle 
contained by A, C is equal to the ſquare of B, and the ſquare 
of B is equal to the rectangle contained by B, D, becauſe B is 
equal to D; therefore the rectangle contained by A, C is equal 
to that contained by B, D. but if the rectangle contained by 


the extremes be equal to that contained by the means, the four 


ſtraight lines are proportionals b. therefore A is to B, as D to 
L 3 C; but 


THE ELEMENTS 
Book VI, C; but B is equal to D; wherefore as A to B, ſo B to C. 
; Therefore if three ſtralght lines, &c. Q. E. D. 


PROP. XVIII. PROB. 


* a given ſtraight line to deſcribe a rectilineal th 
figure ſimilar, and ſimilarly ſituated to a given rec- 
tilineal figure. re 
q! 
Let AB be the given ſtraight line, and CDEF the given rec- Pe 
tilincal figure of four ſides; it is required upon the given 1 
ſtraight line AB to deſcribe a rectilineal figure ſimilar and ſi- "= 
milarly ſituated to C DEF. m 
Join DF, and at the points A, B in the ſtraight line AB a 
make *the angle BAG equal to the angle at C, and the angle . 
ABG equal to the angle CDF ; therefore the remaining angle- q 
CFD is equal to the remaining angle AGB. N the A 
triangle FCD is equi- | g 
angular to the i- 0 H 9 
angle GAB. again, a 
at the points G, B 0 
in the ſtraight line a 
- GB make * the angle t. 
BGH equal to the on | fi 
angle DFE, and the A 5 C v t 
angle GBH equal to FDE; therefore the remaining angle T 
FED is equal to the remaining angle GHB, and the triangle 9 
FDE equiangular to the triangle GBH. then becauſe the angle I 


AGB is equal to the angle CFD, and BGH to DFE, the whole 

angle AGH is equal to the whole CFE, for the ſame reaſon, 

the angle ABH is equal to the angle CDE; alfo the angle at 

A is equal to the angle at C, and the angle GHB to FED. | 
therefore the rectilineal figure ABHG is equiangular to CDEF. 
but likewiſe theſe figures have their ſides about the equal an- 

gles proportionals, becauſe the triangles GAB, FCD being e- 
quiangular, BA is © to AG, as DC to CF; and becauſe AG 
is to GB, as CF to FD; and as GB to GH, fo, by reaſon of ay 
the equiatigutar triangles BGH, DFE, is FD to FE; therefore, 
ex aequali d, AG is to GH, as CF to FE. in the ſame manner 

it may be proved that AB is to BH, as CD to DE. and GH is 

to HB, as FE to ED*. p Wherefore becauſe the rectilineal fi- 


gures 


* 
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gures ABHG, CDEF are equiangular, and have their ſides Book VI, 


about the equal angles proportionals, they are fimilar to one 


another ©, e. 1. Def. 6, 

Next, Let it be required to deſcribe upon a given ſtraight 
line AB, a rectilineal figure ſimilar, and ſimilarly ſituated to 
the rectilineal figure CDKEF of five ſides. 

Join DE, and upon the given ſtraight line AB deſcribe the 
rectilineal figure ABHG ſimilar and fimilarly fituated to the 
quadrilateral figure CDEF, by the former caſe, and at the 
points B, H in the ſtraight line BH, make the angle HBL e- 
qual to the angle EDR, and the angle BHL equal to the angle 
DEK; therefore the remaining angle at K is equal to the re- 
maining anzle at L. and becauſe the figures ABHG, CDEF 
are ſimilar, the angle GHB is equal to the angle FED, and 
BHL is equal to DEK; wherefore the whole angle GHL is c- 
qual to the whole angle FEE. for the ſame reaſon, the angle 
ABL is equal to the angle CDK. therefore the five ſided fi- 
gures AGHLB, CFEED are equiangular. and becauſe the fi- 
gures AGHB, CFED are ſimilar, GH is to HB, as FE to ED; 
and as HB to HL, ſo is ED to ER*; therefore ex aequali 4, SE 8 
GH is to HL, as FE to EK. for the ſame reaſon, AB is to BL, 
as CD to DK. and BL is to LH, as © DK to KE, becauſe the 
triangles BLH, DKE are equiangular. therefore becauſe the 
five ſided figures AGHLB, CFEED are equiangular, and have 
their ſides about the equal angles proportionals, they are fi-- 
milar to one another. and in the ſame manner a rectilineal fi- 
gure of ſix ſides may be deſcribed upon a given ſtraight line ſi- 
milar to one given, and ſo on. Which was to be done, 


PROP. XX. THE Oo R. 


Q” 1LAR triangles areto one another in the duplicate 
ratio of their homologous ſides. — 


Let ABC, DEF be ſimilar triangles having the angle B equal 


to the angle E, and let AB be to BC, as DE to EF, ſo that the 
fide BC is homologous to EF*. the triangle ABC has to the a. r2.Def. 5- 
triangle DEF, the duplicate ratio of that which BC has to EF. 
Take BG a third proportional to BC, EF?, fo that BC is to b 11. „ 
EF, as EF to BG, and join GA. then, becauſe as AB ta BC, 
ſo DE to EF; alternately ©, AB is to DE, as BC to EF. but c. 6 5. 
L 4 39 


168 THEELEMENTS 
Book VI. as BC to EF, ſo is EF to BG; therefore * as AB to DE, ſo is 
d. 11. 5, EF to BG. wherefore the ſides of the triangles ABG, DEF 
which are about the equal angles are reciprocally proportional, 
but triangles which have the ſides about two equal angles reci- 
procally proportional A. > 
are equal to one ano- _ | 
& 15.6.  ther*, therefore the tri- 
angle ABG is equal to 
the triangle DEF. and 
becauſe as BC is to | | 
EF, ſo EF to BG; and | \ 
that if three ſtraight B G C F F 
f. 10. Def. 5. lines be proportionals, the finſt is ſaid f to have to the third 
the duplicate ratio of that which it has to the ſecond ; BC 
therefore has to BG the duplicate ratio of that which BC has 
&7-6 to EF. but as BC to BG, ſo is s the triangle ABC to the tri- 
angle ABG. therefore the triangle ABC has to the triangle 
ABG, the duplicate ratio of that which BC has to EF, but the 


D 


the triangle ABC has to the triangle DEF the duplicate ratio 

of that which BC has to EF, therefore ſimilar triangles, &e. 

Cor, From this it is manifeſt, that if three ſtraight lines be 

proportionals, as the firſt is to the third, ſo is any triangle up- 

on the firſt to a ſimilar and fimilarly deſcribed triangle upon 

the ſecond, 
| PROQP, XX, THE OR. . 

x? LAR polygons may be divided into the ſame num- 

ber of ſiniilar triangles, having the ſame ratio to one 

another that the polygons have; and the polygons have 

to one another the duplicate ratio of that which their ho- 
5 mologous ſides have. 

Let ABCDE, FGHKL be ſimilar polygons, and let AB be 

the homologous ſide to FG. the polygons ABCDE, FGHEL 

may be divided into the ſame number of ſimilar triangles, 


whereof each to each has the ſame ratio which the polygons 
have; and the polygon ABCDE has to the polygon FGHEKL 


FG. 
Jig BE, EC, GL, LH. and becauſe the polygon ABC DE is 
ſimilar 


. 


triangle ABG is equal to the triangle DEF; wherefore alſo 


the duplicate ratio of that which the fide AB has to the ſide 


ſimila 
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ſimilar to the polygon FGHKL, the angle BAE is equal to the Book VI. 
angle GFL*, and BA is to AE, as GF to FL*. wherefore 4. 1. Def. 6. 
becauſe the triangles ABE, FGL have an- angle in one equal 

to an angle in the other, and their ſides about theſe equal angles 
proportionals, the triangle ABE is equiangular® , and there- b. 6. 6. 
fore fimilar to the triangle FGL®; wherefore the angle ABE « 4. 6. 

is equal to the angle FGL. and, becauſe the polygons are fi- 

milar, the whole angle ABC is equal*to the whole angle FGH ; 
therefore the remaining angle EBC is equal to the remaining 

angle LGH. and becauſe the triangles ABE, FG are ſimilar, 


Ez is to BA, as LG to GF*; and alſo, becauſe the polygons 


are ſimilar, is to BC, as FG to GH*; therefore, ex ae- 


quali d, EB.is to BC, as LG to GH; chat is, the ſides about d. 22. f. 


the equal angles EBC, LGH. are oroportionale; therefore“ 
the triangle EBC is equiangular to the triangle LGH, and F 
milar to ut ©, A. 


for the ſame 8 MY 

[ | . — — 
reaſon the tri- 1 ot 
| ECD E — 


angle 


F 
likewiſe is fi- os | en oa 
milar to the 8 | 
triangle LHK. X a 


therefore the D C K H 
ſimilar poly- 
gons ABCDE, FGHEL are divided into the ſame number of 
ſimilar triangles. 

Alſo theſe triangles have, each to each, the ſame ratio 
which the polygons have to one another, the antecedents be- 
ing ABE, EBC, ECD, and the conſequents FGL, LGH, 
LHK. and the polygon ABCDE has to the polygon FGHKL 
the duplicate riato of that which the fide AB has to the ho- 
mologous fide FG, | 

Becauſe the triangle ABE is Gmiter to the 0 TGL, 
ABE has to FGL the duplicate ratio © of that which the ſide e. 19. 6. 
BE has to the fide GL, for the ſame reaſon, the triangle BEC 
has to GLH the duplicate ratio of that which BE has to GL. 
therefore as the triangle ABE to the triangle FGL, fo f is the f. 17. 5. 
triangle BEC to the triangle GLH. Again, becauſe the tri- 
angle EBC is ſimilar to the triangle LGH, EBC has to LGH, 
the duplicate ratio of that which the ſide EC has to the ſide 
WH, 4 for the ſame reaſon, the triangle ECD has to the triangle 

LHE, 
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5⁰ LHK, 


. 11. 5. 


- + th 


therefore as 
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the duplicate ratio of that which EC has to LH. as 
therefore the triangle EBC to the triangle LGH, fo is * the 
triangle ECD to the triangle LHK. but it has been proved that 
the triangle EBC is likewiſe to the triangle LGH, as the triangle 
ABE to the triangle FGL. Therefore as the triangle ABE is to the 
triangle FGL, ſo is triangle EBC to triangle LGH, and triangle 


ECD to trian- 
gle LH K. and 


one of the 
antecedents to 
one of the 
conſequents, 

ſo are all the 
antecedents to 
all the conſe- 
quents*, Wherefore as the triangle ABE to the aw FGL, 
ſo is the polygon ABCDE to the polygon FGHKL. but the 
triangle ABE has to the triangle FGL, the duplicate ratio of 
that which the ſide AB has to the homologous fide FG, 'There- 


fore alſo the polygon ABCDE has to the polygon FGHKL the 


duplicate ratio of that which AB has to the homologous fide 
FG. Wherefore ſimilar polygons, &c. Q. E. D. 

Cor, 1. In like manner it may be proved that fimilar four 
ſided figures, or of any number of ſides, are one to another in 
the duplicate ratio of their homologous ſides, and it has al- 
ready been proved in triangles. Therefore univerſally, fimilar 


rectilineal figures are to one another in the duplicate ratio of 


their homologous ſides, * 
Cor. 2. And if to AB, FG two of the homologous fides 


k. 10. Def 5. a third proportional M be taken, AB has h to M the duplicate 


ratio of that which AB has to FG. but the four fided figure 
or polygon upon AB has to the four ſided figure or polygon 
upon FG likewiſe the duplicate ratio of that which AB has to 
FG. therefore as AB is to M, ſo is the figure upon AB to the 


3. Cor. 19. 6. figure upon FG, which was alſo proved in triangles. | There- 


gout 


fore, univerſally, it is manifeſt, that if three ſtraight lines be 
proportionals, as the firſt is to the third, ſo is any rectilineal 
figure upon the firſt, to a ſimilar and apa deſcribed recti- 


lineal figure upon the ſecond, 
N PROP. 
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PROP. XXI. THE OR. 


ECTILINEAL figures which are ſimilar to the ſame 
rectilineal figure, are alſo ſimilar to one another. 


R 


Let each of the rectilineal figures A, B be ſimilar to the rec- 
tilineal figure C. the figure A is ſimilar to the figure B. 
Becauſe A is ſimilar to C, they are equiangular, and alſo 
have their ſides about the equal angles proportionals*, Again, a. 1. Def. 6. 


becauſe B is ſimilar to 
C, they are equiangu- N 
lar, and have their ſides 4 


about the.equal angles A /B\ 
proportionals *, there- £4 i. + 


fore the figures A, B 

are each of them equiangular to C, and have the ſides about 

the equal angles of each of them and of C proportionals. 
Wherefore the rectilineal figures A and B are equiangular “, d. *. Ax. 3. 
and have their ſides about the equal angles proportionals «, NY OO 
Therefore A is fimilar*to B. Q. E. D. . 


PROP. XXII. THEOR. 


F four ſtraight lines be proportionals, the ſimilar rec- 


tineal figures ſimilarly deſcribed upon them ſhall alſo 
be proportionals. and if the ſimilar rectilinea] figures ſimi- 


larly deſcribed upon four ſtraight lines be proportionals, 
thoſe ſtraight lines ſhall be proportionals. 


Let the four ſtraight lines AB, CD, EF, GH be propor- 
tionals, viz, AB to CD, as EF to GH, and upon AB, CD let 
the ſimilar rectilineal figures KAB, LCD be ſimilarly deſcri- 


bed; and upon EF, GH the ſimilar rectilineal figures MF, NH, bt 


in like manner. the rectilineal figure KAB is to LCD, as MF 
to NH, 
To AB, CD take a third proportional“ X; and to EF, GH a. . 6. 
a third proportional O. and becauſe AB is to CD, as EF to 
CH, therefore CD is ® to X, as GH to O; wherefore ex ac-8. 17. 5. 
quali®, as AB to X, ſo EF to O. but as AB to X, ſo is! che a 22. 5. 
re&ilineal © 2 
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d. 2. 464 the rectilineal MF to 


20, 


E. 9. 


5. 


See N. 
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rectilineal KA to the rectilineal LCD, and as EF to O, ſo is 
he rectilineal NH. therefore as KAB 
to LCD, ſo® is MF to NH, : 

And if the rectilineal KAB be to LCD, as MF to NH; the 
{traight line AB is to CD, as EF to GH, | 

Make © as AB to CD, ſo EF to PR, and upon PR deſcribe 
the rectilineal figure SR ſimilar and fimilarly ſituated to either 


of the figures MF, NH. then becauſe as AB to CD, ſo is EF 
to PR, and that upon AB, CD are deſcribed the ſimilar and 
fimilarly ſituated rectilineals KAB, LCD, and upon EF, PR, 
in like manner, the ſimilar rectilineals MF, SR; EABis to 
LCD, as MF to SR; but, by the Hypotheſis, KAB is to LCD, 
as MF to NH; and therefore the rectilineal MF having the 
ſame ratio to etch of the two NH, SR, theſe are equal © to 
one another, they are alſo fi milar, and fimilarly fitdared ; there. 
fore GH is equal to PR, and becauſe as AB to CD, ſo | is EF 
to PR, and that PR is equal to GH; AB is to CD, as EF to 
GH. If therefore four ſtraight lines, &c. Q. E. D. 


PROP, XXIII. T HE O R. 


1Qv1anGuLar parallelograms have to one another 
the ratio which is compounded of the ratios of their 
ſides. 


Let AC, CF be equiangular parallelograms, having the 
angle BCD equal to the angle ECG. the ratio of the paralle- 
logram AC to the parallelogram CF, is the ſame with the ra- 
tio which is compounded of the ratios of their ſides. 


Let 
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| 
T 5 Let BC, CG be placed in a ſtraight line, therefore DC and Book VT. 
i CE are alſo in a ſtraight line; and complete the parallelogram . 
H; the D, and, taking any ſraight line K, make as BC to CG,, „ 6. 
ſo K to L; and as DC to CE, ſo make b L to M. therefore 
ſcribe the ratios of K to L, and L to M are the ſame with the ratios 
either of the ſides, viz. of BC to CG, and DC to CE, But the ra- 


is EF 
lar and 
7, PR, 
B is to 
» LCD, 
ng the 
al 5 to 
there- 
is EF 
EF to 


other 
their 


ig the 
aralle- 
he ra- 


Let 


tio of K to M is that which is ſaid to be compounded © of the _ A. Def. 3 


ratios of K to L, and L to M. wherefore alſo K has to M, the 
ratio compounded of the ratios A 


of the ſides, and becauſe as BC * 
B 


to CG, ſo is the parallelogram 
AC to the parallelogram CH d; 
but as BC to CG, ſo is K to L; 


therefore K is © to L, as the pa- e. 11. f. 


rallelogram AC to the parallelo- 
gram CH. again, becauſe as DC 
to CE, ſo is the parallelogram | | 
CH to the parallelogram CF; but KLM 
as DC to CE, ſo is L to M; wherefore L is to M, as the 
parallelogram CH to the parallelogram CF. therefore ſince 

it has been proved that as K to L, ſo is the parallelogram AC 

to the parallelogram CH; and as L to M, ſo the Parallelo- 

gram CH to the parallelogram CF; ex acqualif, K is to M, f. 22. 3, 
as the parallelogram AC to the parallclogram CF. but K has 

to M the ratio which is compounded of the ratios of the ſides ; 
therefore alſo the parallelogram AC has to the parallelogram 

CF the ratio which is compounded of the ratios of the ſides. 
Wherefore equiangular parallelograms, &c. Q. E. D. 


PROP. XXIV. THE OR. 


HE parallelograms about the diameter of any paral- see V. 
lelogram, are ſimilar to the whole, and to one a- 
nother. 


Let ABCD be a parallelogram, of which the diameter is 
AC; and EG, HK the parallelograms about the diameter. the 
parallelograms EG, HE are fimilar both to the whole * 
logram ABCD, and to one another. 

Becauſe DC, GF are parallels, the angle ADC is 1 to J. 29. 1. 


the angle AGF. for the ſame reaſon, becauſe BC, EF are pa- 
; rallels, . 


# 
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Book VI. rallels, the angle ABC is equal to the angle AEF. and each 


v. 34. 1. 


C. 4. 6. 


48 


of the angles BCD, EFG is equal to the oppoſite angle DAB}, 
and therefore are equal to one another; wherefore the paral. 
lelograms ABCD, AEF G are equiangular. and becauſe the 
angle ABC is equal to the angle AEF, and the angle BAC 
common to the two triangles BAC, EAF, 1 are WT 
lar to one another; therefore © as AB 
to BC, fois AE to EF. and becauſe 

the oppoſite ſides of parallelograms * 5 F F 
are equal to one another®, A; is to G 
AD, as AE to AG; and DC to CB, 
as GF to FE; and alſo CD to DA, 
as FG to GA. therefore the ſides of 5 
the parallelograms ABCD, AEFG a- D K C 
bout the equal angles are proportionals; and they are there - 


e. 1. Def. & fore ſimilar to one another®. for the ſame reaſon, the paral- 


lelogram ABCD is ſimilar to the parallelogram FHCK, Where- 
fore each of the paxallelograms GE, KH is ſimilar. to DB. but 
rectilineal figures which are ſimilar to te ſame rectilineal fi- 


. 21. 6. gure, are alſo ſimilar to one another f, therefore the parallc- 


See N. 


a. Cor. 45. 1. 


e 
20, 


os 


6. 


logram GE is ſimilar to KH, Wherefore the parallelograms, 
&c. Q. E. D. 


PROP, IV. PROB. 


O deſeribe a rectilineal Loure which ſhall be ſimilar 
to one, andequal to another; - rectilineal figure. 


Let ABC be the given rectilineal FEY to which the figure 
to be deſcribed is required to be ſimilar,” and D that to which 
it muſt be equal, It is required to deſcribe a rectilineal fi- 
gure ſimilar to ABC and equal to D. 

Upon the ſtraight line BC deſcribe * the parallelogram BE 
equal to the figure ABC; alſo upon CE deſcribe * the paralle- 
logram CM equal to D, and having the angle FCE equal 
to the angle CBL. therefore BC and CF are in a ſtraight 
line, as alſo LE and EM. betwgen BC and CF find © a mean 
proportional GH, and upon GH deſcribe © the rectilineal fi- 
gure KGH ſimilar and ſimilarly ſituated to the figure ABC. 
and bccauſe BC is to GH, as GH to CF, and if three ſtraight 
- lines be proportionals, as the firſt is to the third, ſo is © the 


Q  Ggure 
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figure upon the firſt to the ſimilar and ſimilarly deſcribed fi- Book VI. 
gure upon the ſecond; therefore as BC to CF, ſo is the rec- 

tilineal figure ABC to KGH. but as BC to CF, ſo is f the pa- f. 6. 
rallelogram BE to the parallelogram EF. therefore as the rec- 

tilineal figure ABC is to KGH, ſo is the parallelogram BE to 

the parallelogram EF s. and the rectilineal figure ABC is equal & . 5. 


A 
1 
. 
L E M 


to the parallelogram BE; therefore the rectilineal figure KGH 
is equal l to the parallelogram EF. but EF is equal to the fi- N. 1. ; 
gure D, wherefore alſo KGH is equal to D; and it is ſimilar 
to ABC. Therefore the rectilineal figure KG H has been de- 
ſcribed ſimilar to the figure ABC, and equal to D. Which 
was to be done. 
by PROP. XXVI THEOR. 

F two ſimilar parallelograms have a common angle, 
and be ſimilarly ſituated; they are about the ſame di- 
ameter. 


Let the parallelograms ABCD, AEFG be ſimilar and ſimi- 
larly ſituated, and have the angle DAB common. ABCD 
and AEF G are about the ſame diameter, : 

For if not, let, if poſſible, the 
parallelogram BD have its dia- 
meter AHC in a different ſtraight 
line from AF the diameter of the. 
parallelogram EG, and let GF 
meet AHC in H; and through 
H draw HK parallel to AD or 
BC. therefore the parallelograms 
ABCD, AKH being about the 
ſame diameter, they are ſimilar to one another *, wherefore, ,, 4 
as DA to AB. ſo is* GA to AK. but becauſe ABCD and, . net & 
AEFG are ſimilar parallelograms, as DA is to AB fo is GA 


0 
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Book VI. to AE, therefore © as GA to AE, ſo GA to AK; wherefore _ - AX 

c. 1t. 3. GA has the ſame ratio to each of the ſtraight lines AE, AK; larl 

d. 9.5 and conſequently AK is equal d to AE, the leis to the great- ] 

er, which is impoſſible, therefore ABCD and AKHG are not of 

about the ſame diameter; wherefore ABCD and AEF G muſt gra 

be about the ſame diameter. Therefore if two ſimilar, &c. lar 

Q. E. D. A 

| | of 

To underſtand the three following propoſitions more ea- the 

6 no it is to be obſerved,. the 

That a par allelogram is ſaid to be applied to a ſtraight ter 

6 line; when it is deſcribed upon it as one of its ſides, Ex. bec 

- gr. the par -alleto; ogram AC is ſaid to be applied to the Rraight d to 
| : wor AB. the 
1 2. But a parallelogram AE is ſaid to be applied to a ſtraight KE 
bk line AB, deficient by a parallelogram, when AD the baſe of cau 
AE is leſs than AB, and there- CB 
N fore AE is leſs than the paral- EC CG the 
b * lelogram AC deſcribed upon , CE 
E * AB in the ſame angle, and be- | | | | AF 
7 * tween the ſame parallels, by the | — J f ] 
4 parallelogram DC; and DC is A D B — 3 ſam 
therefore called the defect of AE. | par 
3. And a parallelogram AG is ſaid to be applied to a for 

« ſtraight line AB, exceeding by a parallelogram, when AF BC 

* the baſe of AG is greater than AB, and therefore AG ex- isg 

* ceeds AC the parallelogram deſcribed upon AB in the ſame to ] 

* angle, and between the ſame paraiels, by the _ eo LG 

* BG.” the 

PROP. XXVII. THE OR. whe 

log 


„ F all parallelograms applied to the ſame ſtraight line, 


and deficient by parallelograms ſimilar and ſimilarly 
ſituated to- that which is deſcribed upon the half of the 


line; that which is applicd to the half, and 1 is ſimilar to 


its defect, is the greateſt. 

Let AB be a ſtraight line divided into two equal parts in C; 
and let the parallelogram AD be applied to the half AC, 
which is therefore deficient from the parallelogram upon the 
whole line AB by the parallelogram CE upon the other half 


CB: of all the N applied to any other parts of 
8 AB 


| OF BUCLID.- 1 
AB, and deficient by parallelograms that are ſimilar and ſimi- Book VI. 


larly ſituated to CE, AD is the greateſt. 
Let AF be any parallelogram applied to AK any other part 
of AB than the half, ſo as to be deficient from the parallelo- 
gram upon the whole line AB by the parallelogram KH ſimi- 
lar and ſimilarly ſituated to CE; AD is greater than AF. 
Firſt, Let AK the baſe of AF be greater than AC the half 
of AB; and becauſe CE is ſimilar to 


the parallelogram KH, they are about . | 
the ſame diameter. draw their diame- 8 | . 26. 6. 
ter DB, and complete the ſcheme. 8 F H 


becauſe the parallelogram CF is equal | 
bro FE, add KH to both, therefore | b. 43: 7. 


the whole CH is equal to the whole 
KE. but CH is equal©to CG, be- : 
cauſe the baſe AC is equal to the baſe A CK BB 
CB; therefore CG is equal to KE. to each of theſe add CF ; 
then the whole AF is equal to the gnomon CHL. therefore 
CE or the parallelogram AD is greater than the paralletogram 
AF, | "IVY 

Next, Let AK the baſe of AF be leſs than AC, and, the 
ſame conſtruction being made, the 
parallelogram DH is equal to DG , G_F M. FA 
for HM. is equal to MG «, becauſe [ V bs d. 34. 1. 
BC is equal to CA; wherefore DH _L D | 
is greater than LG. but DH is equal? | 
to DK; therefore DE is greater than 
LG. to each of theſe add AL; then 
the whole AD is greater than the 


whole AF. Therefore of all paralle- 
lograms applied, &c. 2 Vs 


* 


e. 36 1. 


„ —— 
*- LY 


A. 10. I, 


b. 18. 6. 


defect is required to be ſimilar. 
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PROP. XXVII. PRO B. 


O a given ſtraight line to apply a parallelogram equal 


to a given rectilineal figure, and deficient by a pa- 
rallelogram ſimilar to a given parallelogram. but the gi- 
ven rectilineal figure to which the parallelogram to be 
applied is to be equal, muſt not be greater than the paral- 
lelogram applied to half of the given line having its defect 
ſimilar to the defect of that which is to be applied; that 


is, to the given. parallelogram. 


Let AB be the given ſtraight line, and C the given rectili- 
neal figure, to which the parallelogram to be applied is requi- 
red to be equal, which figure muſt not be greater than the pa- 
rallelogram applied to the half of the line having its defect from 
that upon the whole line ſimilar to the defect of that which is 
to be applied; and let D be the parallelogram to which this 
= is required to apply a pa- 
rallelogram to the ſtraight 
line AB, which ſhall be equal 
to the figure C, and be defi- 
cient from the parallelogram 
upon the whole line by a pa- 
rallelogram ſimilar to D. 

Divide AB into two equal 
parts“ in the point E, and 
upon EB deſcribe the 5 
logram EBF G fimilar * and 
ſimilarly ſituated to D, and 
complete the parallelogram 
AG, which mult either be e- 


qual to C, or greater than it, by the determination. and if 


AG be equal to C, then what was required is already done : 
For upon the ſtraight line AB the parallelogram AG is applied 
equal to the figure C, and deficient by the parallelogram EF 


fimilar to D. but if AG be not equal to C, it is greater than 


it; and EF is equal to AG, therefore EF alfo is greater than 


C. Make © the parallelogram KLMN equal to the exceſs of 


EF above C, and ſimilar and ſimilarly ſituated to D; but D 
is ſimilar to EF, therefore 4 alſo KM is ſimilar to EF. let KL 


be 


OF EUCLID. 170 


be the homologous fide to EG, and LM to GF. and becauſe Book VI, 
EF is equal to C and KM together, EF is greater than KM ; 
therefore the ſtraight line EG is greater than KL, and GF 

than LM. make GX equal to LK, and GO equal to LM, and 
complete the parallelogram XGOP. therefore XO is equal 

and ſimilar to KM; but KM is ſimilar to EF; wherefore alſo 

XO is ſimilar to EF, and therefore XO and EF are about the 

ſame diameter ©, let GPB be their diameter, and complete the © 26. 6 
ſcheme, then becauſe EF is equal to C and KM together, and 

XO a part of the one is equal to KM a part of the other, the 
remainder, viz. the gnomon ERO is equal to the remainder 

C. and becauſe OR is equal fro XS, by adding SR to each, f. 34. 1. 
the whole OB is equal to the whole XB. but XB is equal * to & 3% . 
TE, becauſe the baſe AE is equal to the baſe EB; wherefore 

alſo TE is equal to OB, add XS to each, then the whole TS 

is equal to the whole, viz. to the gnomon ERO. but it has been 
proved that the gnomon ERO is equal to C, and therefore al- 

ſo TS is equal to C. Wherefore the parallelogram TLS equal 

to the given rectilineal figure C, is applied to the given ſtraight 

line AB deficient by the parallelogram SR ſimilar to the given 

one D, becauſe SR is ſimilar to EF", Which was to be done. k 24. 6 


* — —— _—_— > : — 
— 


PROP. XXIX. PROB. 


O a given ſtraight line to apply a parallelogram equal See * 


to a given rectilineal figure, exceeding by a paralle- 
logram ſimilar to another given. 


Let AB be the gi- 
ven ſtraight line, and 
C the given rectiline- 
al figure to which 
the parallelogram to 
be applied is required 
to be equal, and D 
the parallelogram to 
which the exceſs of 
the one to be applied 
above that upon the 
given line is required 


to be ſimilar, It is 


- 
. eee 


em. 
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Book VI. required to apply a parallelogram to the given ſtraight line AB 


a. 18. 6. 
b. 25. 6. 


c. 21. 6. 


d. 26. 6. 


l. 42. bo 


e. 36. 1. 


g. 24. 6. 


which ſhall be equal to the figure C, exceeding by a parallelo- 
gram ſimilar to D. 

Divide AB into two equal parts in the point E, and upon 
EB deſcribe * the parallelogram EL ſimilar and fimilarly fitu- 
ated to D. and make the parallelogram GH equal to EL and 
C together, and ſimilar and fimilarly ſituated to D; where- 
fore GH is ſimilar to EL®, let KH be the fide homologous to 


FL, and KG to FE. and becauſe the parallelogram GH is 


greater than EL, therefore the fide KH is greater than FL, 
and KG than FE. produce FL and FE, and make FLM equal 
to KH, and FEN to KG, and complete the parallelogram MN. 
MN is therefore e- 
qual and ſimilar to 
GH; but GH is fi- 
milar to EL ; where- 
fore MN is ſimilar to 
EL, and conſequerit- 
ly EL and MN are a- 
bout the ſame dia- 
meter d. draw their 
diameter FX, and 
complete the ſcheme, 1 
therefore ſince GH is N P X 
equal to EL and C | 


together, and that GH is equal to MN; MN is equal to EL 


and C. take away the common part EL; then the remainder, 
viz, the gnomon NO is equal to C. and becauſe AE is equal 
to EB, the parallelogram AN is equal © to the parallelogram 


NB, that is to BM *, add NO to each; therefore the whole, 
viz. the parallelogram AX is equal to the gnomon NOL. but 


the gnomon NOL is equal to C; therefore alſo AX is equal 


to C. Wherefore to the ſtraight line AB there is applied the 
parallelogram AX equal to the given rectilineal C, exceeding 
by the parallelogram PO, which is ſimilar to D, becauſe-PO 
is ſimilar to EL*, Which was to be done. 


| P R Qi:P, XEX.  P-A QB. 

O cut a given itraight line in extreme and mean ra- 
tio. ; 

*. AB be the given ſtraight line; it is required to cut it 


in extreme and mean ratio. 225 
2 ' 92 | p Upon 


tl 
c 


ri 
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milar to BC®, but BC is a ſquare, 
therefore alſo AD is a ſquare. and be- 
cauſe BC is equal to CD, by taking the 
common part CE from each, the re: 


AD. and theſe figures are equiangular, 
therefore their ſides about the equal 
angles are reciprocally proportional <. 
wherefore as FE to ED, ſo AE to EB, | 
but FE is equal to AC d, that is to AB; C 
and ED is equal to AE. therefore as 


AB is cut in extreme and mean ratio in Ef. 
done, 
- Otherwile, 


mainder BF is equal to the remainder A 


— b 


| 


E 


F 
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Upon AB deſctibe * the ſquare BC, and to AC apply the Book VI. 
parallelogram CD equal to'BC exceeding by the figure AD fi- a. 46. «. 


b. 29 .6. 


e. 1. 6 


d. 34. t. 


BA to AE, ſo is AE to EB. but AB is greater than AE; 
wherefore AE is greater than EB *. therefore the ſtraight ne e. 14. $. 


Which was to be f 3. Det: o 


Let AB be the given ſtraight line; it Is required to cut it in 


extreme and mean ratio, 


Divide AB in the point C, ſo that the rectangle contained 


I by AB, BC be equal to the ſquare of AC#. and 
then becauſe the rectangle AB, BC is equal A Cc B 
X to the ſquare of AC, as BA to AC, ſo is 
Ac to CB. therefore AB is cut in extreme and mean ratio h, 17. 6. 
EL. in Cf. Which was to be done. 
der, * 
jual : PROP. XXXI. THEOR. 
uf N right angled triangles the rectilineal figure deſcribed See x. 
kat upon the fide oppoſite to the right angle, js equal to 
mal the ſimilar, and ſimilarly deſcribed figures upon the ces 
the containing the right angle. 
ling 


20 . Let ABC be a right angled triangle, having the right angle 


BAC. the rectilineal figure deſcribed upon BC is equal to the 
ſimilar and ſimilarly deſcribed figures upon BA, AC. | 
Draw the perpendicular AD; therefore becauſe in the 


1 ra- right angled triangle ABC, AD is drawn from the right angle 
at A perpendicular to the baſe BC, the triangles ABD, ADC 
ut it | are ſimilar to che whole triangle ABC, and to one another *, a. 8. 6. 
M 3 and 


© >< * = * 
* + 4s 1 * 
22 8 
» 
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Book VI, and becauſe the triangle ABC is ſimilar to ABD, as CB to 
b. 4. 6 BA, ſo is BA to BD, and becauſe theſe three ſtraight lines 
are proportionals, as the firſt to the third, ſo is the figure up- 
on the firſt to the ſimilar, and ſimilarly deſcribed figure upon 
c. 2 Cor. the ſecond ©, therefore as CB 
to BD, ſo is the figure upon 
CB to the ſimilar and ſimi- 
larly deſcribed gate upon 
41 ;. BA. and, inverſely a , as DB 
to BC, ſo is the figure upon 


BA to that upon BC. for the B | D 5 C 


fame reaſon, as DC to CB, 

ſo is the figure upon CA to 

that upon CB. Wherefore as BD and DC together to BC, 
e 24-5: ſo are the figures upon BA, AC to that upon BC*, but BD 
and DC together are equal to BC. Therefore the figure de- 
f A. 5. ſcribed on BC is equal f to the ſimilar and ſimilarly deſcribed 


figures on BA, AC. Wherefore in right angled triangles, 
Kc. Q. E. D. 


PROP. XXXI. THE OR. 


See N. F two triangles which have two ſides of the one pro- . 
portional to two ſides of the other, be joined at one J 

angle, ſo as to have their homologous ſides parallel to one I 
another; the remaining fides' ſhall be in a ſtraight line. £ 


Let ABC, DCE be two triangles which have the two ſides 
BA, AC proportional to the two CD, DE, viz. BA to AC, 
as CD to DE; and let AB be parallel to DC, and AC to DE. 
BC and CE are in a-ſtraight line, 

Becauſe ABis parallel to 
DC, and the ſtraight line R 
AC meets them, the al- 
ternate angles BAC, ACD 

2. 29. 1. Are equal; for the ſame 
reaſon the angle CDE is 
equal to the angle ACD ; 
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wherefore alſo BAC is e- B C Eo 

qual to CDE. and becauſe ; , 

the triangles ABC, DCE have one angle at A equal to one at 

D, and the ſides about theſe angles proportionals, viz, BA to 
AC, 


ines 


les, 


ro- 
ne 
ne 


des 
. 
E. 


' AC, as CD to DE, the triangle ABC is equiangular® to DCE, Book VI. . 
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therefore the angle ABC is equal to the angle DCE. and the b. 6. 6. 
angle BAC was proved to be equal to ACD. therefore the 
whole angle ACE is equal to the two angles ABC, BAC, add 


the common angle ACB, then the angles ACE, ACB are e- 


qual to the angles ABC, BAC, ACB. but ABC, BAC, ACB 

are equal to two right angles ©; therefore alſo the angles ACE, c. 32. r. 
ACB are equal to two right angles, and fince at the point 

C in the ſtraight line AC, the two ſtraight lines BC, CE, 

which are on the oppoſite ſides of it, make the adjacent angles 
ACE, ACB equal to two right angles; therefore 4 BC and d. 1 r. 
CE are in a ſtraight line. Wherefore if two triangles, &c. 


Q. E. D. 
PROP. XXXIII. THE OR. 


N equal circles, angles, whether at the centers or cir- see N. 

cumferences, have the ſame ratio which the circumfe- 
rences on which they ſtand have to one another. ſo alſo 
have the ſectors. | 

Let ABC, DEF be equal circles; and at their centers the 


angles BGC, EHF, and the angles BAC, EDF at their cir- 
cumferences, as the ,circumference BC to the circumference 


EF, ſo is the angle BGC to the angle EHF, and the angle 
BAC to the angle EDF; and alſo the ſector BGC to the ſec- 
tor EHF. 


Take any number of circumferences CK, KL cach equal to 


Wwe. 


BC, and any . whatever FM, 6 * equal to EF: 

and join GK, GL, HM, HN. Becauſe the circumferences 

BC, CK, KL are all equal, the angles BGC, CGK, KGL. 

are alſo all equal“. therefore what multiple ſoever the circum- a. 27. 3. 
ference BL is of the circumference BC, the ſame multiple is 

the angle BOL of the angle BGC. for the ſame reaſon, what- 
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b. 5. Def. 5. 


C. 15. 5. 
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ever multiple the circumference EN is of the circumference 
EF, the ſame multiple is the angle EHN of the angle EHF. 
and it the circumference BL be equal to the circumference 


EN, the angle BGL is alſo equal to the angle EHN; and 


if the circumference BL be greater than EN, likewiſe the angle 
BGL is greater than EHN; and if leſs, leſs. there being then 
four magnitudes, the two circumferences BC, EF, and the 
two angles BGC, EHF; 
angle BGC, have been taken any equimultiples whatever, viz. 
the circumference BL, and the angle BGL; and of the cir- 
cumference EF, and of the angle EHF, any equimultiples 


1 E F 
whatever, viz. the circumference EN, and the angle EHN. 
and it has been proved that if the circumference BL be great- 
er than EN, the angle BGL is greater than EHN; and if 
equal, equal; and if leſs, leſs. as therefore the circumference 
BC to the circumference EF, ſo ® is the angle BGC to the 
angle EHF. but as the angle BGC is to the angle EHF, fo is 
© the angle BAC to the angle EDF, for each is double of 
each d. therefore as the circumference BC is to EF, ſo is the 
angle BGC to the angle EHF, and the angle BAC to the 
angle EDF. 

Alſo, as the circumference BC to EF, ſo is the ſector BGC 
to the ſector EHF. Join BC, CK, and in the circumferences 
BC, CK take any points X, O, and join BX, XC, CO, OK. 


then becauſe in the triangles GBC, GCK the two ſides BG, 


GC are equal to the two CG, GK, and that they contain e- 
qual angles; the baſe BC is equal“ to the baſe CK, and the 
triangle GBC to the triangle GCK. and becauſe the circum- 
ference BC is equal to the circumference CK, the remaining 
part of the whole circumference of the circle ABC, is equal 
to the remaining part of the whole circumference of the ſame 
circle? wherefore the angle BXC is equal to the angle COK *; 


f x7. Def. 3-and the — BXC i is therefore ſimilar to the ſegment COK f; E 
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and they are upon equal ſtraight lines BC, CK. but ſimilar ſeg-Book VI. 
ments of circles upon equal ſtraight lines, are equalFto one another. 8 24 3. 


therefore the ſegment BXC is equal to the ſegment COKE. and 
the triangle BGC is equal to the triangle CGE ; therefore the 
whole, the ſector BGC is equal to the whole, the ſeftor CGE. 
for the ſame reaſon the ſector KGL is equal to each of the 
ſectors BGC, CGK. in the ſame manner the ſectors EHF, 
FHM, MHN may be proved equal to one another, therefore 
what multiple ſoever the circumference BL is of the circumfe- 
rence BC, the ſame multiple is the ſector BGL of the ſector 
BGC. for the ſame reaſon, whatever multiple the circumfe- 
rence EN is of EF, the ſame multiple is the ſector EHN of the 
ſector EHF. and if the circumference BL be equal to EN, the 
ſector BGL is equal to the ſector EHN; and if the circumfe- 


BC E F 
rence BL be greater than EN, the ector BGL is greater than 
the ſector EHF; and if leſs, leſs. fince then there are four 
magnitudes, the two circumferences BC, EF, and the two ſec- 
tors BGC, EHF, and of the circumference BC, and ſector 
BGC, the circumference BL and ſector BGL are any equi- 
multiples whatever; and of the circumference EF and ſector 
EHF, the circumference EN and ſector EHN are any equi- 
multiples whatever ; and that it has been proved if the circum- 
ference BL be greater than EN, the ſector BG is greater than 
the ſector EHN ; and if equal, equal; and if leſs, leſs. There- 


fore Þ as the circumference BC is to the circumference EF, ſo b. 5. Def. 5. 


is the ſector BGC to the ſector EHF. Wherefore in equal cir- 
cles, &c. Q. E. D. GISELE 
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ever multiple the circumference EN is of the circumference 
EF, the ſame multiple is the angle EHN df the angle EHF. 
and it the circumference BL be equal to the circumference 
EN, the angle BGL is alſo equal * to the angle EHN ; and 
if the circumference BL be greater than EN, likewiſe the angle 
BGL is greater than EHN; and if leſs, leſs, there being then 
four magnitudes, the two circumferences BC, EF, and the 
two angles BGC, EHF; of the circumference BC, and of the 
angle BGC, have been taken any equimultiples whatever, viz. 
the circumference BL, and the angle BGL; and of the cir- 
cumference EF, and of the angle EHF, any equimultiples 


„ 


whatever, viz. the circumference EN, and the angle EHN. 
and it has been proved that if the circumference BL be great- 
er than EN, the angle BGL is greater than EHN; and if 
equal, equal; and if leſs, leſs. as therefore the circumference 


3 


BC to the circumference EF, ſo ® is the angle BGC to the 
angle EHF. but as the angle BGC is to the angle EHF, ſo is 
© the angle BAC to the angle EDF, for each is double of 
each d. therefore as the circumference BC is to EF, ſo is the 
angle BGC to the angle EHF, and the angle BAC to the 
angle EDF. ; 

Alſo, as the circumference BC to EF, ſo is the ſector BGC 
to the ſector EHF. Join BC, CK, and in the circumferences 
BC, CK take any points X, O, and join BX, XC, CO, OK. 


then becauſe in the triangles GBC, GCK the two ſides BG, 


GC are equal to the two CG, GK, and that they contain e- 
qual angles; the baſe BC is equal © to the baſe CK, and the 
triangle GBC to the triangle GCK. and becauſe the circum- 
ference BC is equal to the circumference CK, the remaining 
part of the whole circumference of the circle ABC, is equal 
to the remaining part of the whole circumference of the ſame 
circle? wherefore the angle BXC is equal to the angle COK*; 


f. rr. Def. 3. and the ſegment BXC is therefore ſimilar to the ſegment COR f; 
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and they are upon equal ſtraight lines BC, CK. but ſimilar ſeg-Book VT. 
. * —_ 
ments of circles upon equal ſtraight lines, are equal*to one another. 3. 24. 3. 


therefore the ſegment BXC is equal to the ſegment COKE. and 
the triangle BGC is equal to the triangle CGK; therefore the 
whole, the ſector BGC is equal to the whole, the ſeftor CGE. 
for the ſame reaſon the ſector KGL is equal to each of the 
ſectors BGC, CGK. in the ſame manner the ſectors EHF, 
FHM, MHN may be proved equal to one another, therefore 


what multiple ſoever the circumference BL is of the circumfe- 


rence BC, the ſame multiple is the ſector BGL of the ſector 
BGC. for the ſame reaſon, whatever multiple the circumfe- 
rence EN is of EF, the ſame multiple is the ſector EHN of the 
ſector EHF. and if the circumference BL be equal to EN, the 
ſector BG is equal to the ſector EHN; and if the circumfe- 
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rence BL be greater than EN, the ector BG is greater than 
the ſector EHF; and if leſs, leſs. ſince then there are four 
magnitudes, the two circumferences BC, EF, and the two ſec- 
tors BGC, EHF, and of the circumference BC, and ſector 
BGC, the circumference BL and ſector BGL are any equi- 
multiples whatever; and of the circumference EF and ſector 
EHF, the circumference EN and ſector EHN are any equi- 


multiples whatever; and that it has been proved if the circum- 


ference BL be greater than EN, the ſector BG is greater than 
the ſector EHN ; and if equal, equal; and if leſs, leſs. There- 


fore b as the circumference BC is to the circumference EF, ſo b. 5. Def. 5. 
is the ſector BGC to the ſector EHF. Wherefore in equal cir- 


cles, &c. Q. E. D. 
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THE ELEMENTS 
PROP.B. THE OR. 
F an angle of a triangle be biſected by a ſtraight line, 
which likewiſe cuts the baſe; the rectangle contain- 
ed by the ſides of the triangle is equal to the rectangle 


contained by the ſegments of the baſe, together with the 
ſquare of the ſtraight line biſecting che angle. 


Let ABC be a triangle, and let the angle BAC be biſected 
by the ſtraight line AD; the rectangle BA, AC is equal to che 
rectangle BD, DC together with the ſquare of AD. 

Deſcribe the circle * ACB about the triangle, and produce 
AD to the circumference in E, 
and join EC. then becauſe the 
angle BAD is equal to the angle 
CAE, and the angle ABD to the 
angle b AEC, for they are in the 
ſame ſegment; the triangles ABD, 
AEC are equiangular to one an- 
other. therefore as BA- to AD, 
ſo is< EA to AC, and conſe- 
quently the rectangle BA, AC is 
equal * to the rectangle EA, AD, that is to the rectangle 
ED, DA together with the ſquare of AD. but the rectangle 
ED, DAg@ <qual to the rectangle BD, DC. Therefore the 
rectangle BA, AC is equal to the rectangle BD, DC together 
with the ſquare of AD. Wherefore if an angle, &c. Q. E. D. 

; N 5 
PROP. C. THE OR. © 


F from an angle of a triangle a ſtraight line be drawn 


perpendicular to the baſe; the rectangle contained by 
the ſides of the triangle is equal to the rectangle contain- 


ed by the perpendicular and the diameter of the circle 
deſcribed about the triangle. 


Let ABC be a triangle, and AD the perpendicular from 


che angle A to the baſe BC; the rectangle BA, AC is equal 


to the rectangle contained by AD and the diameter of the cir- 
cle deſcribed about the triangle. 


Deſcribe 
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Deſcribe * the circle ACB about Book VI. 


the triangle, and draw its diame- A L waa 
ter AE, and join EC, becauſe the 

right angle BDA is equal® to the * 
angle ECA in a ſemicircle, and 

the angle ABD to the angle AEC 

in the ſame ſegment ©; the tri- | e. 2t. 3. 
angles ABD, AEC are equian- 

gular. therefore as“ BA to AD, d. 4. 6. 
ſo & EA to AC, and conſequent- © E. 


ly the rectangle BA, AC is equal © to the rectangle EA, AD. e. 16. 6. 
If therefore from an anglgy &c. Q. E. D. | 


PRO P. D. THE OR. 
HE reQangle contained by the diagonals of a qua- 
drilateral inſcribed in a circle, is equal to both the 
rectangles contained by its oppoſite ſides. 


Let ABCD be any quadrilateral inſcribed in a circle, and 
join AC, BD; the rectangle contained by AC, BD is equal to 
the two rectangles contained by AB, CD and by AD, BC*, 
Make the angle ABE equal to the angle DBC ; add to each 
of theſe the common angle EBD, then the angle ABD is c- 
qual to the angle EBC. and the angle BDA is equal * to the a. 21. 3. 
angle BCE, becauſe they are in the ſame ſegment; therefore 
the triangle ABD i pf eee to B r 
the triangle BCE. wherefore d 
BC is to CE, ſo is BD to DA, and 
conſequently the rectangle BC, AD 
is equal © to the rectangle BD, CE. | c. 16. 8. 


again, becauſe the angle ABE is 
equal to the angle DBC, and the 
angle BAE to the angle BDC, the D 


triangle ABE is equiangular to the & 
triangle BCD. as therefore BA to 

AE, fois BD to DC; wherefore the rectangle BA, DC is e- 
qual to the rectangle BD, AE. but the rectangle BC, AD has 
been ſhewn equal to the rectangle BD, CE ; therefore the 
whole rectangle AC, BD is equal to the rectangle AB, DC to- 
gether with the rectangle AD, BC, Therefore the rectangle, 
&c. Q. E. D. , 
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a . 

A Solid is that which hath length, breadth, and thickneſs. 
| II. | 

That which bounds a ſolid is a ſuperficies. 

III. 

A ſtraight line is perpendicular, or at right angles, to a plane, 
when it makes right angles with every ſtraight line meeting 
it in chat plane. 

IV. 

A plane is perpendicular to a plane, when the ſtraight lines 
drawn in one of the planes perpendicularly to the common 
ſection of the two planes, are perpendicular to the other 
plane, * 

V. | 

The inclination of a ſtraight line to a plane is the acute angle 
contained by that ſtraight line, and another drawn from the 
point in which the firſt line meets the plane, to the point 
in which a perpendicular to the plane drawn from any point 
of the firſt line above the plane, meets the ſame plane. 

a 3 ads. 5, 

The inclination of a plane to a plane is the acute angle con- 
tained by two ſtraight lines drawn from any the ſame point 
of their common ſection at right angles to it, one upon one 


plane, and the other upon the other plane. 
. VII. Two 
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VII. 

Two planes are ſaid to have the ſame, or a like inclination to 
one another, which two other planes have, when the ſaid 
angles of inclination are equal to one another. Q 

VIII. 

Parallel planes are ſuch which do not meet one anothe thro? 
produced. 

IX. 

A. ſolid angle is that which | is made by the meeting of more See N 
than two plane angles, which are not in the ſame plane, in 


one point. 
X. 
© The tenth Definition is omitted for reaſons given in the Notes,” e N. 
XI. 


Similar ſolid figures are ſuch as have all their ſolid angles e- See N. 
qual, each to each, and which are contained by the ſame 
number of ſimilar planes. 

. . 

A Pyramid is a ſolid figure contained by planes that are con- 
ſtituted betwixt one plane and one point above it in which 
they meet. | 

| XIII. 

A Priſm is a ſolid figure contained by plane figures of which 
two that are oppoſite, are equal, ſimilar, and parallel to one 
another and the others parallelograms. 

XIV. 

A Sphere is a ſolid figure deſcribed by the revolution of a ſe- 

micircle about its diameter, which remains unmoved. 
XV, 

The axis of a ſpliere 1 is the fixed ſtraight line about which the 
ſemicircle revolves. * 

XVI. \ 

The center of a ſphere is the ſame with that of the ſoraiclecte. 

XVII. 

The diameter of a ſphere is any ſtraight line which paſſes 
through the center, and is terminated both ways by the ſu- 
perficies of the ſphere. | * 

A Cone is a ſolid figure deſcribed by the revolution of a right 
angled triangle about one of the ſides containing the right 
angle, which fide remains fixed. 

If the fixed ſide be equal to the other ſide containing the right 

angle, 


14 
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angle, the Cone is called a right angled Cone; if it be leſs 
than the other fide, an obtuſe angled, and if greneer, an a- 
cute angled Cone. 
XIX. 
The axis of a Cone is the fixed ſtraight line about which the 
triangle revolves, 
XX. | 
The baſe of a Cone is the circle deſcribed by that ſide contain- 
ing the m__ angle, which revolves. 
XXI. 
A Cylinder is a ſolid figure deſcribed by the revolution of 


a right angled parallelogram about one of its ſides which re- 
mains fixed. 
XXII. 
The axis of a cylinder is the fixed ſtraight line about which the 
parallelogram revolves. 
| OE. XXIII. 
The baſes of a cylinder are the circles deſcribed by the two re- 
volving oppoſite ſides of the parallelogram. 
XXIV. 
Similar cones and cylinders are thoſe which have their axes and 
the diameters of their baſes proportionals. 
XXV. 
A Cube is a ſolid figure contained by ſix equal ſquares, 
XXVI. 


A Tetrahedron is a folid figure contained by four _ and c- 


quilateral triangles, 


XXVII. 


An Octahedron is a ſolid figure contarngy by cight equal and 


equilateral triangles, 
XXVIII. 
A Dodecahedron is a ſolid figure contained by twelve equal 
pentagons which are equilateral and 9 gular. 
XXIX. 
An Icofahedron is a ſolid figure contained by twenty equal and 
equilateral triangles, 
; D E F. A. 


A Parallelepiped is a ſolid figure contained by f ſix quadrilate- | 


ral figures whereof every oppoſite two are parallel. 
| 1 | | 
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N part of a ſtraight line cannot be in a plane and see x. 
another part above it. 


If it be poſſible, let AB, part of the ſtraight line ABC be in 

the plane, and the part BC above it. and ſince the ſtraight 2 

AB is in the plane, it can be pro- 
duced in that plane. let it be pro- 

duced to D. and let any plane paſs — 

thro' the ſtraight line AD, and 1 

be turned about it until it paſs A 

thro” the point C; and becauſe the 

points B, C are in this plane, the ſtraight line BC is in its. a. 7. Def. 1 
therefore there are two ſtraight lines ABC, ABD in the ſame 

plane that have a common ſegment AB, which is impoſſible b. b. cer. 11. 1. 
Therefore one part, &c. Q. E. D. 

X —— 


PROP. II. T HE OR. 


WO ſtraight lines which cut one another are in one see x. 
plane, and three ſtraight lines which meet one an- 
other are in one plane. 


Let two ſtraight lines AB, CD cut one another in E; AB, 
CD are in one plane. and three ſtraight lines EC, CB, BE 
which meet one another, are in one plane, 

Let any plane paſs through the ſtraight A D 
line EB, and let the plane be turned a- 
bout EB, produced, if neceſſary, until it 
paſs through the point C. then becauſe 
ſtraight line EC is in it“, for the ſame * 
reaſon, the ſtraight line BC is in the 
ſame; and, by the Hypotheſis, EB is in 
it. therefore the three ſtraight lines EC, C 
CB, BE are in one plane. but in the plane ER 
in which EC, EB are, in the ſame are * CD, AB. theres AB. b. 4. 4. 
CD are in one plane. Wherefore two ſtraight Hues, &c. 


Q. E. D. 


PROP. 


See N. 


&. 10. Ax. 1. 


See N. 


a. 16. I. 


b. 4. 1. 


THE ELEMENTS 


PROP. H. THE OR. 


F two planes cut one another, their common ſection 


is a ſtraight line. 


Let two planes AB, BC cut one another, and let the line 
DB be their common ſection; DB is a 
ſtraight line, If it be not, from the point 
D to B draw in the plane AB the 
ſtraight line DEB, and in the plane BC 
the ſtraight line DFB. then two ſtraight 
lines DEB, DFB have the ſame extre- 
mities, and therefore include a ſpace be- 
twixt them; which is impoſſible*, there- 
fore BD the common ſection of the planes 


AB, BC cannot but be a ſtraight line. Wherefore if two planes, 


& 3 
S. 3 A 


PROP.IV. THEOR. 


F a ſtraight line ſtand at right angles to each of two 

ſtraight lines in the point of their interſection, it ſhall 
alſo be at right angles to the plane which paſſes through 
hem: that is, to the Plane in which they are. 


Let the ſtraight line EF ſtand at right angles to each of the 


ſtraight lines AB, CD in E the point of their interſection. EF 


is alſo at right angles to the plane paſſing thro' AB, CD. 
Take the ſtraight lines AE, EB, CE, ED all equal to one 
another; and thro' E draw, in the plane in which are AB, CD, 


any ſtraight line GEH; and join AD, CB; then from any 


point F in EF, draw FA, FG, FD, FC, FH, FB. and becauſe 
the two ſtraight lines AE, ED are equal to the two BE, EC, 
and that they contain equal angles AED, BEC, the baſe AD 
is equal b to the baſe BC, and the angle DAE to the angle 
EBC. and the angle AEG is equal to the angle BEH *; there- 


fore the triangles AEG, BEH have two angles of one equal 


to two angles of the other, each to each, and the ſides AE, 
EB, adjacent to the equal angles, equal to one another; where- 


6.26.1, fore they ſhall have their other ſides equal *, GE is therefore 


equal 
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equal to EH, and AG to BH, and becauſe AE is equal to EB, Book XI, 
and FE common and. at right angles to them, the baſe AF is 

equal b to the baſe FB; for the ſame reaſon CF is equal to b. 4 . 


on FD. and becauſe AD is equal to BC, and AF to FB, the two 
| ſides FA, AD are equal to the two 


FB, BC, each to each; and the baſe 
DF was proved equal to the baſe FC; 
therefore the angle FAD is equal d to 
the angle FBC. again, it was proved 
that AG is equal to BH, and alſo AF 
to FB; FA then and AG, are equal 
to FB and BH, and the angle FAG 

. has been proved equal to the angle 
FBH; therefore the baſe GF is equal 
> ro the baſe FH, again, becauſe it D 
was proved that GE is equal to EH, 

es, and EF is common; GE, EF are equal to HE, EF; and the 

baſe GF is equal to the baſe FH ; therefore the angle GEF is. 

equal © to the angle HEF, and conſequently each of theſe an- 
gles is a right angle. Therefore FE makes right angles with e. 10. Def. 10 
GH, that is, with any ſtraight line drawn thro' E in the plane 
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= 
» — AC —  — 
— _ — - — 5 , 
=: ob . rr 1 * 26. l 


ne 


| 
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T 


* 


WO paſſing thro' AB, CD. In like manner it may be proved that = 
hall FE makes right angles with every ſtraight line which meets it in 
1gh that plane, But a ſtraight line is at right angles to a plane 


when it makes right angles with every ſtraight line which meets 


it in that plane. therefore EF is at right angles to the plane f. 3. Def. 11. 
in which are AB, CD. Wherefore if a FRO line, &c. 


Q. E. D. | 
PRO P. v. THEO. * 


F three ſtraight lines meet all in one point, and A gee N. 
ſtraight line ſtands at right angles to each of them in 


that point; theſe three _ lines are in one and the 
ſame plane. 


6 


Let the ſtraight line AB ſtand at right * * to each of the 
ſtraight lines BC, BD, BE, in B the point where hey meet; 
BC, BD, BE are in one and the ſame plane. 

If not, let, if it be poſſible, BD and BE be in one plane, and 
BC be above it; and let a plane paſs through AB, BC, the 
common ſection of which with the plane, in which BD and BE 
| \ N are, 


% 
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Book N, are, ſhall be a ſtraight * line ; let this be BF. therefore the three 
a 3-11. ſtraight lines AB, BC, BF are all in one plane, viz. that which 
paſſes through AB, BC. and becauſe AB ſtands at right angles 
| to each of the ſtraight lines BD, BE, it is alſo at right angles 
6.41) d to the plane paſſing through them; and therefore makes 
c. 3-Def. 11. right angles © with every ſtraight A | 
line meeting it in that plane ; but 
BF which is in that plane meets it. 
therefore the angle ABF is a right C | 


angle; but the angle ABC, by the F 

| Hypotheſis, is alſo a right angle; : 

| therefore the angle ABF is equal 

| to the angle ABC, and they are cy 

U both in the ſame plane, which is E 
4 | impoſſible, therefore the ſtraight 

line BC is not above the plane in which are BD and BE. where- 


1 fore the three ſtraight lines BC, BD, BE are in one and the 
1 ſame plane. Therefore if three ſtraight lines, &c. Q. E. D. 


PROP. VI. THE OR. 


plane, they ſhall be parallel to one another. 


Let the ſtraight lines AB, CD be at right angles to tlie 
ſame plane; AB is parallel to CD. | 
Let them meet the plane in the points B, D, and draw the 
ſtraight line BD, to which draw DE-at right angles, in the 
ſame plane ; and make DE equal to AB, 
and join BE, AE, AD. then becauſe A 
AB is perpendicular to the plane, it 
4.3. Def 11. ſhall make right angles with every 
ſtraight line which meets it, and is in 
that plane, but BD, BE, which are in 
that plane, do each of them meet AB. B 
therefore each of the angles ABD, 
AE is a right angle. for the fame rea- | 
ſon, each of the angles CDB, CDE is E 
* a right angle. and becauſe AB is equal 
to DE, and BD common, the two ſides AB, BD, are cl to to 
the two ED, DB; and they contain right angles; therefore the 


b. 4.1, baſe AD is equal to the baſe BE. again, becauſe AB is equal 
l to 


% 


F two fraipht lines be at right angles to the ſame 


C 


an; 


e 
he 


* 


perpendicular to DA. but it is alſo perpendicular to each of 


the three ſtraight lines BD, DA, DC in the point in which 


one plane. therefore AB, BD, DC are in one plane. and each e. 2. rr, 


; parallel to CD. Wherefore if two ſtraight lines, &c. Q. E. D. f 8. 1. 


in the plane ABCD in which A E B 
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to DE, and BE to AD; AB, BE are equal to ED, DA, and, Book XI. 
in the triangles ABE, EDA, the baſe AE is common ; there- 
fore the angle ABE is equal“ to the angle EDA. but ABE is c. 8. c. 
a right angle; therefore EDA is alſo a right angle, and ED 


the two BD, DC. wherefore ED is at right angles to each of 


they meet, therefore theſe three ſtraight lines are all in the 
fame plane 4, but AB is in the plane in which are BD, DA, 4 5 17. 
becauſe any three ſtraight lines which meet one another are in 


of the angles ABD, BDC is a right angle ; therefore AB is 


PROP. VII. T HE OR. 


1 two ſtraight lines be parallel, the ſtraight line drawn See K. 


from any point in the one to any point in the other 
is in the ſame plane with the parallels. 


Let AB, CD be parallel ſtraight lines, and lt any point 
E in the one, and the point F in the other. the ſtraight line 
which joins E and F is in the ſame plane with the parallels, 

If not, let it be, if poſſible, above the plane, as EGF; and 


the parallels are, draw the e ſtraight, — —— 
line EHF from E to F; and ſince 1 G 

EGF allo is a ſtraight line, the H 

two ſtraight lines EHF, EGF in- 

clude a ſpace betwixt them, which — — — 
is impoſſible *, * Therefore the C F D 4. to. Ax. 1; 
ſtraight line joining the points 

E, F is not above the plane in which the parallels AB, CD are, 


and is therefore in that 1 Wherefore it two ſtraight lines, 
&c. — D. 


P R O P. VIII. TH E OR. Y 


F two ſtraight lines be parallel, and one of them is at gee x. 


1 right angles to a plane; the other alſo ſhall be at right 
angles to the {ame plane, * 


: N 2 Yor $0 Let 


A 


4. 8. 1. fore the angle ABE is equal d to the 
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Book XI. Let AB, CD be two parallel ſtraight lines, and let one of 
them AB be at right angles to a plane; the other CD is at 
right angles to the ſame plane, 23 
Loet AB, CD meet the plane in the points B, D, and join 
BD. therefore AB, CD, BD are in one plane. in the plane, 
to which AB is at right angles, draw DE at right an- 
gles to BD, and make DE equal to AB, and join BE, 
AE, AD. and becauſe AB is perpendicular to the plane, it is 
perpendicular to every ſtraight line which meets it, and is in 
a. 3. Def. 11. that plane *.. therefore each of the angles ABD, ABE, is a 
right angle, and becauſe the ſtraight line BD meets the paral- 
lel ſtraight lines AB, CD, the angles ABD, CDB are toge- 
b. 29.7. ther equal ® to two right angles. and ABD is a right angle ; 
therefore alſo CDB is a right angle, and CD perpendicular to 
BD. and becauſe AB is equal to DE, and BD common, the 
two AB, BD, are equal to the two ED, 
DB, and the angle ABD is equal to A 2 
the angle EDB, becauſe each of them 
is a right angle; therefore the baſe AD 
& 4% is equal to the baſe BE. again, be- 
cauſe AB is equal to DE, and BE to 
AD ; the two AB, BE are equal to the B 7 D 
two ED, DA; and the baſe AE is com- | | 
maon to the triangles ABE, EDA; where- 


angle ED A. and ABE is a right angle; E 

and therefore EDA is a right angle, and ED perpendicular 

to DA. but it is alſo perpendicular to BD; therefore ED is 
e. 4 11. perpendicular © to the plane which paſſes through BD, DA, 
and ſhall * make right angles with every ſtraight line meeting 
it in that plane. but DC is in the plane paſſing. through BD, 
DA, becauſe all three are in the plane in which are the paral- 
lels AB, CD. wherefore ED is at right angles to DC; and 
therefore CD is at right angles to DE. but CD is alſo at right 


lines DE, DB in the point of their interſection D; and there- 
fore is at right angles to the plane paſſing thro' DE, DB, 
which is the ſame plane to which AB is at right angles. 
Therefore if two ſtraight lines, &c. Q. E. D. 


PROP. 


angles to DB; CD then is at right angles to the two ſtraight. 


fa 
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PROP..Iz. THEOR, 


WO ſtraight lines which are each of them parallel 


to the ſame ſtraight line, and not in the ſame plane 
with it, are parallel to one another. 


Let AB, CD be each of them parallel to EF, and not in the 
ſame plane with.it; AB ſhall be parallel to CD. 

In EF take any point G, from which draw, in the plane 
paſling thro' EF, AB, the ſtraight line GH at right angles to 
EF; and in the plane paſting «up 3 Bo, CD, draw GK at 
right angles to the ſame EF. and 
becauſe EF is perpendicular both 
to GH and GK, EF is perpendi- 
cular * to the plane HGE paſling 
thro' them, and EF is parallel to 
AB ; therefore AB is at right an- 
gles ® to the plane HGRK, for the C 2 T D 
ſame reaſon, CD is likewiſe at right 
angles to the plane HGK. therefore AB, co are each of 
them at right angles to the plane HGK. but if two ſtraight 
lines be at right angles to the ſame plane, they ſhall be paral- 
lel © to one another. therefore AB is parallel to CD. Where- 
fore two ſtraight lines, &c, Q. E. D. 


PROP.X. THEOR, 
F two ſtraight lines meeting one another be parallel to 
two others that meet one another, and are not in the 


fame plane with the firſt two; the firſt two and the other 
two ſhall contain equal angles. 


Let the two ſtraight lines AB, BC which meet one another 
be parallel to the two ſtraight lines DE, EF that meet one an- 
other, and are not in the ſame plane with AB, BC. the angle 


' ABC is equal to the angle DEF. 


Take BA, BC, ED, EF all equal to one ar ; and join 
N 3 g | AD, 


mm PIG 


ru. 


e. Ef A 
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Book XL AD, CF, BE, AC, DF. becauſe BA is equal and parallcl to 
4. 35. 1. FED, therefore AD is! both equal and B 
parallel to BE.. for the ſame reaſon, 
CF is equal and parallel to BE, there- A 2 % le 
fore AD and CF are each of them e- 
qual and parallel to BE. bur ſtraight | 
lines that are parallel to the ſame ſtraight 
line, and not in the ſame plane with it, 
b. 9.11, are parallel b to one another. therefore 1 
c. 2. Ax. 1. AD is parallel to CF; and it is equal E 
tj and AC, DF join them towards DD F 
the ſame parts; and therefore AC is equal and parallel to 
DF. and becauſe AB, BC are equal to DE, EF, and the baſe 
d.8-r AC to the baſe DF; the angle ABC is equal to the angle 
DEF. Therefore if two ſtraight lines, &c. Q. E. D. 
PROP, H. PROD. E 
= draw a ſtraight line perpendicular to a plane, from 
a given point above it. | 
Let A be the given point above the plane BH; it is requi- 
red to draw from the point A. a ſtraight line perpendicular to 
the plane BH. 
In the plane draw any ſtraight line BC, and from the point 
2. 12. 1. A draw* AD perpendicular to BC. If then AD be alſo per- 
pendicular to the plane BH, the thing required is already 
done; but if it be not, from the | 
b. 1 1. point D draw b in the plane BH, FE 
the ſtraight line DE at right an- \ 
gles to BC; and from the point G / | 
A draw AF perpendicular to 
6. 31:7: DE; and thro' F draw GH pa- 
rallel to BC. and becauſe BC is 
at right angles to ED and DA, | . 
4 4. 1. C is at right angles © to the plane B D C 
paſſing through ED, DA. and GH is parallel to BC; but if 
two ſtraight lines be parallel, one of which is at right angles to 
. e. 8.11, a plane, the other ſhall be at right © angles to the ſame plane; 


wherefore GH is at Fg angles to the plane thro' ED, DA, 


f. 3.Def. z1. and is perpendicular * to every ſtraight line meeting it in that 


plane, but AF which is in the plane through ED, DA meets 
it, 
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it, therefore GH is endicular to AF, and Book XI. 
perp conſequently 


AF is perpendicular to GH, and AF is perpendicular to DE; 
therefore AF is perpendicular to each of the ſtraight lines 
GH, DE. but if a ſtraight line ſtands at right angles to each 
of two ſtraight lines in the point of their intexſeftion, it ſhall 
alſo be at right angles to the plane paſting through them. but 


the plane paſſing through ED, GH is the plane BH; there- 


fore AF is perpendicular to the plane BH. therefore from 
the given point A above the plane BH, the ftraight line AF is 
drawn perpendicular to that plane, Which was to be done. 


NOF. All. PROD. 


O erect a ſtraight line at right angles to a given 
plane, from a point given in the plane. 


Let A be the point given in the plane; it is required to e- 
rect a ſtraight line from the point A at D B 
right angles to the plane. 3 

From any point B above the plane 


draw * BC perpendicular to it; and 4. It, 


11. 


from A draw * AD parallel to BC. be- 5 p . 
cauſe therefore AD, CB are two pa- 3 
A. g/ 


rallel ſtraight lines, and one of them 
BC is at right angles to the given plane, 


point given in it. Which was to be done, 


/ 


PROP. XIII. T HE OR. 


* 


ROM the ſame point in a given plane there cannot 

L be two ſtraight lines at right angles to the plane, 

upon the ſame ſide of it. and there can be but one per- 
pendicular to a plane from a point above the plane. 


For, if it be poſſible, let the two ſtraight lines AB, AC be at 


right angles to a given plane from the ſame point A in the plane, 

and upon the ſame ſide of it; andlet a plane paſs through BA, 

AC; the common ſection of this with the given plane is a ſtraight 
N. 4 line 


the other AD is alſo at right angles to it“. 3 a ſtraight c. 8. 1 
line has been erected at right angles to a given plane from 2 
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moor Is © line paſſing through A. let DAE be their common ſection. 


4% 3. 11. 


. 6 11; 


4. 3. Def. 1 1. 


. 


therefore the ſtraight lines AB, AC, DAE are in one plane. and 
becauſe CA is at right angles to the given plane, it ſhall make 
right angles with every ſtraight line B C 
meeting it in that plane. but DAE 

which is in that plane meets CA; 

therefore CAE is a right angle. for 

the ſame reaſon BAE is a right an- 

gle. wherefore the angle CAE is e- 5 5 
qual to the angle BAE; and they D A . 


are in one plane, which is impoſſible. Alſo, from a point above 
a plane there can be but one perpendicular to that plane; for 
if there could be two, they would be parallel ® to one another, 


which is abſurd. Therefore from the ſame point, &c. Q. E. D. 


ROF. AV, THEOR. 


| © vin to which the ſame ſtraight line is perpendi- 


cular, are parallcl to one another. 


Let the ſtraight line AB be perpendicular to each of the 


planes CD, EF; theſe planes are parallel to one another. 


If not, they ſhall meet one another when produced ; let 
them meet; their common ſection 
ſhall be a ſtraight line GH, in which 
take any point K, and join AK, BK. 
then becauſe AB is perpendicular to 
the plane EF, it is perpendicular to C 
the ſtraight line BK which is in that 
plane. therefore ABK is a right angle. 
for the ſame reaſon, BAK is a right 


angle; wherefore the two angles ABK, | 

BAK of the triangle ABK are equal Sl E W 
to two right angles, which is impoſ- | D 1 
ſible b. therefore the planes CD, EF 

tho* produced do not meet one another; that is, they are pa- 


c. 8. Del. 17. rallel ?. Therefore Pines, &c. Q. E. D. 5 


PR OP. 
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ad 
ke 
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- make right angles with every 


he 
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da- 


it. therefore each of the angles 
BGH, BGK is a right angle. A * 
and becauſe BA is parallel 4 H | 
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Book XI. 
— 


PROP. XV. THE OA. 

F two ſtraight lines meeting one another, be parallel see x. 
to two ſtraight lines which meet one another, but are 
not in the ſame plane with the firſt two; the plane which 


paſſes through theſe is parallel to the plane paſſing through 
the others. 


Let AB, BC two ſtraight lines 3 one another, be pa- 
rallel to DE, EF that meet one another, but are not in the 


ſame plane with AB, BC. the planes through AB, BC, and 


DE, EF ſhall not meet tho' produced. | 
From the point B draw BG perpendicular“ to the plane a, 11. 17. 
which paſſes through DE, EF, and let it meet that plane in 
G; and through G draw GH parallel ® to ED, and GK pa- b. zr. . 
rallel to EF, and becauſe BG is perpendicular to the plane 
through DE, EF, it ſhall E 
F 


ol 


ſtraight line meeting it in that B . 
plane ©, but the ſtraight lines eB 
GH, GK in that plane meet 


6. . 


to GH (for each of them is 

parallel to DE, and they are not both in the ſame plane with 

it) the angles GBA, BGH are together equal, to two right © ?9 7: 
angles. and BGH is a right angle, therefore alſo GBA is a 

right angle, and GB perpendicular to BA. for the ſame rea- 

ſon, GB is perpendicular to BC. ſince therefore the ſtraight 

line GB ſtands at right angles to the two ſtraight woes BA, 

BC, that cut one another in B; GB is perpendicular * to the f. 4. 11. 
plane through BA, BC, and it is perpendicular to the plane * 
through DE, EF; therefore BG is perpendicular to each of 


the planes through AB, BC and DE, EF. but planes to which 
the ſame ſtraight line is perpendicular, are parallel “to one a- . 1. 7. 
nother, therefore the plane through AB, BC is parallel to the 
plane through DE, EF. Wherefore if two ſtraight lines, &c. 


Q. E. D. 


PROP. 
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P03, VL THEDR, 


F two parallel planes be cut by another plane, their 
common ſections with it are parallels. 


Let the parallel planes AB, CD be cut by the plane EFHG, 
and let their common ſections with it be EF, GH. EF is pa- 
rallel to GH, . 

For, if it is not, EF, GH ſhall meet, if produced, either 
on the ſide of FH, or EG. firſt, let them be produced on the 
fide of FH, and meet in the point K. therefore ſince EFK is in 
the plane AB, every point - K 
in EFK is in that plane; and / 

K is a point in EFK; there- # 

fore K is in the plane AB. 1 

for the ſame reaſon K is alſo its a+ 

in the plane CD. wherefore | 5 D 
the planes AB, CD produced F 
meet one another ; but they A C 
do not mect, ſince they are | F 
parallel by the Hypotheſis. 
therefore the ſtraight lines EF, GH do. not mect when pro- 
duced on the fide of FH. in the ſame manner it may be pro- 
ved, that EF, GH do not .meet when produced on the fide 
of EG. but ſtraight lines which are in the fame plane and do 
not meet, though produced either way, are parallel. therefore 
EF is parallel to GH, Wherefore if two parallel planes, &c. 


Q. E. D. 


PROF. XVII. THEDODR. 


F two ſtraight lines be cut by parallel planes, they 
ſhall be cut in the ſame ratio. 


Let the ftraight lines AB, CD be cut by the parallel planes 
GH, KL, MN, in the points A, E, B; C, F, D. as AEis 
to EB, ſo is CF to FD. | 

Join AC, BD, AD, and let AD meet the plane KL in the 
point X; and join EX, XF. becauſe the two parallel planes 
KL, MN are cut by the plane EBDX, the common ſections 

. a EX, 


EX, 
parall 
cut b 
com? 
parall 
rallel 
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is d A 
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EX, BD are parallel *. for the ſame reaſon, becauſe the two Book XI. 
—̃ͤ v— 


2 | a. 16. 17. 


parallel planes GH, KL are 
cut by the plane AXFC, the 
common ſections AC, XF are G= A EF 

parallel. and becauſe EX is pa- | 

rallel to BD, a ſide of the tri- 

angle ABD, as AE to EB, fo | | 

is* AX to XD. again, becauſe $942 r Ws 
XF is parallel to AC, a fide of K / E — , F p 

the triangle ADC, as AX to he 
XD; 10. CF 10-73). and It ow a N 

was proved that AX is to XD, / B — 

as AE to EB. therefore as a 6. 11. 4, 
AE to EB, ſo is CF to FD. 

Wherefore if two ſtraight lines, &c. Q. E. D. 


PROP, XVIII. THE OR. 


F a ſtraight line be at right angles to a plane, every 
plane which paſſes through it ſhall be at right angles 
to that plane. 


Let the ſtraight line AB be at right angles to the plane CK. 
every plane which paſſes through AB ſhall be at right angles 
to the plane CK. 

Let any plane DE paſs through AB, and let CE be the 
common ſection of the planes DE, CK; take any point F in 
CE, from which draw FG in 
the plane DE at right angles D GA H 
to CE. and becauſe AB is | 
perpendicular to the plane R 
CK; therefore it is alſo per- \ 
pendicular to every ſtraight | 
line in that plane meeting it?, 
and conſequently it is perpen- ——— _ 
dicular to CE. wherefore C T B FE 
ABF is a right angle; But GFB is likewiſe a right angle ; 


therefore AB is parallel to FG. and AB is at right angles to b. 28. 1. 


the plane CK; therefore FG | is alſo at right angles to the ſame 


plane ©, but one plane is at right angles to another plane when c. 8. 11. 


the ſtraight lines drawn in one of the planes, at right angles 
to 
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Book XL, to their common ſection, are alſo at right angles to the other 


d. 4. Def. 1. plane d 


4. 4. Def. 11. 


13. 11. 


pendicular to the third plane. 


to the third plane, wherefore from the 
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; and any ſtraight line FG in the plane DE, which is 
at right angles to CE the common ſection. of the planes, has 
been proved to be perpendicular to the other plane CK; there- 
fore the plane DE is at right angles to the plane CK. In like 
manner, it may be proved that all the planes which paſs thro” 
AB are at right angles to the plane CK. Therefore if a ſtraight 
line, &c. Q. E. D. 


PAOP, HK. THE OX. 


F two planes cutting one another be each of them per- 
pendicular to a third plane; their common ſection 
{hall be perpendicular to the ſame plane. 


Let the two planes AB, BC be each of them perpendicular 
to a third plane, and let BD be the common ſection of the firſt 
two. BD is perpendicular to the third plane. 

If it be not, from the point D draw, in the plane AB, the 
ſtraight line DE at right angles to AD the common ſection 


of the plane AB with the third plane; and in the plane BS 


draw DF at right angles to CD the common ſection of the 
Plane BC with the third plane. and be- B 
cauſe the plane AB 1s perpendicular to 
the third plane, and DE is drawn in the 
plane AB at right angles to AD their | E F 
common ſection, DE is perpendicular to 
the third plane *, in the ſame manner, it 
may be proved that DF is perpendicular 


point D two ſtraight lines ſtand at right |} D 
angles to the third plane, upon the ſame 
fide of it, which is impoſſible . therefore A C 
from the point D there cannot be any 

ſtraight line at right angles to the third plane, except BD the 
common ſection of the planes AB, BC. BD therefore is per- 
Wherefore if two planes, &c. 
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Book x- 

PROP. XX. THEOR. 9 
FF a ſolid angle be contained by three plane angles, any Sc x. 


two of them are greater than the third, 


Let the ſolid angle at A be contained by the three plane 
angles BAC, CAD, DAB. any two of them are greater than 
the third. 

If the angles BAC, CAD, DAB be all equal, it is evident 
that any two of them are greater than the third, but if they 
are not, let BAC be that angle which is not leſs than either 
of the other two, and is greater than one of them DAB; and 
at the point A in the ſtraight line AB, make in the plane 
which paſſes through BA, AC, the angle BAE equal * to the 4. 23. 1. 
angle DAB; and make AE equal to AD, and through E 
draw BEC cutting AB, AC in the 5 
points B, C, and join DB, DC. and L 
becauſe DA is equal to AE, and AB | 
is common, the two DA, AB are e- 
qual to-the two EA, AB, and the 
angle DABis equal to the angle EAB. 
therefore the baſe DB is equalꝰ to the R © er 
baſe BE, and becauſe BD, DC are 
greater © than CB, and one of them BD has been proved equal c. 20. :. 
to BE a part of CB, therefore the other DC is greater than 
the remaining part EC. and becauſe DA is equal to AE, and 
AC common, but the baſe DC greater than the baſe EC; 
therefore the angle DAC is greater © than the angle EAC; a. 25. . 
and, by the conſtruction, the angle DAB is equal to the angle 
BAE; wherefore the angles DAB, DAC are together great- 
er than the angle BAC, but BAC is not leſs than either of 
the angles DAB, DAC, therefore BAC with either of them 
is greater than the other, Wherefore if a ſolid angle, &c. 


Q. E. D. 


PROP. XXI. THEO R. 
VERY ſolid angle is contained by plane angles which 
together are leſs than four right angles. ; 


Firſt, Let the ſolid angle at A be contained by three plane 
angles BAC, CAD, DAB. theſe three together are leſs than 
four right angles, 


Take 
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Bo ok XI., Take in each of the ſtraight lines AB, AC, AD any points 


A. 20, 11. 


92. . 


B, C, D, and join BC, CD, DB. then, becauſe the ſolid 
angle at B is contained by the three pn angles CBA, ABD, 
DBC, any two of them are greater“ than the third; there- 
fore the angles CBA, ABD are greater than the angle DBC. 


for the ſame reaſon, the angles BCA, ACD are greater than 


the angle DCB; and the angles CDA, ADB greater than 
BDC. wherefore the ſix angles CBA, ABD, BCA, ACD, 


CDA, ADB are greater than the D 


three angles DBC, BCD, CDB. but 
the three angles DBC, BCD, CDB 
are equal to two right angles b. there- 
fore the ſix angles CBA, ABD. BCA, 
ACD, CDA, ADB are greater than 
two right angles. and becauſe che three B 
angles of each of the triangles ABC, 
ACD, ADB are cqual to two right angles, 1 the 
nine angles of theſe three triangles, viz. the angles CBA, BAC, 
ACB, ACD, CDA, DAC, ADB, DBA, BAD, are equal 
to fix right angles. of theſe the fix angles CBA, ACB, ACD, 
CDA, ADB, DBA are greater than two right angles. there- 
fore the remaining three angles BAC, DAC, BAD which 
contain the ſolid angle at A, are leſs than four right angles. 

Next, Let the ſolid angle at A be contained by any number 
of plane angles BAC, CAD, DAE, EAF, FAB; theſe to- 
gether are leſs than four right angles, 

Let the planes in which the angles are be cut by a plane, and 
let the common ſections of it with thoſe 
planes be BC, CD, DE, EF, FB. and 
becauſe the ſolid angle at B is contain- 
ed by three plane angles CBA, ABF, 
FBC, of which any two are greater“ 
than the third, the angles CBA, ABF B 
are greater than the angle FBC. for 
the ſame reaſon, the two plane angles 
at each of the points C, D, E, F, 7 E. 
viz. the angles which are at the baſes | 
of the triangles having the common 'D. 
vertex A, are greater than the third | 
angle at the ſame point, which is one of the angles of the po- 
lygon BCDEF. therefore all the angles at the baſes of the tri- 
angles 


. 
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DoINts angles are together greater than all the angles of the polygon. Book XT. 
ſolid and becauſe all the angles of the triangles are together equal e 

ABD, to twice as many right angles as there are triangles *; that is, b 32. 1. 

there- as there are ſides in the polygon BCDEF; and that all the 

DBC. angles of the polygon together with four right angles are like- 

than wiſe equal to twice as many right angles as there are ſides in 

than the polygon ©; therefore all the angles of the triangles are e- c. 1. Cor. 

ACD, qual to all the angles of the polygon together with four right * 


angles. But all the angles at the baſes of the triangles are 
greater than all the angles of the polygon, as has been proved. 
wherefore the remaining angles of the triangles, viz. thoſe at 
the vertex, which contain the ſolid angle at A, are leſs than 
four right angles. Therefore every ſolid angle, &c. Q. E. D. 


NOF. KA. THEOR, 


F every two of three plane angles be greater than the zee x. 
third, and if the ſtraight lines which contain them 
be all equal; a triangle may be made of the ſtraight lines 
that join the extremities of thoſe equal ſtraight lines. 


Let ABC, DEF, GHK be three plane angles, whereof e- 
very two are greater than the third, and are contained by the 
equal ſtraight lines AB, BC, DE, EF, GH, HK; if their 
extremities be joined by the ſtraight lines AC: DF... GE. 2 
triangle may be made of three ſtraight lines equal to AC, DF, 
GK; that is, every two of them are together greater than the 
third, } 

If the angles at B, E, H are equal; AC, DF, GK are al- 


B F< 360 FH 


0 


bz, 
L 


ſo equal “, and any two of them greater than the third. but a. . 

if the angles are not all equal, let the angle ABC be not leſs 

than either of the two at E, H; therefore the ſtraight line 
| AC 


the po- 
the tri- 
angles 
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— AC is not leſs than either of the other two DF, GK; and 
b. 4.0r24.1. it is plain that AC together with either 6f the other two muſt 


c. 23. 1. 


A. 24. 1. 


Ee. 20. I, 


f. 22. 1. 


dee N. 


be greater than the third. alſo DF with GK are greater than 
AC. for, at the point B in the ſtraight line AB make © the 
angle ABL equal to the angle GH K, and make BL equal to 
one of the ſtraight lines AB, BC, DE, EF, GH, HK, and 
join AL, LC. then becauſe AB, BL are equal to GH, HK, 
and the angle ABL to the angle GHK, the baſe AL is equal 
to the baſe GK. and becauſe the angles at E, H are greater 
than the angle ABC, of which GHK is equal to ABL, there- 
fore the remaining angle at E is greater than the angle LBC. 


Fe H 


F G K 
and becauſe the two fides LB, BC are equal to the two DE, 
EF, and that the age. DEF is greater than the angle LBC, 
the baſe DF is greater than the baſe LC. and it has been 
proved that GK is equal to AL; therefore DF and GE are 


greater than AL and LC. but AL and LC are greater © than 
AC; much more then are DF and GK greater than AC. Where- 


fore every two of the ſtraight lines AC, DF, GK are greater 


than the third, and therefore a triangle may be made* the ſides 
of which ſhall be equal to AC, DF, GK. Q. E. D. 


PROP. XXIII. PROB. 


O make a ſolid angle which ſhall be contained by 
three given plane angles, any two of them being 
greater than the third, and all three together leſs than 


four right angles. 


Let the three given plane angles be ABC, DEF, GHR, any 
two of which are greater than the third, and all of them to- 
It is required, to make a 


gether leſs than four right angles. 
ſolid angle contained by three plane 22 equal to ABC, 
DEF, GHK, each to each. 


From 
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From the ſtraight lines containing the angles, cut off AB, Book XI. 
BC, DE, EF, GH, HK all equal to one another; and join | 
AC, DF, GK. then a triangle may be made * of three ſtraight 4 22. 11. 


B 
7 H 


0 3 K 
D 2 — 3 : 

lines equal to AC, DF, GK. let this be the triangle LMN b, „ 22. . 
ſo that AC be equal to LM, DF to MN, and GK to LN; and 
about the triangle LMN deſcribe © a circle, and find its center c. 5. 4 
X, which will either be within the triangle, or in one of its 
ſides, or without it. 

Firſt, Let the center X be within the triangle, and join 
LX, MX, NX. AB is greater than LX. if not, AB muſt ei- 
ther be equal to, or leſs than LX; firſt, ler it be equal. then 
becauſe AB is equal to LX, and that AB is alſo equal to BC, 
and LX to XM, AB and BC are equal to LX and XM, each 
to each; and the baſe AC is, by conſtruction, equal to the 
baſe LM; wherefore the angle ABC is cqual to the angle 
LXM ©. for the ſame reaſon the angle DEF is equal to the d. 8. r. 
angle MXN, and the angle GHK 
to the angle NXL. therefore the 
three angles ABC, DEF, GHK 
are equal to the three angles LXM, 
MXN, NXL. but the three angles 
LXM. MXN, NXL are equal to 
four right angles ©; therefore alſo 
the three angles ABC, DEF, GHE 
are equal to four right angles. but, 
by the Hypotheſis, they are leſs 
than four right angles; which is | 
abſurd. therefore AB is not equal to LX. but neither can AB 
be leſs than LX. for, if poſſible, let it be leſs, and upon the 
ſtraight line LM, on the fide of it on which is the center X, 
deſcribe the triangle LOM, the fides LO, OM of which are 
equal to AB, BC; and becauſe the baſe LM is equal to the 

3 O blaſe 


- — mn, Me Re — 


210 


& $i. 


1 


80. 


THE ELEMENTS 
Eb AC, the angle LOM is equal to the angle ABC 4. and 


AB, that is LO, by the Hypotheſis, is leſs than LX; where- 


fore LO, OM fall within the triangle LXM ; for, if they fell 


upon its ſides, or without it, they R 
would be equal to, or greater than 
LX, XM#. therefore the angle W 
LOM, that is, the angle ABC is 
greater than the angle LXM *, in 
the ſame manner it may be proved 
that the angle DEF is greater than 
the angle MXN, and the angle 
GHK greater than the angle NXL. M N 
therefore the three angles ABC, 
DEF, GHK are greater than three 
angles LXM, MXN, NXL; that is, than four right angles. 
but the ſame angles ABC, DEF, GHK are leſs than four 
right angles; which is abſurd. therefore AB is not leſs than 
LX, and it has been proved that it is not equal to LX; where- 
fore AB is greater than LX. 

Next, Let the center X of the circle fall in one of the ſides 
of the triangle, viz, in MN, and 
Join XL. in this caſe alſo AB is | /| 
greater than LX. if not, AB is L FA 
cither equal to LX or leſs than it, AF 
firſt, let it be equal to LX. there- 
fore AB and BC, that is, DE and 
EF are equal to MX and XL, that F N 
is to MN. but, by the conſtruction, 1 l 
MN is equal to DF; therefore DE 
EF are equal to DF, which is im- 
poſlible T. wherefore AB is not e- 
qual to LX; nor is it leſs; for then, much more, an abſur- 
dity would follow. therefore AB is greater than LX, 

But let the center X of the circle fall without the triangle 
LMN, and join LX, MX, NX. In this caſe likewiſe AB is 
greater than LX. if not, it is either equal to, or leſs than LX. 


firſt, let it be equal; it may be proved, in the ſame manner 


as in the firſt caſe, that the angle ABC is equal to the angle 
MXL, and GHK to LXN; therefore the whole angle MXN 
is equal to the two angles ABC, GHK. but ABC and GHK 
are' together greater than the angle DEF; therefore alſo 
the angle MXN is greater than DEF, and becauſe DE, 
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MN, the angle MXN is equal * to the angle DEF. and it has d 8. l. 


-as has been proved in the firſt caſe, the angle ABC is greater 


AP. and MN is equal to DF; 
therefore alſo DF is greater than 
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EF are equal to MX, XN, and the baſe DF to the baſe Book — 
been proved that it is greater than DEF, which is abſurd. 
therefore AB is not equal to LX. nor yet is it leſs; for then, 


than the angle MXL, and the angle GIIK greater than the 
angle LXN, at the point B in the ſtraight line CB make the 
angle CBP equal to the angle GHK, and make BP equal to 


HK, and join CP, AP. and becauſe CB is equal to GH; 
CB, BP are equal to GH, HR, each to each, and they con- 
tain equal angles; wherefore the baſe CP is equal to the baſe 
GK, that is to LN. and in the Iſoſceles triangles ABC, MXL, 
becruſe the angle ABC is greater than the angle MXL, there- 
fore the angle MLX at the baſe is greater“ than the angle, 32. , 
ACB at the baſe, for the ſame reaſon, becauſe the angle GHK, 
or CBP, is greater/than the angle 

LXN, the angle XLN is greater 

than the angle BCP. therefore the 

whole angle MLN is greater than 

the whole angle ACP. and becauſe 

ML, LN. are equal to AC, CP, 

each to each, but the angle MEN 

greater than the angle ACP, the M — 
baſe MN is greater ® than the baſe 


AP. Again, becauſe DE, EF are 
equal to AB, BP, but the baſe DF 
greater than the baſe AP, the angle DEF is greater k L. 28. * 
than the angle ABP. and ABP is equal to the two angles 
ABC, CBP, that is, to the two angles ABC, GHK; there- 
fore the angle DEF is greater than the two angles ABC, GHK ; 
but it is alſo leſs than theſe; which is impoſſible. therefore 
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qual to its ſide, and join RL, RM, 
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AB is not leſs than LX; and it has been proved that it is not 
equal to it; therefore AB is greater than LX, 

From the point X erect! XR at right angles to the plane 
of the circle LMN. and becauſe it has been proved in all the 
caſes, that AB is greater than LX, find a ſquare equi to the 


exceſs of the ſquare of AB above 
the ſquare of LX, and make RX e- 


RN. becauſe RX is perpendicular 
to the plane of the circle LMN, it 
m perpendicular to each of the 

fraight lines LX, MX, NX. and N, 
becauſe LX is equal to MX, and M 8 
XR common, and at right angles 

to each of them, the baſe RL is e- 

qual to the baſe RM. for the ſame 

reaſon, RN is equal to each of the 

two RL, RM. therefore the three 

ſtraight lines RL, RM, RN are all equal. and dick the 
ſquare of XR is equal to the exceſs of the ſquare of AB a- 
bove the ſquare of LX; therefore the ſquare of AB is equal 
to the ſquares of LX, XR, but the ſquare of RL is equal ® to 
the ſame ſquares, becauſe LXR is a right angle. therefore the 
ſquare of AB is equal to the ſquare of RL, and the ſtraight 
line AB to RL. but each of the ſtraight lines BC, DE, EF, 
GH, HK is equal to AB, and each of the two RM, RN is e- 
qual to RL. wherefore AB, BC, DE, EF, GH, HK are each 
of them equal to each of the ſtraight lines RL, RM, RN. and 
becauſe RL, RM, are equal to AB, BC, and the baſe LM to 
the baſe AC; the angle LRM is equal o to the angle ABC. 
for the ſame reaſon, the angle MRN is equal to the angle 
DEF, and NRL to GHK. Therefore there is made a ſolid 


angle at R, which is contained by three plane angles LRM, 


MRN, NRL, which are equal to the three given plane angles 
ABC, DEF, GHK, each to each. Which was to be done. 
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plane CAE the ſtraight 


_ ſtraight lines MG, MN at right angles to BF; therefore the 


qual to MG, and AD to BG, for the ſame reaſon, in the“ 26. 1. 
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| Book XT- 
PROP. A THE ORA. | 


F each of two ſolid angles be contained by three plane dee X. 
angles equal to one another, each to each; the planes 


in which the equal angles are, have the fame inclination 
ro one another. 


Let there be two ſolid angles at the points A, B; and let 
the angle at A be contained by the three plane angles CAD, 
CAE, EAD; and the angle at B by the three plane angles 
FBG, FBH, HBG; of which the angle CAD is equal to the 
angle FBG, and CAE to FBH, and EAD to HBG. the planes 
in which the equal angles are, have the fame inclination to 
one another, 

In the ſtraight line AC take any point K, and in the plane 


CAD from K draw the ſtraight line KD at right angles 
to AC, and in the 


line KL at right angles 
tothe fame AC, there- 
fore the angle DEL is 
the inclination* of the 
plane CAD to the, 
plane CAE. in BF 
take BM equal to AK, 


and from the point M draw, in the planes FBG, FBH, the 


angle GMN is the inclination * of the plane FBG to the plane 
FBH. join LD, NG; and becauſe in the triangles KAD, 
MBG, the angles KAD, MBG are equal, as alſo the right 
angles AED, BMG, and that the ſides AK, BM, adjacent to 
the equal angles, are equal to one another, therefore KD is e- 


triangles KAL, MBN, KL is equal to MN, and AL to BN, 

and in the triangles LAD, NBG, LA, AD are equal to NB, 

BG, and they contain equal angles; therefore the baſe LD i 

equal © to the baſe NG, laſtly, in the triangles KLD, MNG, .. 
the ſides DK, KL are cqual to GM, MN, and the baſe LD-ts 

the baſe NG; therefore the angle DKL is equal © to the angle d. 8. 1. 
GMN. but the angle DEL is the inclination of the plane 
CAD to the plane CAE, and the angle GMN is the inclina- 


O 3 tion 
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1 — XI. tion of the plane FBG. to the plane FBH, which planes ban 
eiii. therefore the ſame inclination © to one another. and in the 
| | ſame manner it may be demonſtrated, that the other planes in 
5 which the equal angles are, have the ſame inclination to one 


another. Therefore if two ſolid angles, &c. Q. E. D. 


PROP. B. THE OR. 


| See N. F two ſolid angles be contained, each by three plane 
| angles which are equal to one another, each to each, 
and alixe ſituated; theſe ſolid angles are equal to one an- 
other, 


Let there be two folid angles at A and B, of which the ſo- 
lid angle at A is contained by the three plane angles CAD, 
CAE, EAD; and that at B, by the three plane angles FBG, 
FBH, HBG; of which CAD is equal to FBG; CAE to FBH; 
and EAD to HBG. the ſolid angle at A, is equal to the ſo- 
lid angle at B. 

Let the ſolid angle at A be applied to the ſolid angle at B; 
and firſt, the plane angle CAD being applied to- the plane 
angle FBG, ſo as the point A may coincide with the point B, 
and the ſtraight line AC with BF; — AD 8 with 
BG, becauſe the angle CAD 
is equal to the angle FBG. and A 
becauſe the inclination of the 
plane CAE to the plane CAD /\ A 

E 


2. A. 11. is equal * to the inclination of HL \. 


the plane FBH to the plane 
FBG, the plane CAE coin- 
cides with the plane FBH, becauſe the planes CAD, FBG coin- 
cide with one another, and becauſe the ſtraight lines AC, BF 
coincide, and that the angle CAE is equal to the angle FBH, 
therefore AE coincides with BH. and AD coincides with BG, 
wherefore the plane EAD coincides with the plane HBG. 
therefore the ſolid angle A coincides with the ſolid angle B, 
.. Ax. 1. and conſcquently they are equal ® to one another. Q. E. D. 
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| Book XI. 
PROP, C. THEOR, F 


3 figures contained by the ſame number of equal See K. 


and ſimilar planes alike ſituated, and having none of 
their ſolid angles contained by more than three plane 
angles; are equal and ſimilar to one another. 


Let AG, KQ be two ſolid figures contained by the ſame 
number of ſimilar and equal planes, alike ſituated, viz, let the 
plane AC be fimilar and equal to the plane KM; the plane 
AF to KP; BG to LQ; GD to N; DE to NO; and laſt- 
ly, FH fimilar and equal to PR. the ſolid figure AG is equal 
and ſimilar to the ſolid figure K. 

Becauſe the ſolid angle at A is contained by the three olane 
angles BAD, BAE, EAD, which, by the Hypotheſis, are e- 
qual to the plane angles LEN, LEO, OKN which contain 
the ſolid angle at K, each to each; therefore the ſolid angle 


at A is equal * to the ſolid angle at K. in the ſame manner, . B. 11. 


the other ſolid angles of the figures are equal to one another. 


If then the ſolid figure AG be applied to the ſolid figure K. 


firſt, the plane fi- 
gure AC being H G R 2 


applied to the plane E 
figure KM; the | 
ſtraight line AB D 


coinciding with 


KL, the figure AC A 


K L 


muſt coincide with 


the figure KM, becauſe they are equal and ſimilar. therefore 
the ſtraight lines AD, DC, CB coincide with KN, NM, ML, 
each with each; and the points A, D, C, B with the points 
K, N, M, L. and the ſolid angle at A coincides * with the 
ſolid angle at K; wherefore the plane AF coincides with the 
plane KP, and the figure AF with the figure KP, becauſe they 
are equal and ſimilar to one another. therefore the ſtraight 
lines AL, EF, FB coincide with KO, OP, PL; and the points 
E, F with the points O, P. In the ſame manner, the figure 
AH coincides with the figure KR, and the ſtraight line DH 
with NR, and the point H with the point R. and becauſe the 


| ſolid angle at B is equal to the ſolid angle at L, it may be pro- 


ved in the ſame manner, that the figure BG coincides with 
O 4 the 
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Book XI the figure LQ, and the ſtraight line CG with MO, and the 
point G with the point Q. ſince therefore all the planes and 
ſides of the ſolid figure AG coincide with the planes and ſides 
of the ſolid figure K. AG is equal and fimilar to KQ. and 
in the ſame manner, any other ſolid figures whatever contain- 
ed by the ſame number of equal and ſimilar planes, alike fi- 
tuated, and having none of their ſolid angles contained by 


more than three plane angles, may be proved to be equal and 
ſimilar to one another. Q. E. D. 


Nor. THEOR,; 


mila 


milar 


* 1 F a ſolid be contained by fix planes, two and two of L 
1 which are parallel; the oppoſite planes are ſimilar whic 
1 and equal parallelograms. | * | 
1 Let the ſolid CDG Hübe contained by the parallel planes ne 
1 AC, GF; BG, CE; FB, AE. its oppoſite planes are ſimilar p 
1 | and equal parallelograms. nds 
| Becauſe the two parallel planes, BG, CE are cut by the OA 
2. 16. 11. plane AC, their common ſections AB, CD are parallel“. a- HQ 
gain, becauſe the two paralle] planes BF, AE are cut by the the? 
48 plane AC, their common ſections AD, BC are parallel *. and 
W AB is parallel to CD; therefore AC is a parallelogram. in 
1 like manner, it may be proved that B 14 
| | each of the figures CE, FG, GB, ; 
I | BF, AE is a parallelogram. join A 6 | 
| AH, DF; and becauſe AB is pa- | 
= rallel to DC, and BH to CF; the 
.- two ſtraight lines AB, BH, which C F 
; | | meet one another, are parallel to 1 
3 DC and CF which meet one an- D L | LO, 
1 other, and are not in the ſame KB, 
plane with the other two; wherefore they contain equal they 
„ 4. angles“; the angle ABH is therefore equal to the angle DCF. ralle 
| and becauſe AB, BH are equal to DC, CF, and the angle HG, 
| | ABH equal to the angle DCF, therefore the baſe AH is e- of th 
q . 47. qual to the baſe DF, and the triangle ABH to the tri- lid K 
i | 4. 34 1. angle DCF. and the parallelogram BG is double * of the tri- plane 
in angle ABH, and the parallelogram CE double of the triangle in th 
Ba DCF; therefore the parallelogram BG is equal and Gmi- ed by 
| lar to the parallelogram CE. in the ſame manner, it may LP, 
be proved that the parallelogram AC is equal and ſi- the t] 


he 


— 
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milar to the parallelogram GF, and the parallelogram AE to Book XI. 
BF. Therefore if a ſolid, &c. Q. E. D. 


PROP, WV. THEO. 


F a ſolid parallelepiped be cut by a plane parallel to 5 x. 
two of its oppoſite planes; it divides the whole into 

two ſolids, the baſe of one of which ſhall be to the baſe 

of the other, as the one ſolid is to the other, 


Let the ſolid parallelepiped ABCD be cut by the plane EV, 
which is parallel to the oppoſite planes AR, HD, and divides 
the whole into the two ſolids ABFV, EGCD; as the baſe 
AEF of the firſt is to the baſe EHCF of the other, ſo is the 
ſolid ABFV to the ſolid EGCD. 

Produce AH both ways, and take any number of ſtraight 
lines HM, MN each equal to EH, and anv number AK, KL 
each equal to EA, and complete the parallelograms LO, KY, 
H, MS, and the ſolids LP, KR, HU, MT. then becauſe 
the ſtraight lines LK, KA, AE are all equal, the parallelograms 
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— 


7 
LO, KY, AF are equal a. and likewiſe the parallelograms KX, a. 36. . 
KB, AGa; as alſo d the parallelograms LZ, KP, AR, becauſe b. 24. 11. 
they are oppoſite planes. for the ſame--reaſon, the pa- 
rallelograms EC, HQ, MS are equal *; and the parallelograms 
HG, HI, IN, as alſo > HD, MU, NT. therefore three planes 
of the ſolid LP, are equal and fimilar to three planes of the ſo- 

lid KR, as alſo to three planes of the ſolid AV. but the three 
planes oppoſite to theſe three are equal and ſimilar b to them 

in the ſeveral ſolids, and none of their ſolid angles are contain- 

ed by more than three plane angles. therefore the three ſolids 

LP, KR, AV are equal © to one another. for the ſame reaſon, c C. 11. 
the three ſolids ED, HU, MT are equal to one another, there- 


fore 
þ 
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Book XI. fore what multiple ſoever the baſe LF is of the baſe AF, the 
ſame multiple is the ſolid LV of the ſolid AV. for the ſame 
reaion, whatever multiple the baſe NF is of the baſe HF, the 
ſame multiple is the ſolid NV of the ſolid ED. and if the baſe 
c.. LF be equal to the baſe NF, the ſolid LV is equal © to the ſo- 
lid NV; and if the baſe LF be greater than the baſe NF, the 
ſolid LV is greater than the ſolid NV; and if leſs, leſs. ſince 
then there are four magnitudes, viz, the two baſes AF, FH, 
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and the two ſolids AV, ED, and of the baſe AF and ſolid AV, 
the baſe LF and ſolid LV are any equimultiples whatever; and 
or the baſe FH and ſolid ED, the baſe FN and ſolid NV are a- 
ny equimultiples whatever; and it has been proved, that if 
the baſe LF is greater than the baſe FN, the ſold LV is greater 
than the ſolid NV; and if equal, equal; and if leſs, leſs. 

4.5. Det. 5, Therefore © as the baſe AF is to the baſe FH, ſo is the ſolid 

AV to the ſolid ED, Wherefore if a ſolid, &c. Q. E. D. 


PROP, XXVI, FOB. 


See RN. T a given point in a given ſtraight line, to make , 
ſolid angle equal to a given ſolid angle contained by 
three plane angles. 


Let AB be a given ſtraight line, A a given point in it, and 
D a given ſolid angle contained by the three plane angles EDC, 
EDF, FDC. it is required to make at the point A in the 
{ſtraight line AB a ſolid angle equal to the ſolid angle D. 
In the ſtraight line DF take any point F, from which draw 
2 11.11, FG perpendicular to the plane EDC, meeting that plane in 
| G ; join DG, and at the point A in the ſtraight line AB 
b. 23. 1. make ® the angle BAL equal to the angle EDC, and in the 
plane BAL make the angle BAK equal to the angle EDG; 


c. 12. 11. then make AK equal to DG, and from the point K erect © KH, 
| at 


oo 


, the 
ſame 
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at right angles to the plane BAL; and make KH equal to Book — 


GF, and join AH. then the ſolid angle at A which is con- 
tained by the three plane angles BAL, BAH, HAL is equal 
to the ſolid angle at D contained by the three plane angles 
EDC, EDF, FDC. 

Take the equal ſtraight lines AB, DE, and j join HB, KB, 
FE, GE. and becauſe FG is perpendicular to the plane EDC, 
it makes right angles © 
that plane, therefore each of the angles FGD, FGE is a right 
angle. for the ſame reaſon, HKA, HKB are right angles. and 
becauſe KA, AB are equal to GD, DE, each to each, and 


contain equal angles, therefore the baſe BK is equal, to thee. 4. . 


baſe EG. and KH is equal to GF, and HKB, FGE, are right 
angles, therefore HB is equal e to FE. again, becauſe AR, 
KH are equal to DG, GF, and contain right angles, the 
baſe AH is equal to the baſe DF; and AB is equal to DE; 

therefore HA, AB are equal to FD, DE, and the baſe HB is 
equal to the baſe FE; A 

therefore the angle ; | 

BAH is equal * to 


the angle EDF. for 750 


the ſame reaſon, the 
angle HA is equal B 1. E. C 
9 4 


to the angle FDC. K 
becauſe if AL and H 
DC be made equal, 


with every ſtraight line meeting it in d. 3. Def.:r. 


and KL, HL, GC, FC be joined, ſince the whole angle BAL - 


is equal to the whole EDC, and the parts of them BAK, EDG 
are, by the conſtruction, equal; therefore the remaining angle 
KAL is equal to the remaining angle GDC. and becauſe KA, 
AL are equal to GD, DC, and contain equal angles, the baſe 
KL is equal © to the baſe GC, and KH is equal to GF, fo that 
LK, KH are equal to CG, GF, and they contain right angles; 
therefore the baſe HL is equal to the baſe FC, again, becauſe 


HA, AL are equal to FD, DC, and the baſe HL to the baſe 


FC, the angle HAL is equal f to the angle FDC. therefore 
becauſe the three plane angles BAL, BAH, HAL which contain 
the ſolid angle at A, are equal to the three plane angles EDC, 
EDF, FDC, which contain the ſolid angle at D, each to each, 
and are ſituated in the ſame order; the folid angle at A is e- 


qual s to the ſolid angle at D. Therefore at a given point in“ B. 1 


a given 
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Book XI. a given ſtraight line a ſolid angle has been made equal to a gi. 
ven ſolid angle contained by three plane angles, Which was 
to be done, 


| I 
PROP. XXVII, PROB. I 


O deſcribe from a given ſtraight line a ſolid paralle. 
lepiped ſimilar, and ſimilarly fituated to one given. 


Let AB be the given ſtraight line, and CD the given ſolid 
parallelepiped. It is required from AB to deſcribe a ſolid pa- 
rallelepiped ſimilar, aud ſimilarly ſituated to CD. 

2. 26. 11, At the point A of the given ſtraight line AB make“ a ſolid 
angle equal to the ſolid angle at C, and let BAK, KAH, HAB 
be the i $26 plane angles which contain it, ſo that BAK be e- 
qual to the angle ECG, and KAH te GCF, and HAB to 
b. 12. 6s FCE. and as EC to CG, ſo make d BA to AK, and as GC to 
& 22. 3. CF, ſo make KA to AH; wherefore, ex aequali ©, as EC to 
CF, ſo is BA to AH. complete the parallelogram BH, and 
the ſolid AL. and I. 
becauſe, as EC to 
» H | 
CG, ſo BA to AK, N NM 
the ſides about the | 


equal angles ECG, | 
BAK are proporti- K | 
onals; therefore the 
paralelogram BK is 
{ſimilar to EG. for A 5 
the ſame reaſon the parallelogram KH is ſimilar to GF, and 
HB to FE. wherefore three parallelograms of the ſolid AL 
are ſimilar to three of the ſolid CD; and the three oppoſite 
d. 24 1. Ones in each ſolid arc equal d and Gmilar to theſe, each to each. 
alſo, becauſe the plane angles which contain the ſolid angles of 
A the figures are equal, each to each, and ſituated in the ſame or- 
e. n. 11, der, the ſolid angles are equal ©, each to each. Therefore the 
£11. Def. 11. ſolid AL is ſimilar f to the ſolid CD, wherefore from a given 
ſtraight line AB a ſolid par allelepiped AL has been deſcribed 
ſimilar, and ſimilar ly ured to the giyen one C D. Which 
was to be done. 
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Book XT. 


PROP. XXVIII. THE OR. e 


F a ſolid parallelepiped be cut by a plane paſſing thro! 5% x. 
the diagonals of two of the oppoſite planes; it ſhall 
be cut into two equal parts. 


Let AB be a ſolid parallelepiped, and DE, CF, the diago- 
nals of the oppoſite parallelograms AH, GB, viz. thoſe which 
are drawn betwixt the equal angles in each. and becauſe CD, 
FE are each of them parallel to GA, and not in the ſame plane 
with it, CD, EF are parallel “; wherefore the diagonals CF, * 9- 11. 


DE are in the plane in which the pa- 
rallels are, and are themſelves paral- 
lels b. and the plane CDEF ſhall cut 
the ſolid AB into two equal parts. 
Becauſe the triangle CGF is equal 
* to the triangle CBF, and the triangle 
DAE to DHE; and that the paral- 
lelogram CA is equal“ and ſimilar to 


CG. 


B 


| 


| 


DL 


— 


H 


146 ut 


c. 34. 1. 


Vs d. 24. 11. 
the oppoſite one BE; and the paral- A 
lelogram GE to CH: therefore the priſm contained by the 
two triangles CGF, DAE, and the three parallelograms CA, 
GE, EC, is equal“ to the priſm contained by the two triangles e. c. 11. 
CBF, DHE, and the three parallelograms BE, CH, EC; be- 
cauſe they are contained by the ſame number of equal and ſi- 
milar planes, alike ſituated, and none of their ſolid angles are 
contained by more than three plane angles. Therefore the ſo- 
lid AB is cut into two equal parts by the plane CDEF. 
Q. E. D. 


ſit 
n 10 dach. N. B. The infiſting ſtraight lines of a paralelepiped. men- 
angles of tioned in the next and ſome following Propoſitions, are the 
ame or- fides of the parallelograms betwixt the baſe and the oppoſite 
: Cs the * plane parallel to it,” 
Added PROP. XXIX. THEOR. 
Which 


PROP. 


OLID parallelepipeds upon the ſame baſe, and of the See x. 
ſame altitude, the inſiſting ſtraight lines of which 
are terminated in the ſame ſtraight lines in the plane op- 
oſite to the baſe, are equal to one another. 


Let 
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Book XI. Let the ſolid parallelepipeds AH, AK be upon the ſame baſe 
Sce the fi- AB, and of the ſame altitude, and let their infiſting ſtraight 


gures below. 


b. 34. r. 


c. 38. 1. 
d. 36. 1. 


e. 24. 11, 


D 


lines AF, AG, LM, LN; CD, CE, BH, BK be terminated in 
the ſame ſtraight lines FN „DK. the ſolid AH is equal to the 
ſolid AK. 

Firſt, Let the parallelograms DG, HN which are oppoſite 
to the baſe AB have a common fide HG. then becauſe the ſo- 
lid AH is cut by the plane AGHC paſling through the diago- 
nals AG, CH of the oppoſite planes ALGF, CBHD, AH is 
cut into two equal parts * by the plane AGHC. therefore the 


ſolid AH is double of the xy H K 
priſm which is contained by 5 IG 42 
the triangles ALG, CBH. for — * N 


the ſame reaſon, becauſe the 
ſolid AK is cut by the plane C RV g R 
LGHB through the diagonals | —> 
LG, BH of the oppoſite planes A OE. 
ALNG, CBKH, the ſolid AK is double of the ſame priſn 
which is contained by the triangles ALG, CBH. Therefore 
the ſolid AH is equal to the ſolid AK. 

But let the parallelograms DM, EN oppoſite to the baſe 
have no conimon ſide. then becauſe CH, CK are parallelo- 
grams, CB is equal to each of the oppoſite ſides DH, EK; 
wherefore DH is equal to EK. add, or take away the common 
part HE; then DE is equal to HK. wherefore alſo the tri- 
angle CDE i is equal © to the triangle BHK, and the parallelo- 
gram DG is equal d to the parallelogram HN. for the ſame 
reaſon, the triangle AFG is equal to the triangle LMN, and 
the parallelogram CF is equal © to the parallelogram BM, and 
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CG to EN; for they are oppoſite. Therefore the priſm which 
is comained by the two triangles AFG, CDE, and the three 
parallelograms AD, DG, GC is equal f to the priſm, contain- 
ed by the two triangles LMN, BHK, and the three parallelo- 


grams BM, MK, KL. If therefore the priſm LMN, BHK be 
take" 
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taken from the- ſolid of which the baſe is the parallelogram Book XI, 
AB, and in which FDEN is the one oppoſite to it; and if e 
from this ſame ſolid there be taken the priſm AFG, CDE; 
the remaining ſolid, viz the parallelepiped AH, is equal to the 


remaining parallelepiped AK. Therefore ſolid parallelepipeds, 
&c. Q. E. D. 


PROP. XXX. THE OR. 


3 parallelepipeds upon the ſame baſe, and of the gee x. 
ſame altitude, the inſiſting ſtraight lines of which are 

not terminated in the ſame ſtraight lines in the plane op- 

poſite to the baſe, are equal to one another. 


Let the parallelepipeds CM, CN be upon the ſame baſe AB, 
and of the ſame altitude, but their inſiſting ſtraight lines AF, 
AG, LM, LN, CD, CE, BH, BK not terminated in the ſame 
ſtraight lines, the ſolids CM, CN are equal to one another. 

Produce FD, MH, and NG, KE, and let them meet one 
another in the points O, P, QR; and join AO, LP, BO, 
CR. and becauſe the plane LBHM is parallel to the oppoſite 


plane ACDF, and that the plane LBHM' is that in which are 
the parallels LB, MHPOQ , in which alſo is the figure BLPQ ; 
and the plane ACDF is that in which are the parallels AC, 
FDOR, in which alſo is the figure CAOR ; therefore the fi- 
gures BLPQ , CAOR are in parallel planes. in like manner, 
becauſe the plane ALNG is parallel to the oppoſite plane CBKE, 
and that the plane ALNG is that in which are the parallels 


AL, 
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Book XI. AL, OPGN, in which alſo is the figure ALPO; and the plane 


CBKE is that in which are the parallels CB, RQEK, in which 
alſo is the figure CBQR; therefore the figures ALPO, CBQR 
are in parallel planes. and the planes ACBL, ORQP are pa- 
rallel ; therefore the ſolid CP is a parallelepiped.. but the ſo- 
lid CM of which the baſe is ACBL, to which FDHM is the 
oppoſite parallelogram, is equal to the ſolid CP of which the 


baſe is the parallelogram ACBL, to which oO is the one 
oppoſite; becauſe they are upon the ſame baſe, and their 


inſiſting ſtraight lines AF, AO, CD, CR; LM, LP, BH, BO. 


are in the ſame ſtraight lines FR, MQ. and the ſolid CP is e- 
qual *to the ſolid CN, for they are upon the ſame baſe ACBL, 
and their inſiſting ſtraight. lines AO, AG, LP, LN ; CR, CE, 
BQ , BK are in the ſame ſtraight lines ON, RK. therefore the 
ſolid CM is equal to the folid CN, Wherefore ſolid parallele- 
pipeds, &c. Q. E. D. 


PROF. M. TT HE.OR, 


OLID parallelcpipeds which are upon equal baſes, and 
of the fame altitude, are equal to one another. 


+ the ſolid parallelepipeds AE, CF, be upon equal baſes 
AB, CD, and be of the ſame altitude; the ſolid AE is equal 
to the ſolid CF, 

Firſt, Let the infiſting ſtraight lines be at right angles to the 


baſes AB, CD, and let the baſes be placed in the ſame plane, 
and 
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ved. therefore as the ſolid AE to the ſolid LR, ſo is the ſolid 
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and ſo as that the ſides CL, LB be in a ſtraight line; there- Book XI. 
fore the ſtraight line LM which is at right angles to the plane > Ts 
in which the baſes are, in the point L, is common * to the two . 13. 17. 
ſolids AE, CF; let the other inſiſting lines of the ſolids be 

AG, HK, BE; DF, OP, CN. and firſt, let the angle ALB be 

equal to the angle CLD; then AL, LD are in a ſtraight line b. b. 14. 1. 
produce OD, HB, and let them meet in Q, and complete the 

ſolid parallelepiped LR the baſe of which is the parallelogram 

LQ , and of which LM is one of its inſiſting ſtraight lines, 
therefore becauſe the parallelogram AB is equal to CD, as the 

baſe AB is to the baſe LQ, ſo is © the baſe CD to the ſame« 7. 8. 
LQ. and becauſe the ſolid parallelepiped AR is cut by the 
plane LMEB which is parallel to the oppoſite planes AK, DR; | 
as the baſe AB is to the baſe LO, ſo is © the ſolid AE to the d. 25. 11. 
ſolid LR. for the ſame reaſon, becauſe the ſolid parallelepiped 

CR is cut by the plane LMFD which is parallel to the e 

planes CP, BR; as ; 

the baſe CD to the 8 N K * N - 
baſe LQ, ſo is the | =I0 

ſolid CF to the ſo- Gr ET 
lid LR. but as the 0 D 11 | 
baſe AB to the baſe - Bl 
LQ , ſo the baſe CD — | 
to the baſe LQ, C L it — 

as before was pro- A S HT 


X 


CF to the ſolid LR; and therefore the ſolid AE is equal to 9. 5 
the ſolid CF. 
But let the ſolid parallelepipeds 8E, CF be upon equal baſes 
SB, CD, and be of the ſame altitude, and let their inſiſting 
ſtraight lines be at right angles to the baſes; and place the 
baſes SB, CD in the ſame plane, ſo that CL, LB be in a ſtraight 
line; and let the angles SLB, CLD be unequal ; the ſolid SE 
is alſo in this caſe equal to the ſolid CF. produce DL, TS un- 
til they meet in A, and from B draw BH parallel to DA; and 
let HB, OD produced meet in Q and complete the ſolids AE, 
LR. therefore the ſalid AE of which the baſe is the parallelo- 
gram LE, and AK the one oppoſite to it, is equal f to the ſo- f. 9. ir 
lid SE of which the baſe is LE, and to which SX is oppoſite; 
for they are upon the ſame baſe LE, and of the fame altitude, 
and their inſiſting ſtraight lines, viz. LA, LS, BH, BT; MG, 
MV, EK, EX are in the ſame ſtraight lines AT, „&. and be- 


P caufe 
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Book XI. cauſe the parallelogram AB is equal “ to SB, for they are up- 


on the ſame baſe LB, and between the fame parallels LB, AT; 


- and that the baſe p F R 


SB is equal to the 

baſe CD : therefore 8 — E 
the baſe AB is equal of 7 E 
to the baſe CD, and 0 D _Q | 
the angle ALB is e- | | B 
qual to the angle 

CLD. therefore, by C L S — 

the firſt caſe, the ſo- A S H T 

lid AE is equal to the ſolid CF; but the ſolid AE is equal to 
the ſolid SE, as was demonſtrated; therefore the ſolid SE is 
equal to the ſolid CF. 

But if the inſiſting ſtraight lines AG, HK, BE, LM; CN, 
RS, DF, OP, be not at right angles to the baſes AB, CD; in 
this caſe likewiſe the folid AE is equal to the folid CF. from 
the points G, K, E, M; N, 8, F, P, draw the ftraight lines 
GQ KT, EV, MX; NY, SZ, FI, PU, perpendicular h to the 
plane in which are the baſes AB, CD; and let them meet it in 
the points Q T, V, X; I, Z, I. U, and join QT, TV, VX. 
XQ; YZ, ZI, IU, U. then becauſe GQ, KT, are at right 


X 


7* | 


angles to the ſame plane, they are parallel | to one another, 
and MG, EK are parallels; therefore the planes MQ , ET of 
which one paſſes through MG, GQ , and the other through 
EK, KT which are parallel to MG, GQ , and not in the ſame 
plane with them, are parallel * to one another. for the ſame 
reaſon, the planes MV, GT are parallel to one another. there- 
fore the ſolid QE is a parallelepiped. in like manner, it may 
be proved, that the ſolid IF is a parallelepiped. but from 
what has been demonſtrated, the ſolid EQ is equal to the ſolid 
FY, becauſe they are upon equal baſes MK, PS, and of the 
ſame altitude, and have their inſiſting ſtraight lines at right angles 

| y to 
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to the baſes. and the ſolid EQ is equal | to the ſolid AE; and Book XI, 


the ſolid FV to the ſolid CF; becauſe they are upon the ſame l. 29. or, 


baſes and of the ſame altitude. therefore the ſolid AE is equal 
to the ſolid CF, Wherefore ſolid parallelepipeds, &c. Q. E. D. 


PROP. XXXII. THE OR. 


Sm parallelepipeds which have the ſame altitude, te x. 


are to one another as their baſes, 


Let AB, CD be ſolid parallelepipeds of the ſame altitude. 


they are to one afiother as their baſes; that is, as the baſe AE 
to the baſe CF, ſo the ſolid AB to the ſolid CD. 


To the ſtraight line FG apply the parallelogram FH equal ** Cr. 45 "+ 


to AE, ſo that the angle FGH be equal to the angle LCG; 
and complete the folid parallelepiped GK upon the baſe FH, 
one of whoſe inſiſting lines is FD, whereby the ſolids CD, GK 


muſt be of the ſame altitude, therefore the ſolid AB is equal b. 31. 11. 


to che ſolido K, 3 _ 1 


becauſe they are | > 
upon equal ba- | 1 O REAN 
ſes AE, FH, \ 
and are of the -|— IE} | 

ſame altitude. X Y \ E 

and becauſe the 
ſolid parallele- A M C | 


G H 


piped CK is cut by the plane DG which is parallel td its oppo- 
ſite planes, the baſe HF is to the baſe FC, as the ſolid HD to“ 28. 


the ſolid DC. but the baſe HF is equal to the baſe AE, and 
the ſolid GE to the ſolid AB. therefore as the baſe AE to 
the baſe CF, ſo is the ſolid AB to the ſolid CD. Wherefore 
ſolid parallelepipeds, &c. Q. E. D 


Cor, From this it is manifeſt chat priſms upon triangular 


baſes, of the ſame altitude, are to one another as their baſes. 
Let the priſms, the baſes of which are the triangles AEM, 
CFG, and NBO, PDO the triangles oppoſite to them, have 
the ſame altitude; and complete the parallelograms AE, CF, 
and the ſolid parallelepipeds AB, CD, in the firſt of which let 
MO, and ia the other ler G be one of the. inſiſting lines. and 
becauſe the ſolid parallelepipeds AB, CD have the fame alti- 


rude, 1. are to one another as the baſe AE is to the haſe 


1 CF; 


30. 11. 


11. 
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grams of the ſolid C F N E 


aand ſimilar totheſe. 
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Book XI. Cy; wherefore the priſms, which are their halves d, are to 
d. 28. 11. 


one another as the baſe AE to the baſe CF; chat is, as the 
triangle AEM to the triangle CFG. 


PROP. XXXIII. THE OR. 


IM1L AA ſolid parallelepipeds are one to another in the 


triplicate ratio of their homologous fides. 


Let AB, CD be ſimilar ſolid parallelepipeds, and the ſide 
AE homologous to the ſide CF. the ſolid AB has to the ſolid 
CD, the triplicate ratio of that which AE has to CF. 
Produce AE, GE, HE, and in theſe produced take EK e- 


qual to CF, EL equal to FN, and EM equal to FR; and com- 


plete the parallelogram KL, and the folid KO. becauſe KE, 
EL are equal to CF, FN, and the angle KEL equal to the 


angle CFN, becauſe the angle AEG is equal to CFN, by rea- 


ſon that the ſolids AB, CD are ſimilar ; therefore the paral- 
lelogram KL is ſimilar and equal to the parallelogram CN, for 
the ſame reaſon, the parallelogram MK is ſimilar and equal to 


CR, and alſo OE to 

FD. therefore three D — _X ; 
parallelograms of 15 H 

the ſolid KO are Ned R | N E 
equal and ſimilar N . 
to three parallelo- T N | | 


CD. and the three 
oppoſite ones in 
each ſolid are equal 


1 
2183 


2 


therefore the ſolid 


KO is equal b and ſimilar to the ſold CD. complete the pa- 


rallclogram GK, and complete the ſolids EX, LP upon the 


baſes GK, KL, ſo that EH be an inſiſting ſtraight line in each 


of them, whereby they muſt be of the ſame altitude with the 
ſolid AB. and becauſe the ſolids AB, CD are ſimilar, and by 


' permutation, as AE is to CF, ſo is EG to FN, and ſo is EH 


to FR; and FC is equal to EK, and FN to EL, and FR to 
EM; ae as AE to EK, ſo is EG to EL, and ſo is HE 


to EM. but as AE to EK, ſo b is the parallelogram AG to 


the 2 Rn GK; and as GE to EL, fo * is GK to KL; 
and 


the 
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and as HE to EM ;fo © is PE to KM. therefore as the parallelo- Book XI. 
gram AG to the parallelogram GK, ſo is GE to KL, and PE c. 1. 6. 

to KM. but as AG to GK, ſo“ is the ſolid AB to the ſolid d. 25. 11. 
EX; and as GK to KL, ſo © is the ſolid EX to the ſolid PL; 
and as PE to KM, ſo d is the ſolid PL to the ſolid KO. and 
therefore as the ſolid AB to the ſolid EX, ſo is EX to PL, 
and PL to KO, but if four magnitudes be continual propor- 
tionals, the firſt is ſaid to have to the fourth the triplicate ra- 
tio of that which it has to the ſecond, therefore the ſolid AB 
has to the ſolid KO, the triplicate ratio of that which AB has 
to EX. but as AB is to EX, ſo is the parallelogram AG to 
the parallelogram GK, and the ſtraight line AE to the ſtraight 
line EK. wherefore the ſolid AB has to the ſolid KO, the tri- 
plicate ratio of that which AE has to EK. and the ſolid KO, 
is equal to the ſolid CD, and the ſtraight line EK is equal to «| 
the ſtraight line CF, Therefore the ſolid AB has to the ſolid [id 
CD, the triplicate ratio of that which the ſide AE has to the 
homologous fide CF, &c. Q. E. D. 


Cor. From this it is manifeſt, that if four ſtraight lines be 
continual proportionals, as the firſt is to the fourth, ſo is the 
ſolid parallelepiped deſcribed from the firſt to the ſimilar ſolid 
ſimilarly deſcribed from the ſecond; becauſe the firſt ſtraight 
line has to the fourth, the triplicate ratio of that which it has 
to the ſecond, 


PROP. D. THE OR. 


Sori parallelepipeds contained by parallelograms e- See N. 
quiangular to one another, each to each, that is, of 
- which the ſolid angles are equal, each to each; have to 
e one another the ratio which is the ſame with the ratio 
compounded of the ratios of their ſides. 


d 


Let AB, CD be ſolid parallelepipeds, of which AB i is con- 
tained by the parallelograms AE, AF, AG equiangular, each 
to each, to the parallelograms CH, CK, CL which contain the 
ſolid CD. the ratio which the ſolid AB has to the ſolid CD is 
the ſame with that which is compounded of the ratios of the 
tides AM to DL, AN to DK, and AO to DH. 

P 3 Produce 


© 1090 mA 


N wo 
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Book XI: Produce MA, NA, OA to P. Q, R, ſo that AP be equal 
to DL, AQ to DK, and AR to DH ; and complete the ſolid 
parallelepiped AX contained by the parallelograms AS, AT, 
AV ſimilar and equal to CH, CK, CL, each to each. therefore 
* S in. the ſolid AX is equal to the ſolid CD. complete likewiſe 
the ſolid AY the baſe of which is AS, and of which AO is 
one of its inſiſting ſtraight lines. Take any ſtraight line a, 
and as MA to AP, ſo make a to b; and as NA to AQ, fo 
make b ta c; and as OA to AR, ſoc to d. then becauſe the 
parallelogram AE is equiangular to AS, AE is to AS, as the | 
ſtraight line a to c, as is demonſtrated in the 23. Prop. Book 
6. and the ſolids AB, AY, being betwixt the parallel planes 
BOY, EAS, are of the ſame altitude. therefore the ſolid AB 
b. 32. 11, is to the ſolid AY, as® the baſe AE to the baſe AS; that is, 
as the ſtraight line a is to c. and the ſolid AY is to the ſolid 


B G 


— 


M 


. 1 £ P 


AS, 

5 
re T 
Vx 
c. 25. 1 AX, as © the baſe OQ is to the baſe QR; that is, as the ſtraight 
line OA to AR; that is, as the ſtraight line c to the ſtraight 
line J. and becauſe the ſolid AB is to the ſolid AY, as a is to 
c, and the ſolid AY to the ſolid AX, as c is to d; ex aequali, 
the ſolid AB is to the ſolid AX, or CD which is equal to it, 
as the ſtraight line a is to d. but the ratio of a to d is faid to 

d. Def. A. 5. be compounded 4 of the ratios of a to b, b to c, andc to d, 
which are the ſame with the ratios of the ſides MA to AP, NA 
to AQ , and OA to AR, each to each. and the ſides AP, AQ, 
AR are equal to the ſides DL, DK, DH, each to each. There- 
fore the ſolid AB has to the ſolid CD the ratio which is the 
ſame with that which is compounded of the ratios of the ſides 
AM to DL, AN to DK, and AO to DH. Q_E. D. 


PROP. 


ps a. nn: no. a. aaa. ET eds $4 ax Ä e..ae co 


. oe. a. M_d Bed = od: a. ove ao A. an 


OF EUCLID, 1 
x e 5 Book x7 | 
| ' PROP. XXXIV. THEOR, — 


HE baſes and altitudes of equal ſolid parallelepipeds, see x. 


are reciprocally proportional ; and if the baſes and 
altitudes be reciprocally proportional, the folid parallele- 


pipeds are equal. 
Let AB, CD be equal ſolid parallelepipeds; their vaſes are 


: reciprocally proportional to their altitudes; that is, as the baſe 
þ EH is to the baſe NP, ſo is the altitude of the ſolid CD to the 
S altitude of the ſolid AB. : 
; Foirſt, Let the inſiſting ſtraight lines AG, EF, LB, HK; 
F CM, NX, OD, PR be at right angles to the baſes. as the baſe 
1 EH to the baſe NP, ſo is 
CM to AG. if the baſe K B R D 
EH be equal to the baſe G F X 
NP, then becauſe the ſo- | | 
lid AB is likewiſe equal L | | 
to the ſolid CD, CM thall HL -K ff 
be equal to AG. becauſe h | . 
if the baſes EH, NP be e- A C N 
qual, but the altitudes AG, CM be not equal, neither ſhall the 
ſolid AB be equal to the ſolid CD. but the ſolids are equal, 
by the Hypotheſis. therefore the altitude CM is not unequal 
to the altitude AG; that is, they are equal. wherefore as the 
baſe EH to the baſe NP, ſo is CM to AG. 
7 Next, let the baſes EH, NP not be equal, but EH greater 
* than the other. ſince then the ſolid AB is equal to the ſolid 
- CD, CM is therefore R 0 
; greater than AG, for 3 
ty if it be not, neither al- K | IH IX 
5 ſo, in this caſe, would — * 
the ſolids AB, CD be F SL 
4 equal, which, by the = 
hypotheſis, are equal. ,.' p _tb5 . 
4 Make then CT equal to Hl 1 D N| 
by AG, and complete the A E | 8 N 
1 ſolid parallelepiped CV | 
of which the baſe is NP, and altitude CT. Becauſe the ſolid 
AB is equal to the ſolid CD, therefore the ſolid AB is to the 
P P 4 ſolid 
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Book XI. ſolid CV, as a the ſolid CD to the ſolid CV. but as the ſolid 


CES 
b. 34. 11. 


c. 25. It, 


& t. & 


AB to the ſolid CV, ſo b is the baſe EH to the baſe NP; for 
the ſolids AB, CV are of the ſame altitude; and as the ſolid 
CD, to CV, ſc is the baſe MP to the baſe PT, and ſo 4 
the ſtraight line MC to CT; and CT is equal to AG. there- 
fore as the baſe EH to the baſe NP, ſo is MC to AG. where- 
fore the baſes of the ſolid parallelepipeds AB, CD are recipro- 
cally proportional to their altitudes, 

Let now the baſes of the ſolid parallelepipeds AB, CD be re- 


ciprocally proportional to their altitudes; viz. as the baſe EH 


to the baſe NP, ſo the al- 
titude of the ſolid CD to 
the altitude of the ſolid 
AB; the ſolid AB is e- 
qual to the ſolid CD. let 
the inſiſting lines be, as be- 
fore, at right angles to 
the baſes. then, if the 
baſe EH be equal to the baſe NP, fince EH is to NP, as the 
altitude of the ſolid CD is to the altitude of the ſolid AB, 
therefore the altitude of CD is equal © to the altitude of AB. 
but ſolid parallelepipeds upon equal baſes, and of the fame al- 


OS 


titude are equal to one another; therefore the folid AB is 


equal to the ſolid CD. 
But let the baſes EH, NP be unequal, and let EH be the 

greater of the two. therefore, ſince as the baſe EH to the baſe 

NP, ſo is CM the alti- wn NR D 

tude of the ſolid CD to 

AG the altitude of AB, ID 

CM. ; l K B EU 

is greater than ka | 
AG. again, take CT 'S—> F 1 — 
equal to AG, and com- | | 


plete, as before, the ſo- . 
lid CV. and, becauſe HBSS P 8 0. 
the baſe EH is to the — | 
baſe NP, as CM to AG, A E C N 
and that AG is equal to CT, therefore the baſe EH is to the 
baſe NP, as MC to CT. but as the baſe EH is to NP, ſo ® is the 
ſolid AB to the ſolid CV ; for the ſolids AB, CV are of the 
ſame altitude; and as MC to CT, ſo is the baſe MP to the baſe 
| PT, 


X 


— — 


* 
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ſolid AB to the ſolid CV, fo is the ſolid CD to the ſolid CV; 
that is, each of the ſolids AB, CD has the ſame ratio to the 


ſolid CV; and therefore the ſolid AB is equal to the ſolid CD. 


Second general Caſe. Let the inſiſting ſtraight lines FE, 
BL, GA, KH; XN, DO, MC, RP not be at right angles to 
the baſes of the ſolids; and from the points F, B, K, G; X., 
D. R, M draw perpendiculars to the planes in which are the 
baſes EH, NP, meeting thoſe planes in the points 8, V, V, T; 
Q J. U, Z; and complete the ſolids FV, XU, which are pa- 
rallelepipeds, as was proved in the laſt part of Prop. 31ſt of 
this Book, In this caſe likewiſe, if the ſolids AB, CD be e- 
qual, their baſes are reciprocally proportional to their altitudes, 
viz. the baſe EH to the baſe NP, as the altitude of the ſolid 
CD to the altitude of the folid AB. Becauſe the ſolid AB is 


equal to the ſolid CD, and that the ſolid BT is equal ? to the 32 


3 . II. 


ſolid BA, for they are upon the ſame baſe FK, and of the 
= TT. R - 

M 

GF | 


"Os 2 — FA Q 


xs. RD 
1 CN 
ſame altitude; and that the ſolid DC is equal ® to the ſolid 


DZ, being upon the ſame baſe XR, and of the ſame altitude; 
therefore the ſolid BT is equal to the ſolid DZ. but the baſes 


are reciprocally proportional to the altitudes of equal ſolid pa- 


rallelepipeds of which the inſiſting ſtraight lines are at right 
angles to their baſes, as before was proved. therefore as the 
baſe FK to the baſe XR, ſo is the altitude of the ſolid DZ to 
the altitude of the ſolid BT. and the baſe FK is equal to the 
baſe EH, and the baſe XR to the baſe NP. wherefore. asithe 
baſe EH to the baſe NP, fo is the altitude of the ſolid DZ to 
the altitude of the ſolid BT. but the altitudes of the ſolids 
DZ, DC, as alſo of the ſolids BT, BA are the ſame. There- 
fore as the baſe EH to the baſe NP, ſo is the altitude of the 

ſolid 
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PT, and the ſolid CD to the ſolid © CV. and therefore as the Book XI. 
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| 2 XI. ſolid CD to the altitude of the ſolid AB; chat is, the baſes of 
the ſolid parallelepipeds AB, CD are reciprocally proportional 


to their altitudes, 
Next, Let the baſes of the ſolids AB, CD be reciprocally 


proportional to their altitudes, viz. the baſe EH to the baſe F 
NP, as the altitude of the ſolid CD to the altitude of the ſo- N 
lid AB; the ſolid AB is equal to the ſolid CD. the ſame whi, 
conſtruction being made, becauſe as the baſe EH to the baſe the 1 
NP, ſo is the altitude of the ſolid CD to the altitude of the aboy 


ſolid AB; and that the baſe EH is equal to the baſe FK; and them 
NP to XR; therefore the baſe FK is to the baſe XR, as the firſt. 
altitude of the ſolid CD to the altitude of AB. but the alti- meer 


R D of th 
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tudes of the ſolids AB, BT are the ſame, as alſo of CD and to the 
DZ; therefore as the bafe FK to the baſe XR, ſo is the alti- 
tude of the ſolid DZ to the altitude of the ſolid BT. where- 
fore the baſes of the ſolids BT, DZ are reciprocally propor- 
tional to their altitudes; and their inſiſting ſtraight lines are 
at right angles to the baſes; wherefore, as was before proved, 
the ſolid BT is equal to the ſolid DZ. but BT is equal ; to the 
8 ſolid BA, and DZ to the ſolid DC, becauſe they are upon 
the ſame baſes, and of the ſame altitude. Therefore the ſolid 
AB is equal to the ſolid CD. Q. E. D. 
L, N 3 
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PROP. XXXV. T HE OR. 


F from the vertices of two equal plane angles there be see x. 


drawn two ſtraight lines elevated above the planes in 
which the angles are, and containing equal angles with 
the ſides of thoſe angles, cach to each; and if in the lines 
above the planes there be taken any points, and from 
them perpendiculars be drawn to the planes in which the 
firſt named angles are; and from the points in which they 
meet the planes, ſtraight lines be drawn to the vertices 
of the angles firſt named; theſe ſtraight lines ſhall con- 
tain equal angles with the ſtraight lines which are above 
the planes of the angles. 


Let BAC, EDF be two equal plane angles; and from the 
points A, D let the ſtraight lines AG, DM be elevated above 
the planes of the angles, making equal angles with their ſides, 
each to each; viz. the angle GAB equal to the angle MDE, and 
GAC to MDF; and in AG, DM let any. points G, M be ta- 
ken, and from them let perpendiculars GL, MN be drawn 
to the planes BAC, EDF meeting theſe planes in the points 


L, N; and join LA, ND. the angle GAL is equal to the 
angle MDN. 


Make AH equal to DM, and through H draw HK parallel 


to GL. but GL is perpendicular to the plane BAC, where- 


fore HK is perpendicular * to the ſame plane, from the points 2. 8. ::. 


K, N, to the ſtraight lines AB, AC, DE, DF, draw perpen- 
diculars KB, KC, NE, NF; and Join HB, BC, ME, EF. 


Becauſe 
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Book XI. Becauſe HK is perpendicular to the plane BAC, the plane 


b. 18, 11. HBK which paſſes through HK is at right angles“ to the plane 
BAC; and AB is drawn in the plane BAC at right angles to 


the common ſection BK of the two planes; therefore AB is 


< 4. Def. 1. perpendicular © to the plane HRK, and makes right angles 2 
„ente with every ſtrajght line meeting it in that plane. but BH meets 
it in that plane; therefore ABH is a right angle. for the ſame 
reaſon, DEM is a right angle, and is therefore equal to the 
angle ABH. and the angle HAB is equal to the angle MDE. 
therefore in the two triangles HAB, MDE there are two angles 
in one equal to two angles in the other, each to each, and 
one ſide equal to one fide, oppoſite to one of the equal angles 
in each, viz. HA equal to DM; therefore the remaining ſides 
are equal*®, each to each. wherefore AB is equal to DE. In 


@ 26. k. 
the ſame manner, if HC and MF be joined, it may be demon- 
ſtrated that AC is equal to DF. therefore ſince AB is equal to 
DE, BA and AC are equal to ED and DF; and the angle 
BAC is equal to the angle EDF; wherefore the baſe BC is e- 
£47 qual to the baſe EF, and the remaining angles to the remain- 


ing angles. the angle ABC is therefore equal to the angle 
DEF. and the right angle ABK is equal to the right angle 
DEN, whence the remaining angle CBK is equal to the re- 
ö maining angle FEN. for the ſame reaſon, the angle BCK is e- 
| aual to the angle EFN. therefore in the two triangles BCE, 
EFN there are two angles in one equal to two angles in the 
other, each to each, and one fide equal to one ſide adjacent 
to the equal angles in cach, viz. BC equal to EF; the other 
ſides therefore are equal to the other ſides; BK then is equal 
WW to EN. and AB is equal to DE; wherefore AB, BK are equal 
* to DE, EN; and they contain right angles; wherefore the 


baſe AK is equal to the baſe DN. and ſince AH is equal 97 
| | DM, 
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DM, the ſquare of AH is equal tothe ſquare of DM, but the Book XI. 
ſquares of AK, KH are equal to the ſquare 5 of AH, becaulc s 47. 1. 


AKH is a right angle. and the ſquares of DN, NM are equal 
to the ſquare of DM, for DNM is a right angte. wherefore 
the ſquares of AK, KH are equal to the ſquares of DN, NM; 
and of thoſe the ſquare of AK is equal to the ſquare of DN. 
therefore the remaining ſquare of KH is equal to the remain- 
ing ſquare of NM; and the ſtraight line KH to the ſtraight 
line NM. and becauſe HA, AK are equal to MD, DN, each 
to each, and the baſe HK to the baſe MN, as has been pro- 


ved; therefore the angle HAK is equal h to the N MDN, k. 8. . 


Q. E. D. 

Cor. From this it is manifeft, that if from the vertices of 
two equal plane angles there be elevated two equal ſtraight 
lines containing equal angles with the fides of the angles, each 
ta each; the perpendiculars drawn from the extremities of the 
equal ſtraight lines to the planes of the firſt angles are equal 
ta one another. 


Another Demonſtration of the Corollary. 


Let the plane angles BAC, EDF be equal to one another, 
and let AH, DM be two equal ſtraight lines above the planes 
of the angles, containing equal angles with BA, AC, ED, 
DF, each to each, viz, the angle HAB equal ro MDE, and 
HAC equal to the angle MDF; and from H, M let HK, MN 
be perpendiculars to the planes BAC, EDF; IIK is equal to 
MN. 

Becauſe the ſolid angle at A is contained by the three plane 
angles BAC, BAH, HAC, which are, each to each, equal 
to the three plane angles EDF, EDM, MDF containing the 
ſolid angle at D; the ſolid angles at A and D are equal, and 
therefore coincide with one another; to wit, if the plane angle 
ABC be applied to the plane angle EDF, the ſtraight line AH 
coincides with DM, as was thewn in Prop. B. of this. Book. 
and becauſe AH is equal to DM, the Point H coincides with 
the point M. wherefore HK which is perpendicular to the 


plane EDF, becauſe theſe planes coincide with one another. 
therefore HK is equal to MN. Q. E. D. 


PROP. 


plane BAC coincides with MN which is perpendicular to the i. 13. 16. 


Book XI. 


a. 26. 11. 


bh. 10. 
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PROP. XXXVI. THEOR. 


F three ſtraight lines be proportionals, the ſolid paral- 

lelepiped deſcribed from all three as its ſides, is equal 

to the equilateral parallelepiped deſcribed from the mean 

proportional, one of the ſolid angles of which is contain- 

ed by three plane angles equal, each to each, to the three 

plane angles containing one of the ſolid angles of the o- 
ther figure. 


Let A, B, C be three proportionals, viz. A to B, as B 
to C. The ſolid deſcribed from A, B, C is equal to the equi- 
lateral ſolid deſcribed from B, equiangular to the other. 

Take a ſolid angle D contained by three plane angles EDF, 
FDG, GDE; and make each of the ſtraight lines ED, DF, 
DG equal to B, and complete the ſolid parallelepiped DH. 
make LK equal to A, and at the point K in the ſtraight line 
LK make * a ſolid angle contained by the three plane angles 
LKM, MKN, NKL equal to the angles EDF, FDG, GDE. 


O 


A -- C 
each to each; and make KN equal to B, and KM equal to 
C; and complete the folid parallelepiped KO. and becauſe as 
A is to B, ſo is B to C, and that A is equal to LK, and B 
to each of the ftraight lines DE, DF, and C to KM; there- 
fore LK is to ED, as DF to EM; that is, the ſides about the 
equal angles are reciprocally proportional; therefore the pa- 
rallelogram LM is equal ® to EF. and becauſe EDF, LKM are 
two equal plane angles, and the two equal ſtraight lines DG, 
KN are drawn from their vertices above their planes, and con- 
tain equal angles with their ſides; therefore the perpendicu- 


lars 5 Trop the points G, N, to the planes EDF, LEM are e- 
| qual 
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qual © to one another. therefore the ſolids KO, DH are of Book XI. 
the ſame altitude; and they are upon equal baſes LM, EF, «. Cor. 35. 
and therefore they are equal * ro one another. but the ſolid a. 31. 11. 
KO is deſcribed from the three ſtraight lines A, B, C, and 
the ſolid DH from the. ſtraight line B. If therefore three 
ſtraight lines, &c. Q. E. D. 


PROP. XXXVII, THE OR. 


F four ſtraight lines be proportionals, the ſimilar ſolid see x. 
parallelepipeds ſimilarly deſcribed from them ſhall al- 
ſo be proportionals. and if the ſimilar parallelepipeds fi- / 
milarly deſcribed from four ſtraight lines be proportion- 
als, the ſtraight lines ſhall be proportionals. 


Let the four ftraight lines AB, CD, EF, GH be propor- 
tionals, viz. as AB to CD, fo EF to GH; and let the ſi- 
milar parallelepipeds AK, CL, EM, GN be ſimilarly deſcri- 
bed from them. AK is to CL, as EM to GN. 

Make AB, CD, O, P continual proportionals, as alſo EF, a. 11. & 
GH, Q. R. and becauſe as AB is to CD, ſo EF to GH; 


27 L 
IF 
. 

A oF of 
M V 
« 
Ez. 


7 CH 0 i 


* 


CD is to O, as GH to Q, and O to P. as Q to R; chere- b. 11. s. 
fore, ex aequali ©, AB is to P, as EF to R. but as AB to P, c. 22. 5. 
ſo dis the ſolid AK to the ſolid CL; and as EF to N, ſo 4 is e- Cor. 32. 
the ſolid EM to the ſolid GN. therefore b as the ſolid AK to ve 
the ond CL, ſo is the ſolid EM to the ſolid GN. 


Bur 
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Book XI., But let the ſolid AK be to the ſolid CL, as the ſolid EM to 
the ſolid GN, the ſtraight line AB is to CD, as EF to GH. 

| Take AB to CD, as EF to ST, and from ST de- 

e. 27, 11. ſcribe © a ſolid parallelepiped SV ſimilar and ſimilarly ſitu- 

ated to either of the ſolids EM, GN. and becauſe AB is to 

CD, as EF to ST, and that from AB, CD the ſolid paralle- 

lepipeds AK, CL are ſimilarly deſcribed; and in like manner 

the ſolids EM, SV from the ſtraight lines EF, 'ST; therefore 


* 

MPT og RR” F 

AK is to CL, as EM to SV, but, by the Hypotheſis, AK is | 

. * 5. to CL, as EM to GN. therefore GN is equal f to SV. but it the 
is likewiſe ſimilar and ſimilarly ſituated to SV; therefore the of d 

* planes which contain the ſolids GN, SV are ſimilar and equal, cur 

and their homologous ſides GH, ST equal to one another. and 

becauſe as AB to CD, ſo EF to ST, and that ST is equal 1 

to GH; AB is to CD, as EF to GH. Therefore if four the 0 

ſtraight lines, &c. Q. E. D. CF, 

'- lid 

PROP, XXVII. THEOR. AF, 

into t 

Seen. © F a plane be perpendicular to another plane, and a in th, 
" ſtraight line be drawn from a point in one of the M,N 
planes perpendicular to the other plane, this ſtraight 2 Fl 


"IN 
A 


line ſhall fall on the common ſection of the planes. 


Let the plane CD be perpendicular to the plane AB, and 
let AD be their common ſection; if any point E be taken L is 
in the plane CD, the perpendicular drawn from E to the DC. f 
79 plane ADB {hall fall on AD. 


> 


6 For 
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2 ror if it does not, let it, if poſſible, fall elſewhere, as EF; Book XI. 4 J 
* and let it meet the plane AB in the point F; and from F "005" 
% draw, in the plane AB, a perpendicular FG to DA, which a. 12. :. 
* is alſo perpendicular ® to the plane CD; and join EG. then b 4. Def. zr. | 
« becauſe FG is perpendicular C - 4 
* to the plane CD, and the E. | WM 
e ſtraight line EG, which is "0 
in that plane, meets it; there - 
* fore FGE is a right angle 
„ but EF is alſo at right angles 
** tothe plane AB; and there- i 
«« fore EFG is a rata angle. 
** wherefore two of the angles of the triangle EFG are equal 
* together to two right angles; which is abſurd. therefore 
** the perpendicular from the point E to the plane AB does 
„ not fall elſewhere than upon the ſtraight line AD. it there- 
* fore falls upon it. If therefore a plane, &c. Q. E. D.“ 


PR OP. XXIX. M EOR. 


'N a ſolid parallelepiped, if the ſides of two of the OP- See x. 
poſite planes be divided each into two equal parts, 
the common ſection of the planes paſſing thro” the points 
of diviſion, and the diameter of the ſolid parallelepiped 
cut each other into two equal parts. 


Let the ſides of 2 . K x. 


the oppoſite planes bend MX | 


lid parallelepiped 5 | "JE . RN 
AF, be divided each ' | |: MN a Bi 
into two equal part 

in the points K, L, | | 

XO, PR. and be- B | 

cauſe DK, CL are 

DC. for the ſame _. 1 aps N 
reaſon, MN is. Pas. foo fur 10 


| 
22 | 9 n 
1 | 
M,N;X, O,P,R; J | | > | | 
equal and parallel, P = 
$4 '1 Q my 14 1 ; rallel 


A p 
7 0 


B * g 
KL is parallel (o bk 


* 
Wm 


4. 33. „ DB. equal and parallel“ to BG. and DG, -YS are drawn 
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allel te BA. and BA is parallel to DC; thereforc ER 


KL, BA are each of them parallel to DC, and not in the ſame 
b. 9. 11. plane with it, KL is parallel to BA. and becauſe KL, MN 

are each of them parallel to BA, and not in the ſame plane 

with it, KL is parallel“ ro MN; wherefore KL, MN are in 

one plane. In like manner, it may be proved that XO, PR 

are in one plane, Let YS be the common ſection of the 

planes KN, XR; and DG the diameter of the ſolid parallele- 

piped AF. YS and DG do meet, * cut one * into 

two equal parts. 

Join DT, YE, BS, SG. balk DX is crate! to OE, the 

c. 29. 1, alternate angles DXY,, YOE are equal © to one another, and 

becauſe DXis equal 15 | | Þ 

to OE, and XY to. 2 _K — 1 

e 
d. 4. . baſe D is equal © V Te 

to the baſe YE, 2. | | 


| ö | 
and the other angles A dY T | 
are equal ; there- | | | 
fore the angle XYD e N | 


is equal to the angle 7814 n N : N 


OYE, and DYEis B == — N 
e. 14. 1. a ſtraight*© line. for P — x 
the ſame reaſon | ; 
BSG is a ſtraight r | 
line, and BS equal __. © A RT N . G 
to SG. and becauſe CA is 93 . parallel to DB, and al- 
ſo equal and parallel to EG; therefore DB is equal and pa- 
rallet* to EG. and DE, BG join their extremities; therefore 


from points in the one to points in the other, and are there- 
fore in one plane, whence: it is manifeſt that DG, YS muſt 
meet one another ; Jet them meet in T. and- becauſe DF. is 

parallel to BG, the! alternate angles EDT; BGT are equal; 
f. 15. 1. and the angle PTT is equal f to the apple GTS. therefore in 
the, triangles D'TY, 'GTS there are two angles in the one equal 

to two angles in the other, and one ſide equal to one ſide, op- 
poſite to two of the equal angles, viz. DY to GS; for they 
. + - * are the halves of DE, BG: therefore the remaining fides are 
* equal?, each to each. wherefore DT is equal to TG, and VI 
equal to T8. Therefore if in 2 &c. Q. E. D. 
, PROP. 
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PROP. XL. THE OR. 


] 7 there be two tlangular priſms of the ſame altitude, 

the baſe of one of which js a parallelogram, and the 

1 baſe of the other a triangle; if the parallelogram be dou- 

ec ble of the triangle, the priſms ſhall be equal to one an- 

e- other. | 

1 Let the priſms ABCDEF, GHKLMN be of the ſame alti - 

| tude, the firſt whereof is contained by the two triangles ABE, 

5 CDF, and the three parallelograms AD, DE, EC; and che o- 

- ther by the two triangles GHRK, LMN and the three paralle- 
lograms LH, HN, NG; and let one of them have a paralle- 
logram AF, and the other a triangle GHK for its baſe; if 

the parallelogram AF be double of the triangle GHK, the 

4 prigin ABCDEF is equal to the priſm GHKLMN, 

4 


Complete the ſolids AX, GO; and becauſe the parallelo- 
gram AF is double of the triangle GHK; and the parallelo- 


ny M 0 

* * — N 

A + $ 
E * 


gram HK. double of the ſame triangle; therefore the paral a. 34. 1. 
lelogram AF is equal to HK. but ſolid parallelepipeds upon 
equal baſes, and of the ſame altitude are equal to one an- „. ,, 17. 
other. therefore the ſolid A is equal to the ſolid GO. and 
the priſm ABC DEF is half of the ſolid AX; and the priſm c. 28. 11. 
GHELMN half of the ſolid G0. therefore the priſm 
ABGDEF is equal to the priſm * e if 
there Þe two, _ . D. [0 
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„K. 


Which is the firſt Propoſition of the tenth Book, and is necef- be 
ſary to ſome of the Propoſitions of this Book. of 


F from the greater of two unequal magnitudes there 
be taken more than its half, and from the remainder 
more than its half ; aud ſo on. there ſhall at length re- 
main a magnitude leſs than the leaſt of the 48 mag - 
nitudes. 


Let AB and C be two unequal magnitudes, of which AB is 
the greater. if from AB there be taken more 
than its half, and from the remainder more D 
than its half, and ſo on; there ſhall at length | | 
remain a magnitude leſs than C. | | 
For C may be multiplied ſo as at length to Ky F.. 
become greater than AB. let it be ſo multipli- ke 74 
ed, and let DE its multiple be greater than H. 1 


AB, and let DE be divided into DF, FG, GE, 6 
each equal to C. from AB take BH greater 
than its half, and from the remainder AH | 
take HK greater than its half, and fo on until | 
there be as many diviſions in AB as there are B C E 
in DE. and let the diviſions AK, KH, HB be 

as * as the diviſions DF, FG, GE. and becauſe DE is 
| greatcr 
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greater than AB, and that EG taken from DE is lefs chan its Bock XII. 
half, but BH taken from AB is greater than its half ; there- A. 
fore the remainder GD is greater than the remainder HA. 
again, becauſe GD is greater than HA, and that GF is the 
half of GD, but HE is greater than the half of HA; there- 
Fore the remainder FD is greater than the remainder AK. and 
FD is equal to C, therefore C is greater than AK; that is, 
AK is leſs than C. Q. E. D. 

And if only the halves be taken away, the ſame thing may 
in the ſame way be demonſtrated. 


PR OP. 1. THE OR. 


Slmren polygons inſcribed in circles, are to one an- 
* other as the ſquares of their diameters. 

Let ABCDE, FoHEI be two circles, and in them the ſi- 
milar polygons ABCDE, FGHKL; and let BM, GN be the 
diameters of che circles. as the ſquare of BM is to the ſquare 


of GN, ſo is the polygon ABCDE to the polygon FGHKL. 
Join BE, AM, GL, FN, and becauſe the polygon ABCDE 


os is ſimilar to the polygon FGHEL, the angle BAE is equal * to * 1. Def. 6 
der the angle GTL, and as BA to AE, ſo * is GF to FL, where- 

re- Fore the two triangles BAE, GFL having one angle in one e- 

ag 97-10 422 is #® 0: 

B is 


qual to one angle in the other, and the ſides about the equal 
angles proportionals, are equiangular *; and therefore the b. 6. 6. 

angle AEB is equal to the angle FLG. but AEB is equal © to c 21. 3. 
the angle AMB, becauſe 2hey ſtand upon the ſame circumfe- 
"rence; and the angle FLG is, for the ſame reaſon, equal to 
the angle ENG. therefore alſo the angle AMB is equal to 

FENG. and the right angle BAM is equal to the right © angle 4 31. 3. 
GFN; wherefore the remaining angles in the triangles ABM, 
FEN are equal, and they are equiangular to one another. there 
Q 3 | fore 


x 


2 THE ELEMENTS 


! 

Book XIT' fore as BM to GN, ſo © is BA to Gp, and therefore tñe du- a 
1 plicate ratio of BM to GN, is the ſume f with the duplicate ra - { 

and 22. f. tio of BA to GF. but the ratio of the ſquare of BM to the \ 

& 20. 6. ſquare of GN, is the duplicate * ratio of that which BM has 5 

to GN; and the ratio of the polygon ABCDE to Wh Polygon D 

0 

Fr 1 

d 

u 

© 

O 

t! 

| 0 
| ſt 
FGHEL is the duplicate®of that which BA has to GF. 1 1 


fore as the ſquare of BM to the ſquare of GN, ſo is the po- 
lygon ABCDE to the 1 FGHKL. Wherefvee ſimilar 


W &c, . E. D 


PRO P. n. THE OR. 
o7 CLEs are to one ansther as the ſquares of their dia- 
meters, 


Let ABCD, EFGH be two, circles, and BD, FH their 
diameters. as the ſquare of BD tothe ſquare of FH, fo is the 
circle ABCD- to the circle EFGH, 

For; if it be not ſo, the ſquare of BD ſhall be to the ſquare 
of FH, as the circle ABCD is to ſome ſpace either leſs than the 
circle EFGH, or greater. than it *, Firſt, let it be to a ſpace 
S leſs than the circle EFGH; and in the circle EFGH 
deſcribe the ſquare EFGH, this ſquare is greater than 
half of the cirele EFGH; becauſe if through the points 
E, F, G, H, there be drawn We to the circle, the 

10 ſquare 


For there is ſome ſquare equal to the | BD, FH and the circle ABCD it is poſſible 
circle ABCD; let P be the ſide of it. and to there may be a fourth proportional. Let 
© three. ftraight lines BD, FH and P, there can this be S. and in like manner are to be un- 
de a foprth proportional let this be C there - derſtood ſome things in ſome of the follow- 
fore the ſquares of theſe four ſtraight lines | ing ee. 
are 'proportionals; tha t is, to the ſquares of 


greg rz 2 2 
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ſquare EFGH is half* of the ſquare de feribed about the circle; Book XII. 
and the circle is leſs than the ſquare deſcribed about i it; e a. 41. 1. 


fore the ſquare EFGH is greater chan half of the circle. Di- 
vide the circumferences EF, FG, GH, HE, each into two equal 
parts in the points K, L, M, N, and join EK, KF, FL, LG, GM. 
MH, HN, NE. therefore each of the triangles EKF, FLG, 


 GMH, HNE is greater than half of the ſegment. of the circle 


it ſtands in; becauſe” if ſtraight lines touching the circle be 
drawn Uirough the points K, L, M. N, and parallelograms 
upon the ſtraight lines EF, FG, GH, HE be completed; each 


of the triangles EKF, FLG, GMI, HNE ſhall be the half 4 2. 41. 2. 


of the parallelogram in, which it is, hut cbery ſegment is lefs 
than the parallelogram in which it is. wherefore each of the 


triangles EKF, FLG, GMH, HNE is greater than half the 
ſegment of the circle which contains it. and if theſe cir- 


cumferences before named be divided ea ch into two equal parts, 


and their extremitics be joined by ſtraigtht lines, by continuing 


to do this, there will at length remain ſegments of the dircle 
which together ſhall be leſs than the exceſs of the circle EFGH 
above the ſpace S. becauſe, by the preceeding Lemma, if 
from the greater of two unequal magnitudes there be taken 
more than its half, and from the femainder more than its 
half, and ſo on, there ſhall at length remain a magnitude leſs 
than the leaſt of the propoſed, magnitudes. Let then the ſeg- 
ments EK, KF, FL, LG, GM, MH, HN, NE be thoſe that 
remain and are together leſs than the exceſs of the circle EFGH 
ahove 8. therefore the reſt of the circle, viz. che polygon 
EKFLGMNHN is greater than the ſpace 8. Deſcribe likewiſe 
in the circle ABCD the polygon AXBOCPDR fimilar tq the 
polygon EKFLGMHN, as, therefore, the ſquare of BD is to 


the ſquare of FH, ſo“ is the polygon AX BOC PDR to the po- b. 1. 1. 


lygon EKFLCMHN. but the * of BD is alſo to the 
Q 4. ſquare 


248 


6 


d. 14. 5. 


THE ELEMENTS 


k XII. ſquare i . 
Boo ſquare- of FH, as the circle ABCD is to the ſpace 8. there - 


fore as the circle ABCD is to the ſpace 8, ſo is © the polygon 


 AXBOCPDR to the polygon EKFLGMHN, but the circle 


ABCD is greater than the polygon contained in it ; wherefore 
the ſpace 8 is greater d than the polygon EKFLGMHN, but 
it is likewiſe leſs, as has been demonſtrated; which is impoſſi- 
ble. Therefore the ſquare of BD is not to the ſquare of FH, 
as the circle ABCD is to any ſpace leſs than the circle EFGH, 


in the ſame manner it may be demonſtrated that neither is the 


ſquare of FH to the ſquare of BD, as the circle EFGH is to 


any ſpace leſs than the circle ABCD. Nor is the ſquare of 


BD to the ſquare of FH, as the circle ABCD is to any ſpace 
greater than the circle EFGH. for, if poſſible, let it be ſo to 
Tua ſpace greater than the circle EFGH, therefore, inverſely, 
as the ſquare of FH to the ſquare of BD, fo is the ſpace T to 


the circle ABCD. but as the ſpace 4 T is to the circle ABCD, 
ſo is the circle EFGH to ſome ſpace, which muſt be leſs*than 
the circle ABCD, becauſe the ſpace T is greater, by Hypothe-' 
fis, than the circle EFGH, therefore as the ſquare of FH is to 
I W the 


+ For as in the foregoing Note at ® it was | proportional to this other ſpace, named ; 1% 


explained how it was poſſible there could be | and the circles ABCD, EFGH. and the like 
a fourth proportional to the ſquares of BDO, is to be underſtood in ſome of the follewing 
FH and the circle ABCD, which was named | Propoſitions, | 

8. ſo in like manner there can be a fourth | 
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the ſquare of BD, ſo is the circle EFGH to a ſpace leſs than Book XII. 
the circle ABCD, which has been' demonſtrated to be impoſ- AY 
fible. therefore the ſquare of BD is not to the ſquare of FH, 
as the circle ABCD is to any ſpace greater than the circle 
EFGH. and it has been demonſtrated that neither is the ſquare 
of BD to the ſquare of FH, as the circle ABCD to any ſpace 
leſs than the circle EFGH. wherefore as the ſquare of BD to 
the ſquare of FH, ſo is the circle ABCD to the circle EFGH ft. 
Circles, therefore, are, &c, Q.E. D, | | 


. PROP. m. THEOR. 


%* * "Es 


VERY pyramid having a triangular baſe, may be di- e *. 

, vided into two equal and ſimilar pyramids having 

: triangular baſes, and which are ſimilar to the whole py- 
ramid; and into two equal priſms which together are 
greater than half of the whole pyramid. | 


Let there be a pyramid of which the baſe is the triangle 
ABC and its vertex the point D. the pyramid ABCD may be 
divided into two equal and ſimilar py- | g 
ramids having triangular baſes, and ſi- D 
milar to the whole; and into two e- 
qual priſms which together are greater 
than half of the whole pyramid. 

Divide AB, BC, CA, AD, DB, DC, 
each into two equal parts in the points 
E, F, G, H, K, L, and join EH, EG, 
GH, HK, KL, LH, EK, KF, FG. Be- 
cauſe AE is equal to EB, and AH to 
HD, HE is parallel * to DB. for the 


a. 2. . 
D. ſame reaſon, HK is parallel to AB. 
wh therefore HEBK is a parallelogram, and | 
* HK equal * to EB. but EB is equal to 1 b. 34. 1. 
Het AE; therefore alſo AE is equal to HK, and AH is equal to 
* HD; wherefore EA, AH are equal to KH, HD, eack to 
each; and the angle EA H is equal © to the angle KHD; there- c. 2. . 
LT, fore the baſe EH is equal to the baſe KD, and the triangle 
ying Jug! | n AEH 
1 fourth proportional to the ſquares of BD, FH and the circle ABCD is poſ- 


17 | it can neither be leſs nor greater than the circle EFGII, it muſt be equal 
a i 6 


F.C. xr. qual fand ſimilar to, the pyramid the 


2.59- THE ELL RVM EN T S 
— Wl AEH equal and ſimilar to the triangle HKD, for the ſame 
der reaſon, the triangle. AGH equal and fimilir to the triangle 
III D. and becauſe the. two ſtraight, lines EH, HG which 
meet one another. are-parallel to KD, DL that meet one ano- 
ther, ang are not. in the ſame plane with them, they contain 
e. 10. 11, equal angles; therefore the angle EH is equal to the an- 
gle KDL, again, becauſe EH; HG, are equa] to KD, DL, each 
to each, and the angle EH G equal to the angle KDL ; there- 
fore the baſe EG is equal to the baſe KL, and the triangle 
EHG equal d and fimilar to the triangle KDL. for the ſame 
reaſon, the triangle AEG. is alſo, equal and, ſimilar to the tri» 
angle HKL. Therefore the pyramid of which the baſe is the 
triangle AEG, and; of which the vertex is the point H, is e- 


baſe of which is the triangle KHL, and 
vertex the point D. and becauſe HK 
is parallel to AB a ſide of the triangle 
ADB, the triangle ADz is equiangu- 
lar to the triangle HDK, and their 
#- 4. 6. ſides are proportionals 5; therefore. the 
triangle ADB is ſimilar to the triangle 
HDK. and for the ſame reaſon, the tri- 
angle PBC is finuilar to the triangle 
DEL; and the triangle ADC to the 
triangle HDL; and alſo the triangle 
ABC to the triangle AEG. but the tri- RB * 
angle AEG is ſimilar to the triangle K * 
HKL, as before was proved, therefore the triangle ABC is ſi- 
h. 21 6. milar h to the triangle HKL. and the pyramid of which the 
baſe is the triangle ABC, and vertex the point D, is therefore 
|. er b fimilag | to the pyramid of which the baſe is the triangle HEL, 
aand vertex the ſame point D. but the pyramid of which the 
F baſe is the triangle HEL, and vertex the point D, is fimilar, as 
has been. proved, to the pyramid the baſe of which is the tri- 
angle AEG, and vertex the point H. wherefore the pyramid 
the baſe of which is the triangle ABC, and vertex the point D. 
is ſimilar to the pyramid. of which the baſe is the triangle 
AEG and vertex H. therefore each! of the pyramids AEGH, 
HKLD is ſimilar to the whole pyramid ABCD. and becauſe 
k. 41. 1. BF is equal to FC, the parallelogram EBFG is double * of the 
triangle GFC. but when there arc two priſms of the ſame alti- 
tude, 


» 1 ER 
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: tude, of which one has a parallelogram for its baſe, and the other a Book XII. 
hb triangle that is half of the parallelogram, theſe priſms are equal 
+; to one another; therefore the priſm having the parallelo- |. 49. r:. 
* gram EBF G for its baſe, and the ſtraight line KH oppoſite to 
. it, is equal to the priſm having the triangle GF C for its baſe, 
h and the triangle HKL oppoſite to it; for they are of the ſame 
I altitude, becauſe they are between che parallel“ planes ABC, m. 15. . 
| HKL. and it is manifeſt that each of theſe priſms is greater 
le than either of the pyramids of which the triangles AEG, HKL. 
- are the baſes, and the vertices the points H, D; becauſe” if 
42 EF be joined, the priſm having the parillclogram EBFG for 
* its baſe, and KH the ſtraight line oppoſite to it, is greater than 
ot the pyramid of which the baſe is the triangle EBF, and vertex 
the point K; but this pyramid is equal* to the pyramid the f c. 11. 
baſe of which is the triangle AEG, and - vertex the point H; 
becauſe they are contained by equal and ſimilar planes. bers 
fore the priſm having the parallelogram EBF G for its baſe, 
and oppoſite fide KH, is greater than the pyramid of which 
the baſc is the triangle AEG, and vertex the point H. and the 
priſm of which the baſe is the parallelogram EBFG, and op- 
poſite fide KH is equal to the priſm having the triangle GFC 
for its baſe, and HKL the triangle oppoſite" to it; and the py- 
mid of which the baſe is the triangle AEG, and 'vertex H, is 
equal to the pyramid of which the baſt is the triangle HKL, 
\ and yertex D. therefore the two priſms before mentioned are 
d greater than the two pyramids of which the baſes are the tri- 
K angles AEG, HEL, and vertices the points H, D. Therefore 
is ſi- the whole pyramid, of which the baſe is the triangle ABC, and 
the vertex. the point D, is divided into two. equal pyramids ſimilar 
eforc to one another, and to the whole pyramid ; and into two e- 
IKL. qual priſms; and the two priſms are e greater _ 
h the oY, a the *. * Q. E. D. 
ar, As 
F oY "ps = 177. 
ramid + IS 
int D, 
1angle 
EGH, 
ecauſe 
of the 
ze alt- 


tude, 
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THE TLEMENTS | 
PROP. IV. THE OR. 


Ir there be two pyramids of the ſame ande, pod tri· 
angular baſes, and each of them be divided into two 
equal pyramids ſimilar to the whole pyramid, and alſo in. 
to two equal priſms; and if each of theſe pyramids be di- 
vided in the ſame manner as the firſt two, and ſo on. as 
the baſe of one of the firſt two pyramids | is to the baſe of 
the.other, ſo ſhall all. the priſms in one of them be to all 
the priſms i in the other, that are ae by the ſame 
number of diviſions. 


Let there be two pyramids 'of the le altitude upon the 
erianiitden baſes ABC, DEF, and having their vertices in the 
points G, H; and let each of them be divided into two equal 
pyramids ſimilar to the whole, and into two equal priſms; and 
let each of the pyramids thus made be conceived to be divided 
in the like manner, and ſo on. as the baſe ABC is to the baſe 
DEF, ſo are all the priſms in the pyramid ABC G to all the 
priſms in the (I un made ny. the ſame com of di- 
viſions, | 

- Make the ſame ah as in 1 Segels deere nden. 
and becauſe BX is equal to XC, and AL to LC, therefore XL 
is parallel à to AB, and the triangle ABC fimilar to the tri- 
angle LXC. for the ſame reaſon, the triangle DEF is ſimilar 
to RVF. and betauſe BC is double of CX, and EF double of 
FV, therefore BC is to CX, as EF to FV. and upon BC, CX 
are deſcribed” the ſimilar” and fimilarly ſituated rectilineal fi- 


gures ABC, LXC; and upon EF, FV, in like manner, are 
deſcribed the ſimilar figures DEF, RVP! therefore as the tri- 
angle ABC is to the triangle LXC, ſo b is the triangle DEF to 


the triangle RVF, and, by permutation, as the triangle ABC 
to the triangle DEF, ſo is the triangle LXC to the triangle 
RVF. and becauſe the planes ABC; OMN, as alſo the planes 


c. 15. 11. DEF, ST are parallet ©, the perpendiculars drawn from the 


points G, H to the baſes ABC, DEF, which, by the Hypothe- 
ſis, are equal to one another, ſhall be cut each into two equal 


d. 17. 11. d parts by the planes OMN, 8T V, becauſe the ſtraight lines 


GC, HF are cut into two equal parts in the points N, Y by 
the ſame planes. therefore the priſms LXCOMN, RVEFSTY 
are of the ſame altitude ; ; and therefore as the baſe LXC to 

the 
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the baſe RVF; that is; as the triangle ABC; to the triangle Book XII, 
DEF, ſo“ is the priſm having the triangle LXC for its. baſe, e. ** 


and ONN the triangle oppoſite to it, to the priſm of which the 
baſe is the triangle RVF, and the oppoſite triangle 8 TV. and 


becauſe the two priſms in the pyramid ABC G are equal to 


one another, and alſo the two priſms in the pyramid DEF HI 


equal to one another, as the priſm of which the baſe is the pa- 


rallelogram KBXL and oppoſite fide MO, to the priſm having 
the triangle LXC for its baſe, and OMN the triangle oppoſite 


toit; ſo is the priſm of which the baſe is the parallelogram f. 7. 5s. 


PEVR, and oppoſite fide 'TS, to the priſm of which the baſe 
is the triangle RVF, and oppoſite triangle STY. therefore, 
componendo, as the priſms KBXLMO, LXCOMN together 


U 9 
. 
= 


are unto the priſm LXCOMN ſo are the priſms PEVRTS, 
-RVFSTY, to che priſm RVESTY. and, permutando, as the 
-priſms KBXLMO, LXCOMN are to the priſms PEVRTS, 


:RVESTY; ſo is the priſm LXCOMN to the priſm RVFSTY. 


but as the priſm LXCONN to the, priſm RVFSTY, fo is, as 
has been proved; the baſe ABC to the baſe DEF. therefore 
as the baſe ABC to the baſe DEF; fo are the two priſms in 
the pyramid* ABCG to the two priſms in the pyramid DEFH. 


and likewiſe if the pyramids now made, for example, the two 


OMNG, ST VH be divided in the ſame manner; as the baſe 
OMN is to the baſe 8T T, ſo ſhall the two priſms in tite py- 
ramid OMNG be to the two priſms, in the pyramid 8T IH. 
but the baſe OMN is to the baſe STY, as the baſe. ABC to the 
baſe DEF; therefore as the baſe ABC to the baſe DEF, ſo arc 

3 , the 


„ — : — * 
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Book XII. the two priſms in the pyramid ABCG to the two priſms i in the 


pyramid DEFH; and ſo are the two priſms in the pyramid 
OMNG to the two priſins in the pyramid STYH; and ſo are 
all four to all four, and the ſame thing may be nn of the 
priſms made by dividing the pyramids AK LO and DPRS, and 
of all made by the ſame number of diviſions, Q. E. D. 


PROP, v. THE OR. 


NAM Ds of the ſame altitude which have triangu. 
Har baſes, are to one enn as their baſes. 


& 


Let the pyramids of which ihe triangles ABC, DEF. are 8 


= baſes, and of which the vertices are the points G, H, be of the 


a. 2. 12, 


b. 4. 12. 


c. 14. 5. 


ſame altitude. as the baſe ABC to the baſe DEF, ſo is the pr. 
ramid AB CG to the pyramid DEF H. | 
For, if it be not ſo, the baſe ABC muſt be to the baſe DEF, 
as the pyramid ABCG to a ſolid either leſs than the pyramid 
DEFH, or greater than it “. Firſt, let it be to à ſolid leſs than 
it, viz. to the ſolid Q. and divide the pyramid /DEFH into 
two equal pyramids, ſimilar to the whole, and into two equal 
priſms. therefore theſe two priſms are greater than the half 
of the whole pyramid. and, again, let the Pyramids made by 
this diviſion be in like manner divided, and ſo on, until the 
pyramids which remain undivided in the pyramid DEFH be, 
all of them together, leſs than the exceſs of the pyramid DEFH 
above the ſolid Q. let theſe, for example, be the pyramids 
DPRS, STYH. therefore the priſms, which make the reſt of 
the pyramid DEF H, are greater than the ſolid Q. dividelike- 
wiſe the pyramid ABCG in the ſime manner, and into as 
many parts, as the pyramid DEFH. therefore as the baſe 
ABC to the baſe DEF, ſob are the priſms in che pyramid 
ABCG to the priſms in the pyramid 'DEFH. bat as che baſe 
ABC to the baſe DEF, ſo, by hypotheſis, is the pyramid ABCG 
to the ſolid Q and therefore, as the pyramid: ABCG to the 
ſolid Q, ſo are the priſms in the pyramid 'ABCG to che 
priſms in the ' pyramid DEFH. but the pyramid ABCG\is 
greater than the priſms contained in it; wherefore © alſo the 
ſolid Q is greater than the priſms in thie pyramid DEFH. but 
it is alſo. leſs, which is s impoffible. "therefore the * 21. 
— - Not 


« 
* 


* This may be explained the ſame way as at the note * in Propoſition 2. in the like caſe. 


pyramids, &c. Q. E. DP). 


vr RUC IIb. 


not to the baſe D EF, as the pyramid ABCG to any ſolid which BSE); 4 


is leſs than the pyramid DEFH. in the fame manner it may 
be demonſtrated, that the baſe DEF is not to the baſe ABC, 
as the pyramid DEFH to any folid which is leſs than' the py- 
ramid ABCG. Nor can the baſe ABC be to the bafe DEF; as 
the pyramid ABCG to any ſolid which is greater than the py- 
ramid DEFH: for, if it be poflible, Iet it be ſo to a'greater, 
viz. the ſolid Z. and becauſe the baſe ABC is to the baſe DEF, 
as the pyramid ABCG-to- the ſolid Z; by inverſion, as the baſe 
DEF to the baſe ABC, ſo is the ſolid Z to the pyramid 
ABCG. but as the ſolid Z is to the pyramid ABC, ſo is the 


(rt | | - 
. * 4 * H [1 
* 4 2 441 1 A. 
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pyramid DEFH to ſome ſolid +, which myſt be leſs d than the 4. 14. 5. 


pyramid ABCG, becauſe the ſolid. Z is greater than the pyra- 
mid DEFH, and therefore, as the baſe DEF to the baſe ABC, 
ſo is the pyramid DEFH to a ſolid leſs than the pyramid ABCG; 
the contrary to which has been proved. therefore the baſe 
ABC is not to the baſe DEF, as the pyramid ABCG to any 
ſolid which is greater than the pyramid DEFH. and it has 
been proved that neither is the baſe ABC to the baſe: DEF, 
as the pyramid ABCG to any ſolid which is leſs than the py- 
ramid DEFH. Therefore as the baſe ABC is to the baſe DEF, 
ſo is the pyramid ABCG to the pyramid DEFH. Wherefore 


PROP, 


=. : N wb * ESA 4 W 74 33 
1 This may be explained the fame way as the Ike at the mirk f in Prop. 2. 
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se M. FYyrxAaMDs of the ſame altitude which have polygons 


for their baſes, are to one another as their baſes. 


Let the pyramids which have the polygons ABCDE, FGHKL 
for their baſes, and their vertices in the points M, N, be of 2 
the ſame altitude. as the baſe ABC DE to the baſe FGHKL, 
ſo is the pyramid ABC DEM to the pyramid FGHKLN. 
Divide the baſe ABC DE into the triangles ABC, ACD, 
ADE; and the baſe FGHKL into the triangles FGH, FHR, b 
FK “L. and upon the baſes ABC, ACD, ADE let there be as 
many pyramids of which the common vertex is the point M. 
and upon the remaining baſes as many pyramids having their 
common vertex in the point N. therefore, ſince the triangle 
+. 5s. 2, ABC is to the triangle FGH, as“ the pyramid ABC M to the 
pyramid FGHN; and the triangle ACD to the triangle FGH, 
as the pyramid ACDM to the pyramid FGHN; and alſo the 


X * 


triangle ADE to the triangle FG H, as the pyramid AD EM to 

the pyramid FGHN ; as all the firſt antecedents to their com- 

b. 2. Cor. mon conſequent, fo ® are all the other antecedents to their 
common conſequent; that is, as the baſe ABCDE to the baſe 
FGH, ſo is the pyramid ABCDEM to the pyramid FGHN. 

and for the ſame reaſon, as the baſe FGHEL to the baſe FGH, 

ſo is the pyramid FGHKLN to the pyramid FGHN. and, by 
inverſion, as the baſe FGH to the baſe FGHKL, fo is the py- 
ramid FGHN to the pyramid FGHELN, then becauſe as the 

baſe ABCDE to the baſe FGH, ſo is the pyramid ABCDEM 

to the pyramid FGHN; and as the baſe FGH to the baſe 

 FGHEL, ſo is the pyramid FGHN to the pyramid FGHKLN; 
hh therefore, 


M to 
com- 
their 
baſe 
HN. 
GH, 
d, by 
e PY- 
is the 
DEM 
> baſe 
IN; 
efor C, 


a parallelogram of which the diameter is 


which the baſe is the triangle ECB, and 
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therefore, ex acquali ©, as the baſe ABCDE to the baſe Book XII. 
FGHRKL, ſo the pyramid ABCDEM to the pyramid FGHKLN, « 23.5. 


Therefore pyramids, &c. Q. E. D. 
PROP. VII. THE OR. 


eee priſm having a triangular baſe may be divided 
into three pyramids that have triangular baſes, and 


are equal to one another. 


Let there be a priſm of which the baſe is the triangle ABC 
and let DEF he the triangle oppoſite toit. the priſm ABCDEF 
may be divided into three equal l having triangular 
baſes. 

Join BD, EC, CD; and becauſe ABE D is a parallelogram 


of which BD is the diameter, the triangle ABD is equal * to a. 34. 1. 


the triangle EBD; therefore the pyramid of which the baſe is 


the triangle ABD, and vertex the point C, is equal ® to the b. 3. . 


pyramid of which the baſe is the triangle EBD, and vertex the 
point C. but this pyramid is the ſame with the pyramid the 
baſe of which is the triangle EBC, and vertex the point D; 

for they are contained by the ſame planes. therefore the py- 


ramid of which the baſe is the triangle ABD; and vertex the 
point C, is equal to the pyramid the baſe of which is the tri- 


angle EBC, and vertex the poins D. again, becauſe FCBE is 


CE, the triangle ECF is equal * to the L 
triangle ECB; therefore the pyramid of B E 


vertex the point D, is equal to the pyra- 
mid the baſe of which is the triangle 
ECF, and vertex the point D. but the CN 
pyramid of which the baſe is the triangle Ak— B 
ECB, and vertex the point D has been 

proved equal to the pyramid of which the baſe is the triangle 
ABD, and vertex the point C. Therefore the priſm ABCDEF 
is divided into three. equal pyramids having triangular baſes, 
viz. into the pyramids ABDC, EBDC, ECFD. and becauſe 
the pyramid of which the baſe is the triangle ABD, and ver- 


tex the point C, is the ſame with the pyramid of which the 
baſe is the triangle ABC, and vertex the point D, for they are 


contained by the ſame planes; and that the pyramid of which 
the baſe is the triangle ABD, and vertex the point C, Has been 
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Book XII. demonſtrated to be a third part of the priſm the baſe of which 
Kenn _ 


c. 6. 12. 


is the triangle ABC, and to which DEF is the oppoſite tri- 
angle; therefore the pyramid of which the baſe is the triangle 
ABC, and vertex the point D, is the third part of the priſm 
which has the ſame baſe, viz. the triangle ABC, and DET. is 
the oppoſite triangle. Q. E. N. 

Cor. 1. From this it is manifeſt, that every pyramid i is the 
third part of a priſm which has the ſame baſe, and is of an e- 


qual altitude with it; for if the baſe of the priſm be any other 


tigure than a tr angle, it may be divided into priſms having 


_ triangular baſes, 


Cor, 2. Priſms of equal altitudes are to one another as 
their baſes; becauſe the pyramids upon the ſame baſes, and of 
the ſame altitude, are © to one another as their baſes. 


PROP. VIII. THEOR. 71 
O 1LAK pyramids having triangular baſes are one to 
another in the triplicate ratio at of their homo- 
logous ſides. 

Let the pyramids having the triangles ABC, DEF for their 
baſes, and the points G, H for their vertices, be ſimilar and ſi- 
milarly ſituated. the pyramid AB CG has to the pyramid DEFH, 
the triplicate ratio of that which the fide BC has to the ho- 


mologous ſide EF, 
Complete the parallelograms ABCM, GBCN, ABGK, od 


the ſolid parallelepiped BGML contained by theſe planes and 
2-2 we 

N 

2 | N H | 


BD | D = 
"AO "oe 


thoſe oppoſite to them. and in like manner complete the ſo- 
lid parallelepiped EHPO contained by the three parallelograms 
DEFP, HEFR, DEHX, and thoſe oppoſite to them. and be- 


cauſe the pyramid ABCG is ſimilar to the pyramid DEFH, the 


angle 


e ſo- 


OT EUCLID. 


to the angle HEF, and ABG to DEH. and AB is b to BC, 4. 11. Bef. rr. 
as DE to EF; that is, the ſides about the equal angles are pro- n 
portionals; wherefore. the parallelogram BM is ſimilar to EP. 

for the ſame reaſon, the parallelogram BN is ſimilar to ER, 

and BK to EX. therefore the three parallelograms BM, BN, 

BK are ſimilar © to the three EP, ER, EX. but the three BH, «. 24. 11. 
BN, BK, are equal and fimilar to the three which are oppo- 

fite to them, and the three EP, ER, EX equal and ſimilar to 

the three oppoſite to them. wherefore the ſolids BGML, 

EHPO are contained by the ſame number of fimilar planes; 

and their ſolid angles are equal ©; and therefore the ſolid B. 11. 
BGML is ſimilar * to the ſolid EHPO. but ſimilar ſolid pa- 
rallelepipeds have the triplicate © ratio of that which their ho- e. 33. f. 
mologous fides have, therefore the ſolid BGML has to the 

ſolid EHPO the triplicate ratio of that which the fide BC has 

to the 6 ſide EF. but as the ſolid BGML is to the 

ſolid EHPO, ſo is f the pyramid ABC G to the pyramid DEFH; f ts. 5. 
becauſe the pyramids are the ſixth part of the folids, ſince he 

priſm, which is the half z of the ſolid parallelepiped, is triple® Sug mY 
of the pyramid, Wherefore likewiſe the pyramid ABCG has 

to the pyramid DEFH, the triplicate ratio ef that which BC 

has to the homologous fide EF, Q, E. D. 

Cor. From this it is evident, that fimilar pyramids which Yeo K 
have multangular baſes, are likewiſe to one another in the tri- 
plicate ratio of their homologous ſides. for, they may be di- 
vided into ſimilar pyramids having triangular bafes, becauſe 
the fimilar polygons which are their baſes may be divided 
into the ſame number of fimilar triangles homologous to the 
whole polygons; therefore as one of the triangular pyramids 
in the firſt multangular pyramid is to one of the triangular 
pyramids in the other, ſo are all the triangular pyramids in the 
firſt to all the triangular pyramids in the other; that is, ſo is 
the firſt multangular pyramid to the other. but one triangu- 
lar pyramid is to its ſimilar triangular pyramid, in the tripli- 
cate ratio of their homologous ſides; and therefore the firſt 
multangular pyramid has to the other, the triplicate ratio of 


that which one of the ſides of 950 firſt has to the Wp Kr 
ſide of the other. 11 5 


T% 


R 2 PROP. 


259 
angle ABC is equal“ to the angle DEF, and the, angle GBC Book XII. 


T HE ELEMENTS 


p R OP. IX. THE OR. 


K baſes and altitudes of equal pyramids having tri- 

angular baſes are reciprocally proportional. and tri- 
angular pyramids of which the baſes and altitudes are re- 
ciprocally proportional, are equal to one another. 


Let che pyramids of which the triangles ABC, DEF are the 
baſes, and which have their vertices in the points G, H be e- 
qual to one another, the baſes and altitudes of the pyramids 
ABCG, DEFH are reciprocally proportional, viz. the baſe 
ABC is to the baſe DEF, as the altitude of the pyramid DEFH 
to the altitude of the pyramid A BCG. 

Complete the parallelograms AC, AG, GC, DF, DH, HF; 
and the ſolid parallelepipeds BGML, EHPO contained by 


Q____R 


A B 


theſe planes and thoſe oppoſite to them. and becauſe the py- 
ramid ABCG is equal to the pyramid DEFH, and. that the 
folid BGML is ſextuple of the pyramid ABCG, and the folid 
EHPO ſextuple of the pyramid DEFH; therefore the ſolid 
* A*. + BGML is equal * to the ſolid EHPO. but the baſes and alti- 
tudes of equal ſolid parallelepipeds are reciprocally propor- 
>. 3+ 1 tional b; therefore as the baſe BM to the baſe EP, ſo is the al- 
titude of the ſolid EHPO to the altitude of the folid BGML, 
c. 15. 5 but as the baſe BM to the baſe EP, fo is © the triangle ABC 
to the triangle DEF; therefore as the triangle ABC to the tri- 
angle DEF, ſo is the altitude of the ſolid EHPO to the alti- 
tude of the ſolid BGML. but the altitude of the ſolid EHPO 
is the ſame with the altitude of the pyramid DEFH ; and the 
altitude of the ſolid BGML is the ſame with the altitude of the 


pyramid 


ſolid 
ſolid 

alti- 
por- 
ze al- 
L. 
ABC 


e tri- 
alri- 
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yramid ABCG. therefore, as the baſe ABC to the baſe DEF, Book XII, 


ſo is the altitude of the pyramid DEFH to the altitude of the 
pyramid ABCG. wherefore the baſes and altitudes of the py- 
ramids ABCG, DEFH are reciprocally proportional. 

Again, Let the baſes and altitudes of the pyramids ABCG, 
DEFH be reciprocally proportional, viz, the baſe ABC to the 
baſe DEF, as the altitude of the pyramid DEFH to the alti- 
tude of the pyramid ABCG. the pyramid ABCG is equal to 
the pyramid DEFH. 

The ſame conſtruction being made, becauſe as the baſe ABC 
to the baſe DEF, ſo is the altitude of the pyramid DEFH to 
the altitude of the pyramid ABCG ; and as the baſe ABC to 
the baſe DEF, ſo is the parallelogram BM to the parallelo- 
gram EP; therefore the parallelogram BM is to EP, as the 
altitude of the pyramid DEFH to the altitude of the pyramid 
ABCG. but the altitude of the pyramid DEFH is the ſame 
with the altitude of the ſolid parallelepiped EHPQ; and the al- 
titude of the pyramid ABCG is the ſame with the altitude of 


the ſolid parallelepiped BGML. as, therefore, the baſe BM to 


the baſe EP, ſo is the altitude of the ſolid parallelepiped EHPO 
to the altitude of the ſolid parallelepiped BGML. but ſolid 
parallelepipeds having their baſes and altitudes reciprocally 


proportional, are equal b to one another. therefore the ſolid b. 34. 11. 


parallelepiped BGML is equal to the ſolid paralleJepiped EHPO. 
and the pyramid ABCG is the ſixth part of the ſolid BGML, 
and the pyramid DEFH the ſixth part of the ſolid EHPO. 


therefore the pyramid ABCG is equal to the pyramid DEFH. 
Therefore the baſes, &c, Q. E. D. 


P R O P. X. THE OR. 


Een cone is the third part of a cylinder which has 
the ſame baſe, and is of an equal altitude with it. 


Let a cone haye the * baſe with a cylinder, viz. the cir- 
cle ABCD, and the ſame altitude. the cone is the third part 
of the cylinder; that is, the cylinder is triple of the cone. 

If the cylinder be not triple of the cone, it muſt either be 
greater than the triple, or leſs than it. Firſt, Let it be great- 
er than the triple; and deſcribe the ſquare ABCD in the cir- 


1 upon 
t Ai was ſhewn in Prop. 2. of this Baok. | 


cle ; this ſquare is greater than the half of the circle ABCD +. 
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Book Nl, upon the ſquare ABCD ere& a priſm of the ſame altitude with 


the cylinder; this priſm is greater than half of the cylinder; 
becaule if a ſquare be deſcribed about the circle, and a priſm 
erected upon the ſquare, of the ſame altitude with the cylinder, 
the infcribed ſquare is half of that circumſcribed ; and upon 
theſe ſquare baſes are erected ſolid parallelepipeds, viz. the 
priſms, of the ſame altitude; therefore the priſm upon the 
{quare ABCD is the half of the priſm ppon the ſquare deſcri- 
bed about the circle; becauſe they are to one another as their 
2. 32. 11. baſes*, and the cylinder is leſs than the priſm upon the ſquare 
deſcribed about the circle ABCD. therefore the priſm upon 

the ſquare ABCD of the ſame altitude with the cylinder, is 

greater than half of the cylinder. Biſect the circumferences 

AB, BC, CD, DA in the points E, F, G, H; and join AE, 

EB, BF, FC, CG, GD, DH, HA. then, each of the triangles 

AEB, BFC, CGD, DHA is greater than the half of the ſeg- 

ment of the circle in which it ſtands, 

as was ſhewn. in Prop. 2. of this 

Book. Erect priſms upon each of E 

theſe triangles of the ſame altitude 

with the cylinder; each of theſe 

priſms is greater than half of the ſeg- 

ment of the cylinder in which it is ; 

becauſe if through the points E, F, 

G, H parallels be drawn to AB, BC, 

CD, DA, and parallelograms be com- 

pleted upon the ſame AB, BC, CD, DA, and ſolid parallele- 

pipeds be erected upon the parallelograms; the priſms upon 

the triangles AEB, BFC, CGD, DHA are the halves of the 

b. 2. Cor. ſolid parallelepipeds b. and the ſegments of the cylinder which 
N >." upon the ſegments of the circle cut oft by AB, BC, CD, 
DA, are leſs than the ſolid parallelepipeds which contain them. 
therefore the priſms upon the triangles AEB, BFC, CGD, 
DHA, are greater than half of the ſegments of the cylinder in 
which they are. therefore if each of the circumferences be di- 
vided into two equal parts, and ſtraight, lines be drawn from 
the points of diviſion to the extremities of the circumferences, 
and upon the triangles thus made priſins be erected of the ſame 
altitude with the cylinder, and ſo on, there muſt at length re- 
main ſome ſ:gments of the cylinder which together are leſs © 
than the exceſs of the cylinder above the triple of the cone. 
let them be thoſe upon the ſegments of the circle AE, EB, = 


6. Lemma. 


BC, CD, DA in the 
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FC, CG, GD, DH, HA. therefore the reſt of the cylin- Book XII, 


der, that is the priſm of which the baſe is the polygon 
AEBFCGDH, and of which the altitude is the ſame with that 
of the Fe is greater than the triple of the cone. but this 


priſm is triple © of the pyramid upon the ſame baſe, of which © ' 5 8 


the vertex is the ſame with the vertex of the cone; therefore 
the pyramid upon the baſe AEBFCGDH, having the ſame 


vertex with the cone, is greater than the cone, of which the 


baſe is the circle ABCD. but it is alſo leſs, for the pyramid is 
contained within the cone; which is impoſſible. Nor can the 
cylinder be leſs than the triple of the cone. let it be leſs if 
poſſible. therefore, inverſely, the cone is greater than the third 
part of the cylinder, In the circle ABCD deſcribe a ſquare, 
this ſquare is greater than the half of the circle. and upon the 
ſquare ABCD erect a pyramid having the ſame vertex with 
the cone; this pyramid is greater than the half of the cane ; 
becauſe, as was before demonſtrated, if a ſquare be deſcribed 
about the circle, the ſquare ABCD H 

is the half of it; and if upon theſe 
ſquares there be erected ſolid pa- 
rallelepipeds of the ſame altitude 
with the cone, which are alſo priſms, 
the priſm upon the ſquare ABCD 
ſhall be the half of that which is | 2 
upon the ſquare deſcribed about the B — CV 
circle; for they are to one another F 

as their baſes *; as are alſo the third | 

parts of them. therefore the pyramid the baſe of which is 
the ſquare ABCD is half of the pyramid upon the ſquare de- 
ſcribed about the circle, but this laſt pyramid is greater than 
the cone which it contains; therefore the pyramid upon the 
ſquare ABCD having the ſame vertex with the cone, is great- 
er than the half of the cone. Biſect the circumferences AB, 
points E, F, G, H, and join AE, EB, 
BF, FC, CG, GD, DH, HA. therefore each of the triangles 
AEB, BFC, CGD, DHA is greater than half of the ſegment 
of the circle in which it is; upon each of theſe triangles erect 
pyramids having the ſame vertex with the cone. therefore cach 
of theſe pyramids is greater than the half of the ſegment of 
the cone in which it is, -as before was demanſtrated of the 


IG 


priſms and ſegments of the cylinder. and thus dividing each 


of the circumferences into two equal parts, and joining the 
b R 4 points 


„ $96 
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Book XII, points of diviſion and their extremities by ſtraight lines, and 


See N. 


upon the triangles erecting pyramids having their vertices the 
lame with that of the cone, and fo on, there muſt at length 
remain ſome ſegments of the cone. which together ſhall be leſs 


than the exceſs of the cone above the third part of the cylin- - 


der. let theſe be the ſegments upon AE, EB, BF, FC, CG, GD, 
DH, HA. therefore the reſt of the WE | 
cone, that is the pyramid,ofwhich the 
baſe is the polygon AEBFCGDH, * 
and of which the vertex is the ſame my: 

with that of the cone, is greater Ex — 2 1G 
than the third part of the cylinder. X 1 
but this pyramid is the third part * 

of the priſm upon the ſame baſe B — 
AEBFCGDH, and of the fame al- 
titude with che cylinder, therefore 
this priſm 1s greater than the cylinder of which the baſe is the 
circle ABCD. but it is alſo leſs, for it is contained within the 
cylinder; which is impoſſible. therefore the cylinder is not 
leſs than the triple of the cone. and it has been demonſtrated 
that neither is it greater than the triple. therefore the cylin- 


der is triple of the cone, or, the cone is the third part of the 


cylinder. Wherefore every cone, &c. Q. E. D. 
PROP, XI. THE OR. 
ONES and cylinders of the fame altitude, are to one 
another as their baſes. 


Let the cones and cylinders, of which the baſes are the cir- 
cles ABCD, EFGH, and the axes KL, MN, and AC, EG the 


diameters of their baſes, be of the ſame altitude. as the circle 


ABCD to the circle EFGH, ſo is the cone AL to the cone EN. 
If it be not ſo, let the clouds ABCD be io the circle EFGH, 


as the cone AL to ſome ſolid either leſs than the cone EN, or 


greater than it, Firſt, let it be to a ſolid leſs than EN, viz. to 
the ſolid X; and let Z be the ſolid which is equal to the ex- 
ceſs of the cone EN above the ſolid X; therefore the cone EN 
is equal to the ſolids X, Z together. in the circle EFGH de- 
ſcribe the ſquare EFGH, therefore this ſquare is greater than 
the half of the circle, upon the ſquare FFGH erc& a pyra- 
mid of the ſame altitude with the cone; this pyramid is 


greater than half of the. cone. for if a ſquare be deſcribed 


wen the circle, and a 1 be erected upon it, ha- 


1 ving 
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than the ſolid Z. let theſe be the ſegments upon EO, OF, FP, 
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ving the ſame vertex with the cone f, the pyramid inſcribed Book XII. 
in the cone is half of the pyramid circumſcribed about it, be- 
cauſe they are to one another as their baſes *. but the cone is a. 6. 12. 
leſs than the circumſcribed pyramid ; therefore the pyramid of 


* which the baſe is the ſquare EFGH, and its vertex the ſame 


with that of the cone, is greater than half of the cone. divide 
the eircumferences EF, FG, GH, HE, each into two equal 
parts in the points O, P, R, 8, and join EO, OF, FP, PG, 
GR, RH, HS, SE. therefore each of the triangles EOF, 
FPG, GRH, HSE is greater than half of the ſegment of the 


L N 


| 71 


circle in which it is. upon each of cheſe triangles erect a pyra- 


mid having the ſame vertex with the cone; each of theſe py- 
ramids is greater than the half of the ſegment of the cone in 
which it is. and thus dividing each of theſe circumferences in- 
to two equal parts, and from the points of diviſion drawing 
ſtraight lines to the extremities of the circumferences, and 
upon each of the triangles thus made erecting pyramids having 
the ſame vertex with the cone, and ſo on, there muſt at Jength 
remain ſome ſegments of the cone which are together leſs b Lemma. 


PG, 


+ Vertex Is put in place of altitude which is in the Greek, becauſe the pyramid, in what 
follows, is ſuppoſed to be circumſcribed about the cone, and ſo muſt have thy ſame vertex. 
and the ſame change is made in forme places falloying | 


2.66 | 
Book XII, PG, GBR, RH. HS, SE, therefore the remainder of the cone, 
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viz, the pyramid of which the baſe is the polygon EOFPGRAHS, 


and its vertex the ſame with that of the cone, is greater than 


c. 1. 12. 


d. 2. 12. 
1 


8. 6. 13. 


1 


the ſolid X. In the circle ABCD deſcribe the polygon 


- ATBYCVDQ ſimilar to the polygon EOFPGRHS,. and upon 


it erect a pyramid of the ſame altitude with the cone AL. 
and becauſe as the ſquare of AC is to the ſquare of EG, ſofis 
the polygon ATBYCVDQ to the polygon EOFPGRHS; and 
as the ſquare of AC to the ſquare of EG, ſo is © the circle 
ABCD to the circle EFCGH; therefore the circle ABCD is? to 
the circle EF GH, as the polygon ATBYCVDQ. to the poly- 


4 
— 
— 19 
— 
g 
— 


gon EOFPGRHS. but as the circle ABC to the circle EFGH, 
ſo is the cone AL to the ſolid X; and as the polygon 
ATBYCVDQ. to the polygon EQFPGRHS, fo is * the pyra- 
mid of which the baſe. is the firſt of thoſe polygons, and ver- 
tex L, to the pyramid of which the baſe is the other polygon, 


and its vertex. N. therefore as the cone AL to the ſolid X, ſo 


is the pyramid of which the baſe is the polygon ATBYCVDQ, 


and vertex L to the pyramid the baſe of which is the polygon 
EOFPGRHS, and veriex N. but the cone AL; is greater than 
the-pyramid contained in it; therefore the ſolid X is greater 
than the ee in dhe cone N. but! it is leſs, as was ſhewn; 
bor n ee; which 


2 © oo 


* 
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which is abſurd, therefore the circle ABCD is not to the cir- Book XII. 


cle EFGH, as the cone AL to any ſolid which is leſs than the 
cone EN. In the ſame manner it may be demonſtrated that 
the circle EFGH is not to the circle ABCD, as the cone EN 
to any ſolid leſs than the cone AL. Nor can the circle ABCD 
be to the circle EFG H, as the cone AL to any ſolid greater 
than the cone EN. for, if it be poſſible, let it be ſo to the ſolid 
I which is greater than the cone EN. therefore, by inverſion, 
as the circle EF GH to the circle ABCD, ſo is the ſolid I to 
the cone AL. but as the ſolid I to the cone AL, ſo is the 


cone EN to ſome ſolid, which muſt be leſs than the cone f. '4 5. 


AL, becauſe the folid I is greater than the cone EN. there- 
fore as the circle EFGH is to the circle ABCD, ſo is the cone 
EN to a ſolid leſs than the cone AL, which was ſhewa to be 
impoſſible. therefore the circle ABCD is not to the circle 
EFGH, as the cone AL is to any ſolid greater than the cone 
EN, and it has been demonſtrated that neither is the circle 
ABCD to the circle EFCH, as the cone AL to any ſolid leſs 
than the cone EN. therefore the circle ABCD is to the circle 
EFGH, as the cone AL to the cone EN. but as the cone is to 


the cone, ſo s is the cylinder to the cylinder; becauſe the cy- & 15. 5. 
linders are triple h of the cones, each of each. Therefore as k. 10. 12. 
the circle ABCD to the circle EFGH, ſo are the cylinders 


upon them of the ſame altitude. Wherefore cones and cylin- 
ders of the ſame altitude, are to one another as their baſes, 


Q. E. D. 
P R O P. XII. T HE OR. 


triplicate ratio of that which the diameters of their 
baſes have. 


Let the cones and cylinders of which the baſes are the cireles 
ABCD, EFG H, and the diameters of the baſes AC, EG, 
and KL, MN the axes of the cones or cylinders, be ſimilar. 
the cone of which the baſe is the circle ABCD, and vertex 
the point L, has to the cone of which the baſe is the circle 
EFGH. and vertex N, the wipücate ratio of that which AC 
has to EG. 

For if the cone ABCDL "ſe not to the cone EFGHN the 
triplicate ratio of that which AC has to EG, the cone ABCDL 
ſhall have the triplicate of that xatio to ſome ſolid which is leſs 
Siren or 


S LAR cones and cylinders have to one another the 3 N. 
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Book XIT- or greater than the cone EFGHN. Firſt, let it have it to a leſs, 
via. to the ſolid X. make the ſame conſtruction as in the pre- 
ceeding Propoſition, and it may be demonſtrated the very ſame 
way as in that Propoſition, that the pyramid of which the baſe 
is the polygon EOFPGRHS, and vertex N is greater than the 
folid X. Deſcribe alſo in the circle ABCD the polygon 
ATBYCVDQ fimilar to the polygon EOFPGRHS, upon which 
cre& a pyramid having the ſame vertex with the cone; and let 
LAQ be one of the triangles containing the pyramid upon 
the polygon ATBYCVDQ the vertex of which is L; and let 


N 


th [i . | 

4 X 2 
1 | | | 

N 


NES be one of the triangles containing the pyramid upon the 
polygon EOFPGRHS of which the vertex is N; and join KO. 
MS. becauſe then the cone ABCDL is amilar to the cone 

* 24 Del. EFG IN, AC is * to EG, as the axis KL to the axis MN ; 

*. ts. 5. and as AC to EG, ſo b is AK to EM; therefore as AK to 
EM, ſo is KL to MN; and, alternately; AK to KL, as EM 
to MN. and the right angles AKL, EMN are equal; there- , 
fore, the ſides about theſe equal angles being proportionals, 

c. 6.6. the triangle AKL is ſimilar © to the triangle EMN. again, be- 


cauſe AK is to KQ, as EM to MS, and that theſe ſides are 
_ about 
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about equal angles AKQ, EMS, becauſe theſe angles are, Bos * XII. 


each of them, the ſame part of four right angles at the cen- 


ters K, M; therefore the triangle AK Q is fimilar® to the tri- . 6. 6. 


angle EMS. and becauſe it has been ſhewn that as AK to KL, 
ſo is EM, to MN, and that AK is cqual to KQ, and EM to 
MS, as QK to KL, ſo is SM to MN; and therefore, the ſides 
about the right angles QRL, SMN being proportionals, the 
triangle LK Q is fimilar to the triangle NMS. and becauſe of 
the fimilarity of the triangles AKL, EMN, as LA is to AK, 
ſo is NE to EM; and by the ſimilarity of the triangles AK Q, 


EMS, as KA to AQ, ſo ME to ES; ex aequali , LA is d. 22 & 


to AQ, as NE to ES. again, becauſe of the ſimilarity of the 
triangles LQK. NSM, as LQ to QK, ſo NS to SM; and 
from the ſimilarity of the triangles KAQ, MES, as KQ to 
QA, ſo MS to SE; ex acquali d, LQ is to QA, as NS to 
SE. and it was proved that QA is to AL, as SE to EN; there- 
fore, again, ex acquali, as QL to LA, ſo is SN to NE. where- 
fore the triangles LQA, NSE, having the ſides about all their 


angles proportionals, are equiangular © and ſimilar to one an- © 5 & 


other, and therefore the pyramid of which the baſe is the «ri- 
angle AKQ, and vertex L, is ſimilar to the pyramid the baſe 
of which is the triangle EMS, and vertex N, becauſe their 


ſolid angles are equal * ro one another, and they are contained f K 1 


by the ſame number of ſimilar planes, but ſimilar pyramids 
which have triangular baſes have to one another the triplicate 


the pyramid AKQL has to the pyramid EMSN the triplicate 
ratio of that which AK has to EM. In the ſame manner, if 


ſtraight lines be drawn from the points D, V, C, I. B, T 


to K, and from the points H, R, G, P, F, O to. M, and py- 
ramids be erected upon the triangles having the ſame vertices 
with the cones, it may be demonſtrated that each pyramid. in 
the firſt cone has to each in the other, taking them in the ſame 
order, the triplicate ratio of that which the ſide AK has to the 
fide EM; that is, Which AC has to EG. but as one antece- 
dent to its conſequent, ſo are all the antecedents to all the 


conſequents ®; therefore as the pyramid AK QL to the pyra- h. 22. 8. 


mid EM SN, ſo is the whole pyramid the baſe of which is the 
polygon DQOATBYCYV, and vertex L, to the whole pyramid 
of which tbe baſe is the polygon HSEOFPGR, and vertex N. 
wherefore alſo the firſt of theſe two laſt named pyramids has 
to the other the triplicate ratio of that which AC has to EG. 

but, 


ratio of that which their homologous ſides have; therefore 2 8. 2. 
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Book XII. but, by the hypotheſis, the cone of which the baſe is the cir- 


1 14. 5. 


————— — eee 


cle ABCD, and vertex L has to the ſolid X, the triplicate 
ratio of that which AC has to EG; therefore as the cone of 
which the baſe is the circle ABCD, and vertex L, is to the 


folid X, ſo is the pyramid the baſe of which is the polygon 


DQA'TBYCY, and vertex L to the pyramid the baſe of which 
is the polygon HSEOFPGR and vertex N. but the faid cone 
is greater than the pyramid contained in it, therefore the ſolid 
X is greater | than the pyramid the baſe of which is the poly- 
gon HSEOFPGR, and vertex N. but it is alſo leſs ; which is 
impoſſible, therefore the cone of which the baſe is the circle 


N 


X 2 
l | 


| 


| 


lth. 


ABCD, and vertex L has not to any ſolid which is lefsthan the 
cone of which the baſe is the circle EFGH and vertex N, the tri- 
plicate ratio of that which AC has to EG. In the ſame manner 


it may be demonſtrated that neither has the cone EFGHN to 


any ſolid which is leſs than the cone ABC DL, che triplicate 
ratio of that which EG has.to AC. Nor can the cone ABCDL 
have-to any ſolid which is greater than the cone EFGHN, the 
triplicate ratio of that which AC has to EG. for, if it be poſ- 


ſible, let it have it to a greater, viz, to the ſolid Z. therefore, 
| inverſely, 


DS I A = wy we 


nthe 
e tri- 
nner 
N to 
licate 
CDL 
, the 

poſ- 
fore, 
| ſely, 


lelogram, in any poſition of it, by the 


. ſeftions with it, are parallet*; where- 
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inverſely, the ſolid 2 has to the cone ABCDL the kripllelte Book XII. 
ratio of that which EG has to AC. but as the ſolid Z is to 
the cone ABC DI., ſo is the cone EFOHN to ſome ſolid, 
which muſt be leſs | than the cone ABC DL, becauſe the ſolid i. 14. 5. 
Z is greater than the cone EFG HN. therefore the cone EFGHN 
has to à ſolid which is leſs than the cone ABCDL, the tripli- 
cate ratio of that which EG has to Ac, which was demon- 
ſtrared to be impoſſible. therefore the cone ABCDL has not 
to any ſolid greater than the cone EPGHN, the triplicate ra- 
tio of that which AC has to EG; and it was demonſtrated 
that it could not have that ratio to any ſolid lefs than the cone 
EFGHN. therefore the cone ABCDLE has to the cone EFGHN, 
the triplicate ratio of that which AC has to EG. but as the 
cone is to the cone, ſo * the cylinder to rhe cylinder, for eve-K 16. . 
ry cone is the third part of the cylinder upon the ſame baſe, 
and of the ſame altitude. therefore alſo the cylinder has to the 
cylinder, the triplicate ratſo of that which AC has to EG. 


Wherefore ſimilar cones, &c. Q. E. D. 


P RO P. XIII. 1 HE OR. 
F a cylinder be cut by a plane parallel to its oppolit te Sev N. 
planes, or baſes; it divides the cylinder into two cy- 
linders, one of which is to the other as the axis of a 
firſt to the axis of the other. 
Let the cylinder AD be cut by che 
plane GH parallel to the oppoſite 
planes AB, Co, meeting the _ 
EF in the point K, and let the line 
GH be the common ſection of the 
plane GH and the furface of the cy- 
linder AD. let AEFC be the paral- 


revolution of which about the ſtraight Wu # 
line EF the cylinder ADi is deſcribed; _. 
and let GK be the common ſection - 

of the plane GH, and the plane 
AEC. and becauſe the parallel . 
planes AB, GH are cut by the plane 
AEKG, AE, KG, their common 


fore AK is a parallelogram, and GK 
equal to EA the ſtraight line from 
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Book XII. the center of the circle AB. for the ſame reaſon, each of the 


D 15. Def. 1. 


ſtraight lines drawn from the point K to the line GH may be 
proved to be equal to thoſe which are drawn from the center 
of the circle AB to its circumference, and are therefore. all 
equal to one another, therefore the line GH is the circumfe- 
rence of a circle b of which the center is the point K. there- 
fore the plane GH divides the cylinder AD into the cylinders 

AH, GD; for they are the ſame which would be deſcribed 


by the revolution of the parallelograms AK, CF about the 


2 ſtraight lines EK, KF. and it is to be ſhewn that the cylinder 


*. 11. 13, 


.R 
A 
are all equal, therefore the cylinders G 
C 
T 


AH is to the cylinder HC, as the axis EK to the axis KF, 


Produce the axis EF both ways; and take any number of 


ſtraight lines EN, NL, each equal to EK; and any number 


FX, XM, each equal to FK; and let 
planes parallel to AB, CD paſs thro Oo 
the points L, N, X, M. therefore 
the common ſections of theſe planes 
with the cylinder produced are circles 

the centers of which are the points * 
L, N, X, M, as was proved of the 
plane GH; and theſe planes cut off 
the cylinders PR, RB, DT, TO. 
and becauſe the axes LN, NE, EK 


P 


| 


| — 


PR, RB, BG are © to one another as 
their baſes, but their baſes are equal, 
and therefore the cylinders PR, RB, 
BG are equal. and becauſe the axes 
LN, NE, EK are equal to one an- __ 
other, as alſo the cylinders PR, RB, V 
BG, and that there are as many axes _ 
as cylinders ; therefore whatever multiple the axis KL i is of 
the axis KE, the ſame multiple is the cylinder PG of the cy- 


Ninder GB. for the ſame reaſon, whatever multiple the axis 


MK is of the axis KF, the ſame multiple i is the cylinder QC 
of the cylinder GD. and if the axis KL be equal to the axis 
KM, the cylinder PG is equal to the cylinder GQ ; 
the axis KL be greater than the axis KM, the cylinder PG is 
greater than the cylinder GQ; and if leſs, leſs, ſince there- 
fore there are four magnitudes, viz. the axes EK, KF, and 
the cylinders BG, GD, and that of the axis EK and cylinder 


BG there has been taken any equimultiples whatever, viz. the 
axis 


and if 
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axis KL and cylinder PG; and of the axis KF and cylinder Book XII, b 
GD, any equimultiples whatever, viz. the axis KM and cylin- | 
der GQ; and it has been demonſtrated if the axis KL be 1 
greater than the axis KM, the cylinder PG is greater than the 

cylinder GQ; and if equal, equal; and if leſs, leſs. there- 

fore 4 the axis EK is to the axis KF, as the cylinder BG to 5. Def. g. 
the cylinder GD. Wherefore if a cylinder, &c. Q. E. D. 


PROP. XIV. THE OR. 


ONE'S and cylinders upon equal baſes are to one an- 
other as their altitudes. 


Let the cylinders EB, FD be upon the equal baſes AB, CD. 
as the cylinder EB to the cylinder . ſo is the axis GH to 
the axis KL. 

Produce the axis KL to the point N, and make LN equal 
to the axis GH, and let CM be a cylinder of which the baſe is 
CD, and axis LN. and becauſe the cylinders EB, CM have 
the ſame altitude, they are to one another as their baſes *. but a. 11. 12; 
their baſes are equal, therefore alſo the cylinders EB, CM are 
equal. and becauſe the cylin- | 
der FM is cut by the plane 
CD parallel to its oppoſite 
planes, as the cylinder CM to 
the cylinder FD, ſo is b the 
axis LN to the axis KE. but 
the cylinder CM is equal to 
the cylinder EB, and the axis 
LN to the axis GH. there- 
fore as the cylinder EB to the A 
cylinder FD, ſo is the axis 
GH to the axis KL. and as the cylinder EB to the cylinder 
FD, ſo is © the cone ABG to the cone CD, becauſe the cylin- e 15. 5. 
ders are wipe 4 of the canes. therefore alſo the axis GH is to d. 10. 12. 
the axis KL, as the cone ABG to the cone CDK, and the cy- 
linder EB to the cylinder FD. Wherefore cones, &c, Q. E. D. 


Be PROP. 


E 


KL, MN be un- 


ſo 4 is the altitude MN to the altitude MP, becauſe the cylin- 
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PROP. XV. THEOR. 


HE baſcs and altitudes of equal cones and cylinders, 

are reciprocally proportional; and if the baſes and 

altitudes be reciprocally proportional, the cones and cy- 
linders are equal to one another. 


Let the circles ABCD, EFGH, the diameters of which are - 
AC, EG, be the baſes, and KL, MN the axes, as alſo the 
altitudes, of equal cones and cylinders; and let ALC, ENG 
be the cones, and AX, EO the cylinders. the baſes and alti- 
tudes of the cylinders AX, EO are reciprocally proportional; 
that is, as the baſe ABCD to the baſe EFGH, ſo is the alti- 
tude MN to the altitude KL. 

Either the altitude MN is equal to the altitude KL, or theſe 
altitudes are not equal. Firſt, let them be equal; and the 
cylinders AX, EO being alſo equal, and cones and cylinders 
of the ſame altitude being to one another as their baſes *, there- 
fore the baſe ABCD is equal to the baſe EFGH; and as the 
baſe ABCD is to the baſe EFGH, ſo is the altitude MN to 
the altitude KL, | 
but let the altirudes 


equal, and MN 

the greater of the T 
two, and from 
MN take MP e- 
qual to KL, and, 
through the point 

P, cut the cylin- A. K 
der EO by the plane B | 
TVS parallel to the oppoſite planes of the circles EFGH, 
RO; therefore the common ſection of the plane TYS and the 
cylinder EO is a circle, and conſequently ES is a cylinder, 
the baſe of which is the circle EFGH, and altitude MP, and 
becauſe the cylinder AX is equal to the cylinder EO, as AX 
is to the cylinder ES, ſo © is the cylinder EO to the ſame ES. 
but as the cylinder AX to the cylinder ES, fo * is the baſe 
ABCD to the baſe EFGH; for the cylinders AX, ES are of 
the ſame altitude; and as the cylinder EO to the cylinder ES, 


der 
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der EO is cut by the plane TYS parallel to its oppoſite planes. Book XII, 
therefore as the baſe ABCD to the baſe EFGH, ſo is the al- 
titude MN to the altitude MP, but MP is equal to the altitude 


5 KL; wherefore as the baſe ABCD to the baſe EFG H, ſo is 

d the altitude MN to the altitude KL; that is, the baſes and al- 

'- titudes of the equal cylinders AX, EO are reciprocally pro- 
portional, | 

But let the baſes and altitudes of the cylinders AX, EO, be 

* reciprocally proportional, viz, the baſe ABCD to the baſe 

C EFGH, as the altitude MN to the altitude KL. the cylinder 

8 AX is equal to the cylinder EO. 

i- Firſt, let the baſe ABCD be equal to the baſe EFGH, then 

's becauſe as the baſe ABCD is to the baſe EFGH, ſo is the al- 

i- titude MN to the altitude KL; MN is equal b ro KL, and b. * 5 
therefore the cylinder AX is equal * to the cylinder EO. e 

ſe But let the baſes ABCD, EFG H be unequal, and let ABCD 

1e be the greater; and becauſe as ABCD is to the baſe EF GH, ſo 

rs is the altitude MN to the altitude KL, therefore MN is great- 

e- er b than KL; then, the ſame conſtruction being made as be- 

ne fore, becauſe as the baſe ABCD to the baſe EFGH, ſo is the 

to 


altitude MN to the altitude KL; and becauſe the altitude KL 
is equal to the altitude MP; therefore the baſe ABCD is 4 to 

the baſe EFGH, as the cylinder AX to the cylinder ES; and 
as the altitude MN to the altitude MP or KL, ſo is the cylin- 
der EO to the cylinder ES. therefore the cylinder AX is to 
the cylinder ES, as the cylinder EO is to the ſame ES. whence 
the cylinder AX is equal to the cylinder EO. and the fame 
reaſoning holds in cones. Q. E. D. 


PROP, AVI. PRO. 


O deſcribe in the greater of two circles that have the 


ſame center, a polygon of an even number of e- 
qual ſides, that fhal! not meet the leſſer circle. 


Let ABCD, EFGH be two given circles having the ſame 
center K. it is required to inſcribe in the greater circle ABCD 
a polygon of an even number of equal ſides, that ſhall not 
meet the leſſer circle, 


Through the center K draw the ſtraight line BD, and from 
the point G, where it meets the circumference of the leſſer 
8 2 circle, 


* 
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Book XIT, circle, draw GA at right angles ro BD, and produce it to C; 


& 16. 3. 


b. Lemma. 


a. 28. 3. 


therefore AC touches“ the circle EFGH. then if the circum” 
ference BAD be biſected, and the half of it be again biſected · 
and ſo on, there muſt at length remain a circumference leſs ® 
than AD. let this be LD; and 
from the point L draw LM per- 
pendicular to BD, and produce 
it to N; and join LD, DN. there- 
fore LD is equal to DN, and be- 
cauſe LN is parallel to AC, and 
that AC touches thecircle EFGH ; 
therefore LN does not meet the 
circle EFGH. and much leſs ſhall 
the ſtraight lines LD, DN meet the circle EFGH. fo that if 
ſtraight lines equal to LD be applied in the circle ABCD from 
the point L around to N, there ſhall be deſcribed in the circle 
a polygon of an even number of equal ſides not meeting the 
lefler circle. Which was to be done. 


L E MM A I. ; : 


F two trapeziums ABCD, EFGH be inſcribed in the 
circles the centers of which are the points K, L; and 

if the ſides AB, DC be parallel, as alſo EF, HG; and the 
other four ſides AD, BC, EH, FG be all equa] to one 


another; but the ſide AB greater than EF, and DC great- 


er than HG. the ſtraight line KA from the center of the 
circle in which the greater ſides are, is greater than the 
{traight line LE drawn from the center to the circum- 
ference of the other circle. 


If it be poſſible, let KA be not greater than LE; then KA 
muſt be either equal to it, or leſs. Firſt, let KA be equal 
to LE. therefore becauſe in two equal circles, AD, BC in the 
one are equal to EH, FG in the other, the circumferences 
AD, BC are equal * to the circumferences EH, FG ; but be- 
cauſe the ſtraight lines AB, DC are reſpectively greater than 
EF, GH, the circumferences AB, DC are greater than EF, 
HG. therefore the whole circumference ABCD is greater 
than the whole EFGH ;- but it is alſo equal to it, which is 

| _ impoſſible, 


le 
LC 


OT ERUSSTYD. 


impoſſible. therefore the ſtraight line KA is not equal to Book XII. 


LE. 

But let KA be leſs than LE, and make LM equal to KA, 
and from the center L, and diſtance LM deſcribe the circle 
MNOP, meeting the ſtraight lines LE, LF, LG, LH, in M, 
N, O, P; and join MN, NO, OP, PM which are reſpective- 


ly parallel b to, and leſs than EF, FG, GH, HE. then, be- b. 2. 6 


cauſe EH is greater than MP, AD is greater than MP; and 


1 8 820 


the circles ABCD, MNOP are equal, therefore the circum- 
ference AD is greater than MP; for the fame reaſon, the 
circumference BC is greater than NO; and becauſe the ſtraight 
line AB is greater than EF which is greater than MN, much 
more is AB greater than MN. therefore the circumference 
AB is greater than MN; and for the ſame reaſon, the circum- 
ference DC is greater than PO. therefore the whole circumfe- 
rence ABCD is greater than the whole MNOP; but it is like- 


wife equal to it, which is impoſſible, therefore KA is not leſs 


than LE; nor is it equal to it; the ſtraight line KA muſt 
therefore be greater than LE. Q. E. D. | 
Cor. And if there be an Iſoſceles triangle the ſides of 
which are equal to AD, BC, but its baſe leſs . than AB the 
greater of the two ſides AB, DC; the ſtraight line KA may, 
in the ſame manner, be demonſtrated to be greater than the 


- ſtraight line drawn from the center to the circumference of 


the circle deſcribed about the triangle. 


5 PROP. 


278 THE ELEMENTS 


— 4 PROP. XVILL PRO B. 
1 O deſcribe in the greater of two ſpheres which have 


the ſame center, a ſolid polyhedron, the ſuperficies 
of which ſhall not meet the leſſer ſphere. 


| Let there be two ſpheres about the ſame center A; it is re-. 
quired to deſcribe in the greater a ſolid polyhedron, the ſuper- 


ficies of which ſhall not meet the leſſer ſphere. 

Let the ſpheres be cut by a plane paſſing thro' the center; 
the common ſcctions of it with the ſpheres ſhall be circles; 
becauſe the ſphere is deſcribed by the revolution of a ſemicir- 
cle about the diameter remaining unmoveable; ſo that in what- 
ever poſition the ſemicircle be conceived, the common ſection 
of the plane in which it is with the ſuperficies of the ſphere is 
the circumference of a circle; and this is a great circle of the 
ſphere, becauſe the diameter of the ſphere which is likewiſe 
the diameter of the circle, is greater * than any ſtraight line 

4. 15. 3. in the circle or ſphere. let then the circle made by the ſection 
of the plane with the greater ſphere be BCDE, and with the 
leſſer ſphere be FGH; and draw the two diameters BD, CE 
at right angles to one another, and in BCDE the greater of 
the two circles deſcribe b a polygon of an even number of e- 

b. 16. 12. qual ſides not meeting the leſſer circle FGH ; and let its ſides, 
in BE the fourth part of the circle, be BK, KL, LM, ME ; 
join KA. and produce it to N; and from A draw AX at right 
angles to the plane of the circle BODE meeting the ſuperficies 
of the ſphere in the point X; and let planes paſs thro' AX 
and each of the ſtraight lines BD, KN, which, from what 
has been ſaid, thall produce great circles on the ſuperficies of 
the ſphere, and let BXD, KXN be the ſemicircles thus made 
upon the diameters BD, KN. therefore, becauſe XA is at right 


angles to the plane of the circle BCDE, every plane which 


paſſes thro' XA is at right © angles to the plane of the circle 

c. 18. 11. BCDE; wherefore the ſemicircles XD, KXN are at right 
angles to that plane. and becauſe the ſemicircles BED, BW, 

KXN, upon the equal diameters BD, KN are equal to one an- 

other, their fourth parts BE, BX, KX, are equal to one an- 

other. therefore as many fides of the polygon as are in the 

fourth part BE, ſo many there are in BX, KX equa! to the 

ſides BK, KL, LM, ME. let theſe polygons be deſcribed, and 

their ſides be BO, OP, PR, RX; KS, ST, TY, IX, and join 

O8, 
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OS,PT,RY; and from the points O, S draw OV, 80 perpen- Book XII, 
diculars to AB, AK. and becauſe the plane BOXD is at right 
angles to the plane BCDE, and in one of them BOXD, OV 
is drawn perpendicular to A; the common ſection of the planes, 
therefore OV is perpendicular d to the plane BCDE. for the 4 Def. 11. 
ſame reaſon S Dis perpendicular to the ſame plane, becauſe 
the plane KS XN is at right angles to the plane BCDE. Join 
VQ, and becauſe in the equal ſemicircles BXD, KXN the 


SY Z 
* A G 
F. 
L. 


circumferences BO, KS are equal, and OV, 8 are perpen- 
dicular to their diameters, therefore * OV is cqual to 82 * 26. 1, 
and BV equal to K Q. but the whole BA is equal to the whole 

KA, therefore the remainder VA is equal to the remainder 

QA. as therefore BV is to VA, ſo is KQ to QA, wherefore | 
VQ is parallel © to BK. and becauſe OV, SQ are each of e. 2. 6. 
them at right angles to the plane of the circle BCDE, OV is 
parallel * ro SQ ; and it has been proved that it is alſo equalf 6 
to it; therefore QM, SO are equal and parallel s. and becauſe 3. 33. 1 
OV is parallel to 80, and alſo to KB; OS is parallel * to BK; N 5. 1 
and therefore BO, KS which join them are in the ſame plane 


TY in 
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B ook XII. in which theſe parallels are, and the quadrilateral figure KBOS 


h. 9. 21. 


i. 2. It. 


is in one plane, and if PB, TK be joined, and perpendiculars 
be drawn from the points P, T to the ſtraight lines AB, AK, 
it may be demonſtrated that 'TP is parallel to KB in the very 


ſame way that SO was ſhewn to be parallel to the ſame KB; 


wherefore TP is parallel to SO, and the quadrilateral figure 


| SOPT is in one plane. for the fame reaſon the quadrilateral 


TPRY is in one plane. and the figure YRX is alſo in one planei. 


— 
cy p 

＋ Li 
1 0 


chirefote, if from the points O, 8, P, T, R, Y there be drawn 


ſtraight lines to the point A, there ſhall be formed a ſolid po- 


lyhedron between the circumferences BX, KX compoſed of 
pyramids the baſes of which are the quadrilaterals EBOS, 
SOPT, TPRY, and the triangle YRX, and of which the com- 


mon vertex is the point A, and if the ſame conſtruction be 


made upon each of the ſides KL, LM, ME, as has been done 


upon BK, and the like be done alſo in the other three qua- 


drants, and in the other hemiſphere; there ſhall be for- 


med a folid polyhedron deſcribed in the ſphere, compo-, 
| ſed 
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ſed of pyramids the baſes of which are the aforeſaid qua- Book XII. 


_ drilateral figures, and the triangle YRX, and thoſe formed in 


the like manner in the reſt of the ſphere, the common vertex 
of them all being the point A. and the ſuperficies of this ſo- 
lid polyhedron does not meet the lefler ſphere in which is the 
circle FGH. for from the point A draw * AZ perpendicular k. 11. 11. 
to the plane of the quadrilateral KBOS meeting it in Z, and 
join BZ, ZK. and becauſe AZ is perpendicular to the plane 
KBOs, it makes right angles with every ſtraight line meeting 
it in that plane; therefore AZ is perpendicular to BZ and ZK. 
and becauſe AB is equal to AK, and that the ſquares of AZ, 


23, are equal to the ſquare of AB; and the ſquares of AZ, 


ZK to the ſquare of AK“; therefore the {ſquares of AZ, ZB» 47. 1. 
are equal to the ſquares of AZ, ZK. take from theſe equals 
the ſquare of AZ, the remaining ſquare of BZ is equal to the 
remaining ſquare of ZK; and therefore the ſtraight line BZ 
is equal to ZK. in the like manner it may be demonſtrated 
that the ſtraight lines drawn from the point Z to the points O, 
S are equal to BZ or ZK. therefore the circle deſcribed from 
the center Z, and diſtance ZB ſhall paſs thro” the points K, O, 
9, and KBOS ſhall be a quadrilateral figure in the circle. and 
becauſe KB is greater than QV, and QV equal to HO, there- 
fore KB is greater than 80. but KB is equal to each of the 
ſtraight lines BO, KS; wherefore each of the circumferences 
cut off by KB, BO, KS is greater than that cut off by OS; and 
theſe three circumferences together with a fourth equal to one 


of them, are greater than the ſame three together with that cut 


off by OS; that is, than the whole circumference of the cir- 
cle; therefore the circumference ſubtended by KB is greater 
than the fourth part of the whole circumference of the circle 


 KBOS, and conſequently the angle BZK at the center is great- 


er than a right angle. and N the angle BZ K is obtuſe, 
the ſquare of BK is greater! than the e of BZ, ZK; l. 12. 3. 
that is, greater than twice the ſquare of BZ, Join KV, 2 
becauſe in the triangles KBV, OBV, KB, BY are equal to OB, 


BV, and that they contain equal angles; the angle KVB is e- 


qual m to the angle OVB. and OVB is a right angle; there - m. 4. 1. 

fore alſo KVB is a right angle. and becauſe BD is leſs than 

twice DV, the rectangle contained by DB, BV is leſs than 

twice the rectangle DVB; that is, the ſquare of KB is leſs n. 8. 6. 

than twice the ſquare of KV. but the ſquare of KB is greater 

than twice the ſquare of BZ; therefore the ſquare of KV is 
| greater 
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Book XII. greater than the ſquare of BZ. and becauſe BA is equal to, 
AK, and that the ſquares of BZ, Z A are equal together to the 
ſquare of BA, and the ſquares of KV, VA to the ſquare of 
AK ; therefore the ſquares of BZ, ZA are equal to the ſquares 
of KV, VA; and of theſe the ſquare of KV is greater than 
the ſquare of BZ, therefore the ſquare of VA is leſs than the 


ſquare of ZA, and the ſtraight line AZ greater than VA. 1 
much more then is AZ greater than AG, becauſe in the pre- a] 
ceeding Propoſition it was ſhewn that KV falls without the 1 
circle FGH. and AZ is perpendicular to the plane KBOS, and 1 
is therefore the ſhorteſt of all the ſtraight lines that can be 1 
drawn from A the center of the ſphere to that plane. There- t 


fore the plane KBOS does not meet the leſſer ſphere. { 
And that the other planes between the quadrants BX, KX p 
fall without the leſſer ſphere, is thus demonſtrated, from the c 
point A draw Al perpendicular to the plane of the quadrila- 1 
teral SOPT, and join IO; and as was demonſtrated of the ; 
plane KBOS and the point Z, in the ſame way it may be ſhewa : 
that the point I is the center of a circle deſcribed about SOPT, . 
and that OS is greater than PT; and PT was ſhewn to be pa- 
rallel to OS. therefore becauſe the two trapeziums KBOS, 
SOPT inſcribed in circles have their ſides BK, OS parallel, as 
alſo OS, PT; and their other ſides BO, KS, OP, ST all equal 
to one another, and that BK is greater than OS, and OS + 
2. Lem. ia. greater than PT, therefore the ſtraight line ZB is greater“ | 
than IO. Join AO which will be equal to AB; and becauſe | 
AIO, AZB are right angles, the ſquares of AI, IO are equal 
to the ſquare of AO or of AB; that is, to the ſquares of AZ, 
ZB; and the ſquare of ZB is greater than the ſquare of IO, 
therefore the ſquare of AZ is leſs than the ſquare of AI; and 
the ſtraight line AZ leſs than the ſtraight line AI. and it was 
proved that AZ is greater than AG; much more then is AI 
greater than AG. therefore the plane SOPT falls wholly with- 
out the lefler ſphere, in the ſame manner it may be demon- 
' ſtrated that the plane TPRY falls without the ſame ſphere, 
as alſo the triangle XR, viz. by the Cor, of 2d Lemma. and 
after the ſame way it may be demonſtrated that all the planes 
which contain the ſolid polyhedron fall without the lefler 
ſphere. therefore in the greater of two ſpheres which have the 
ſame center, a ſolid polyhedron is deſcribed, the ſuperficies of 
which docs not meet the leſſer ſphere. Which was to be done. 
| But 
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than AG otherwiſe and in a ſhorter manner, without the help 
of Prop 16. as follows. From the point G draw GU at right 
angles to AG and join AU. if then the circumference BE be 


biſected, and its half again biſected, and ſo on, there will at | 


length be left a circumference leſs than the circumference 
which is ſubtended by a ſtraight line equal to GU inſcribed in 
the circle BCDE, let this be the circumference KB. therefore 
the ſtraight line KB is leſs than GU. and becauſe the angle 
BZK is obtuſe, as was proved in the preceeding, therefore BE 
is greater than BZ. but GU is greater than BK; much more 
then is GU greater than BZ, and the ſquare of GU than the 
ſquare of BZ. and AU is equal to AB; therefore the ſquare 
of AU, that is the ſquares of AG, GV are equal to the ſquare 
of AB, that is to the ſquares of AZ, ZB; but the ſquare of 


BZ. is leſs than the ſquare, of GU; therefore the ſquare of AZ 


is greater than the ſquare of AG, and the ſtraight line AZ 
conſequently greater than the ſtraight line AG. 

Cor. And if in the leſſer ſphere there be deſcribed a ſolid 
polyhedron by drawing ſtraight lines betwixt the points in 
which the ſtraight lines from the center of the ſphere drawn 
to all the angles of the ſolid polyhedron in the greater ſphere 
meet the ſuperficies of the leſſer; in the ſame order in which 
are joined the points in which the ſame lines from the center 
meet the ſuperſicies of the greater ſphere ; the ſolid polyhe- 


dron in the ſphere BCDE has to this other ſolid polyhedron 


the triplicate ratio of that which the diameter of the ſphere 


Beo has to the diameter of the other ſphere. for if theſe 


two ſolids be divided into the ſame number of pyramids, and 
in the ſame order; the pyramids ſhall be ſimilar to one ano- 
ther, each to each, becauſe they have the ſolid angles at their 
common vertex, the center of the ſphere, the ſame in each py- 
ramid, and their other ſolid angles at the baſes equal to one 


another, each to each *, becauſe they are containcd by three . B. 1. 


plane angles equal each to each; and the pyramidsarecontained 


| Book XII. 
But the ſtraight line AZ may be demonſtrated to be greater 
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by the fame number of fimilar planes; and are therefore ſimilar d b. i .Def. ti. 


to one another, each to each. but ſimilar pyramids have to 


one another the triplicate ©ratio of their homologous ſides, c. Cor. 8, 18. 


therefore the pyramid of which the baſe is the quadrilateral 
KBOS, and vertex A, has to the pyramid in the other ſphere 


of the ſame order, the triplicate ratio of their homologous 
ſides; 


| 
| 
| 
| 
|| 
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Book XII. ſides; that is, of that ratio which AB from the center of the 


A. 17. 12. 


greater ſphere has to the ſtraight line from the ſame center to 
the ſuperficies of the leſſer ſphere. and in like manner, each 
pyramid in the greater ſphere has to each of the ſame order in 
the leſſer, the triplicate ratio of that which AB has to the ſe- 


midiameter of the leſſer ſphere, and as one antecedent is to 


its conſequent, ſo are all the antecedents to all the conſequents. 
Wherefore the whole ſolid polyhedron in the greater ſphere 
has to the whole ſolid polyhedron in the other, the triplicate 
ratio of that which AB the ſemidiameter of the firſt has to the 
ſemidiameter of the other; that is, which the diameter BD of 
the greater has to the diameter of the other ſphere. 


©: OP; n. EM£0R. 


HERE: have to one another the triplicate ratio of 
that which their diameters have. 


Let ABC, DEF be two ſpheres of which the diameters are 
BC, EF. the ſphere ABC has to the ſphere DEF the triplicate 
ratio of that which BC has to EF, 

For if it has not, the ſphere ABC ſhall have to a ſphere ei- 
ther leſs or greater than DEF, the triplicate ratio of that 
which BC has to EF. Firſt, let it have that ratio to a leſs, viz, 
to the ſphere GHK; and let the ſphere DEF have the ſame 
center with GHE; and in the greater ſphere DEF deſcribe * 


= 


a ſolid polyhedron, the ſuperficics of which does not meet the 
leſter ſphere GHK; and in the ſphere ABC deſcribe another 
ſimilar to that in the ſphere DEF. therefore the ſolid polyhe- 
dron in the ſphere ABC has to the ſolid polyhedron in the 


b. Cor. 17. ia. ſphere DEF, the triplicate ratio * of that which BC has to EF. 


but the ſphere ABC has to the ſphere GK, the triplicate ra- 
EIT tio 


r 
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tio of that which BC has to EF; therefore as the ſphere ABC Book XII. 
— 


to the ſphere GH, ſo is the ſolid polyhedron in the ſphere ABC 
to the ſolid polyhedron in the ſphere DEF. but the ſphere 


ABC is greater than the ſolid polyhedron in it; therefore © al- c. 14. 5. 


ſo the ſphere GHE is greater than the ſolid polyhedron in the 
ſphere DEF. but it is alſo leſs, becauſe it is contained within 
it, which is impoſſible. therefore the ſphere ABC has not to 
any ſphere leſs than DEF, the triplicate ratio of that which 
BC has to EF. In the ſame manner it may be demonſtrated 
that the ſphere DEF has not to any ſphere leſs than ABC, the 
triplicate ratio of that which EF has to BC, Nor can the 
ſphere ABC have to any ſphere greater than DEF, the tripli- 
cate ratio of that which BC has to EF. for if it can, let it 
have that ratio to a greater ſphere LMN. therefore, by inver- 
ſion, the ſphere LMN has to the ſphere ABC, the triplicate 
ratio of that which the diameter EF has to the diameter BC. 
but as the ſphere LMN to ABC, ſo is the ſphere DEF to ſome 
ſphere, which mult be leſs © than the ſphere ABC, becauſe the 
ſphere LMN is greater than the ſphere DEF. therefore the 
ſphere DEF has to a ſphere leſs than ABC the triplicate ratio 
of that which EF has to BC; which was ſhewn to be impoſ- 
ſible. therefore the ſphere ABC has not to any ſphere greater 
than DEF the triplicate ratio of that whichBC has to EF. and 
it was demonſtrated that neither has it that ratio to any ſphere 
leſs than DEF. Therefore the ſphere ABC has to the ſphere 
DEF, the triplicate ratio of that which BC has to EF. Q.E. D 
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DEFINITION I. BOOK I. 


J is neceſſary to conſider a ſolid, that is a magnitude which 
has length, breadth, and thickneſs, in order to underſtand 
aright the Definitions of a point, line, and ſuperficies; for theſe 
all ariſe from a ſolid, and exiſt in it. the boundary, or boun- 
daries which contain a ſolid are called ſuperficies, or the boun- 
dary which is common. to two folids which are contiguous, or 
which divides one ſolid into two contiguous parts, is called a 
ſuperficies. thus if BCGF be one of the boundaries which 
contain the ſolid ABCDEFGH, or which is the common 
boundary of this ſolid, and the ſolid BELCFNMG and is there- 
fore in the one as well as the other ſolid, is called a ſuperficies, 
and has no thickneſs. for if it have any, this thickneſs muſt 
either be a part of the thickneſs 
of the ſolid AG, or of the ſolid H — N 
BM. or a part of the thickneſs of E | F N- 
each of them, It cannot be a | 
part of the thickneſs of the ſolid | 
BM, becauſe if this ſolid be re- D C L 
moved from the ſolid AG, the 
ſuperficies BCGF, the boundary | 
of the ſolid AG, remains ſtill 4 B K 
fame as it was. Nor can it be a part of the thickneſs of the 
ſolid AG, becauſe if this be removed from the ſolid BM, the 
ſuperficies BCGF, the boundary of the ſolid BM, does ne- 
vertheleſs remain, therefore the ſuperficies BCGF has no thick- 
neſs; but only length and breadth. 

'The boundary of a ſuperficies is called a line, or a line is the 
common boundary of two ſuperficies that are contiguous, or 
which divides one ſuperficies into two contiguous parts. thus 
if BC be one of the boundaries which contain the ſuperficies 
ABCD, or which is the common boundary of this ſuperficies 
and of the ſuperficies KBCL which is contiguous to it, this 
boundary BC is called a line, and has no breadth. for if it 
have any, this muſt be part either of the breadth of the ſuper- 
ficies ABCD, or of the ſuperficies KBCL, or part of each of 
them. It is not part of the breadth of the ſuperficies KBCL, 
| for if this ſuperficies be removed from the ſuperficies ABCD, 
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part of the length of the line AB, 
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Book I. the line BC which is the boundary of the ſuperficies ABCD 


remains the ſame as it was. nor can the breadth that BC is 
ſuppoſed to have, be a part of the breadth of the ſuperficies 
ABCD; becauſe if this be removed from the ſuperficies KBCL, 
the line BC which is the boundary of the ſuperficies KBCL 
does nevertheleſs remain. therefore the line BC has no breadth. 
and becauſe the line BCis in a ſuperficies, and that a ſuperficies 
has no thickneſs, as was ſhewn; therefore a line has neither 
breadth nor thickneſs, but only lengch. 

The boundary of a line is called a point, or a point is the 


common boundary or extremity H | G M 


of two lines that are contiguous, 
thus if B be the extremity of the | F N 
line AB, or the common extre- E * 

mity of the two lines AB, KB; | | 1 
this extremity is called a point, D C L 
and has no length. for if it have | 


any, this length muſt either be A B K 


or of the line KB. It is not part of the length of KB; for if 
the line KB be removed from AB, the point B which | is the 
extremity of the line AB remains the ſame as it was. nor is it 
part of the length of the line AB; for if AB be removed 
from the line KB, the point B which is the extremity of the 
line KB, does nevertheleſs remain, therefore the point B has 
no length. and becauſe a point is in a line, and a line has nei- 
ther breadth. nor thickneſs, therefore a- point has no length, 
breadth, nor thickneſs. And in this manner the Defini- 
tions of a point, line, and ſuperficies are to be underſtood, 


DN. . 


Inſtead of this Definition as it is in the Greek copies, a 
more diſtinct one is given from a property of a plane ſuperſi- 
cies, which is manifeſtly ſuppoſed in the Elements, viz. that a 
ſtraight line drawn from any point in a plane to any other in 
it, is wholly in that plane. 

| D E F. Vil. N. I. 

It ſeems that he who made this Definition deſigned that it 
ſhould comprehend' not only a plane angle contained by two 
ſtraight lines, but likewiſe the angle which ſome conceive to 
be made by a ſtraight line and a curve, or by two curve lines, 
which meet one another in a plane, but tho' the meaning of 

the 
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the words “ idee; that is, in a ſtraight line, or in the ſame Bock I. 


direction, be plain, when two ſtraight lines are ſaid to be in a 
ſtraight line, it does not appear what ought to be underſtood 
by theſe words, when a ſtraight line and a curve, or two curve 
lines, are ſaid to be in the ſame direction; at leaſt it cannot 
be explained in this place; which makes it probable that this 
Definition, and that of the angle of a ſegment, and what is 
ſaid of the angle of a ſemicircle, and the angles of ſegments, 
in the 16. and 31. Propoſitions of Book 3. are the additions 
of ſome leſs ſkilful Editor, on which account, eſpecially fince 


they are quite uſeleſs, theſe Definitions are diſtinguiſhed from 


the reſt by inverted double commas, 


DEF; ATH;--B:E; 


The words, ** which alſo divides the circle into two equal 
* parts”, are added at the end of this Definition in all the co- 
pies, but are now left out as not belonging to the Definition, 
being only a Corollary from it. Proclus demonſtrates it by 
conceiving one of the parts into which the diameter divides the 
circle, to be applied to the other, for it is plain they muſt coin- 
cide, elſe the ſtraight lines from the center to che circumfe- 
rence would not be all equal. the ſame thing is eaſily deduced 
from the 31. Prop. of Book 3. and the 24. of the ſame; from 
the firft of which it follows that ſemicircles are ſimilar ſegments 
.of a circle, and from the other, that they are equal to one 
another, | 

D E F. XXIII. B. I, 

This Definition has one condition more than is neceſſary; 
becauſe every quadrilateral figure which has its oppoſite ſides 
equal to one another, has likewiſe its oppoſite angles equal; 
and on the contrary. 

Let ABCD be a quadrilateral figure, of which the oppoſite 
ſides AB, CD are equal to one an- en D 
other; as alſo AD and BC. join 
BD; the two ſides AD, DB are e- 5 
qual to the two CB, BD, and the bale © ö 


AB is equal to the baſe CD; there- B | C 


fore by Prop. 8. of Book 1. the angle ADB is equal to the 


angle CBD; and by Prop. 4. B. 1. the angle BAD is equal 
to the angle DCB, and ABD to BDC; and therefore alſo the 
angle ADC is equal to the angle ABC- 


T 2 ; And 
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fore BAD, ADC are the half of all 


N O E 8. 


And if che angle BAD be equal to the oppoſite angle BCD, 
and the angle ABC to ADC; the oppoſite ſides are equal. 
Becauſe by Prop. 32. B. 1. all the angles of the quadrilateral 


figure ABCD are together equal to — 9 
| four right angles, and the two angles ; 
BAD, ADC are together equal to ; 


the two angles BCD, ABC. where- R e 


the four angles; that is, BAD and ADC are equal to twe 
right angles. and therefore AB, CD are parallels by Prop. 
28, B. 1, in the ſame manner AD, BC are parallels, there- 
fore ABCD is a parallelogram, and its oppoſite ſides are equal 
by 34. Prop. B. 1. 


FRE YI. 0. 


There are two caſes of this Propoſition, one of which is not 
in the Greek text, but is as neceſſary as the other, and that 


the caſe left out has been formerly in the text appears plainly 


from this, that the ſecond part of Prop. 5. which is neceſſa- 
ry to the demonſtration of this caſe, can be of no uſe at all in 


the Elements, or any where elſe, but in this Demonſtration 


becauſe the ſecond part of Prop. 5. clearly follows from the 


firſt part, and Prop. 13. B. 1. this part muſt therefore have 


been added to Prop. 5. upon account of ſome Propoſition 
betwixt the 5. and 13. but none of theſe ſtand in need of it 
except the 7. Propoſition, on account of which it has been ad- 
ded. beſides the tranſlation from the Arabic has this caſe ex- 
plicitly demonſtrated. and Proclus acknowledges that the ſe- 
cond part of Prop. 5. was added upon account of Prop. 7. but 
gives a ridiculous reaſon for it, “that it might afford an an- 
* ſwer to objections made againſt the 7.“ as if the caſe of the 
7. which is left out, were, as he expreſly makes it, an objection 
againſt the Propoſition itſelf, Whoever is curious may read 
what Proclus fays of this in his commentary on the 5. and 7. 


_ Propoſitions; for it is not werth while to relate his trifles at 


full length. 


It was thought proper to change the enuntiation of this 7. 


Prop. fo as to preſerve the very ſame meaning; the literal tran- 


ation from the Greek being extremely harſh, and difficult to 


be underſtood ” beginners, 
PROP. 
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PROP. XI. B. I. 


A Corollary is added to this Propoſition, which is neceſſa- 
ry to Prop. 1. B. 11, and otherwiſe. —— 


PROP. XX. and XXI. B. I. 


Proclus in his Commentary relates that the Epicureans de- 
rided this Propoſition, as being manifeſt even to aſſes, and 
needing no Demonſtration; and his anſwer is, that tho' the 
truth of it be manifeſt to our ſenſes, yet it is ſcience which 
muſt give the reaſon why two ſides of a triangle are greater 
than the third, but the right anſwer to this objection againſt 
this and the 21, and ſome other plain Propofitions, is, that 
the number of Axioms ought not to be encreaſed without ne- 
ceſſity, as it muſt be if theſe Propoſitions be not demonſtrated, 
Monſ. Clairault in the Preface to his Elements of Geometry, 
publithed in French at Paris, Ann. 1741. ſays that Euclid has 
been at the pains to prove that the two ſides of a triangle 
which is included within another are together leſs than the 
two ſides of the triangle which includes it; but he has forgot 
to add this condition, viz, that the triangles muſt be upon the 


ſame baſe; becauſe unleſs this be added, the fides of the in- 


cluded triangle may be greater than the fides of the triangle 
which includes it, in any ratio which is leſs than that of two 
to one, as Pappus Alexandrinus has demonſtrated in Prop, 3. 
B. 3. of his Mathematical Collections. 


PROP. XXII. B. . 


Some Authors blame Euclid becauſe he does not 1 UL 
ſtrate that the two circles made uſe of in the conſtruction of. 
this Problem muſt cut one another. but this is very plain from 
the determination he has given, viz. that any two of the ſtraight 
lines DF, FG, GH muſt be great- 
er than the third. for who is ſo 
dull, tho* only beginning to learn 
the Elements, as not to perceive / 
that the circle deſcribed from the | 
cencer- F, ur the dill FDI F 6 H 
muſt meet FH betwixt F and H, becauſe FD is leſs than FH ; 
and that, for the like reaſon, the circle deſcribed from the cen- 
ter G, at the diſtance GH or GM muſt meet 58 betwixt D 

W 3 6-0 ' T and 


Book I. and G; and that theſe circles muſt meet one another, becauſe 
FD and GH are together greater 
than FG? and this determination 
is eaſier to be underſtood than 
that which Mr Thomas Simpſon 
derives from it, and puts inſtead a 
of Euclid's, in the 49. page of DM F G H 
his Elements of Geometry, that he may ſupply the omiſſion 
he blames Euclid for; which determination is, that any of the 
three ſtraight lines muſt be leſs than the ſum, but greater than 
the difference of the other two, from this he ſhews the circles 
muſt meet one another, in one caſe; and ſays that it may be 
proved after the ſame manner in any other caſe. but the ſtraight 
line GM which he bids take from GF may be greater than it, 
as in the figure here annexed, in which caſe his demonſtration 
muſt be changed into another, 


PROP. XXIV. Z. I. 


To this is added * of the two ſides DE, DF, let DE be 
that which is not greater than the other;” that is, take 
that ſide of the two DE, DF which is not greater than the 0- 
ther, in order to make with it the I 
angle EDG equal to BAC. becauſe, 
without this reſtriction, there might 
be three different caſes of the Propoſi- 
tion, as Campanus and others make. 

Mr Thomas Simpſon in p. 262. of 
the ſecond edition of his Elements of 
Geometry, printed Ann. 1760, obſerves E | w_ Go 
in his Notes, that it ought to have been F | 
ſhewn that the point F falls below the 
line EG; this probably Euclid omitted, as it is very eaſy to 
perceive that DG being equal to DF, the point G is in the 
circumference of a circle deſcribed * the center D at the 
diſtance DF, and muſt be in that part of it which is above 
the ſtraight line EF, becauſe DG falls above DF, the angle 

EDG being greaney than the angle EDF. 


PROP. - + 1+ 0 I. 


The Propoſition which is uſually called the 5. Poſtulate, or 


TH Axiom, by ſome the 12, on which this 29. depends, has 
15 | | given 
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line, and then go further from 


NOTE S. 


- Book f. 
given a great deal to do both to antient and modern Geome- Book 


ters. it ſeems not to be properly placed among the Axioms, 
as, indeed, it is not ſelf-evident; but it may be demonſtrated 
thus, 
DEFINITION, 
The diſtance of a point from a ſtraight line, is the perpen- 
dicular drawn to it from the point, 


. 

One ſtraight line is ſaid to go nearer to, or further from 
another ſtraight line, when the diſtance of the points of the 
firſt from the other ſtraight line become leſs or greater than 
they were; and two ſtraight lines are faid to keep the ſame 
diſtance from one another, when the diſtance of the points of 
one of them from the other is always the ſame, 


K 1 ON. 
A ſtraight line cannot firſt come nearer to another ſtraight 


it, before it cuts it; and, in like —  B 1 — 
manner, a ſtraight line cannot E. 
go further from another ſtraight F | 
line, and then come nearer to F G H 
it; nor can a ſtraight line keep the ſame diſtance from another 
ſtraight line, and then come nearer to it, or go further from 
it; for a ſtraight line keeps always the ſame direction. 

For example, the ſtraight line ABC cannot firſt come near- 
er to the ſtraight line DE, as | 
from the point A to the point A 
B, and then, from the point BD E 
to the point C, go further from I 
the ſame DE. and, in like man- | 
ner, the ſtraight line FGH cannot go further from DE, as 
from F to G, and then, from G te H, come nearer to the 
ſame DE. and fo in the laſt caſe as in fig, 2, 


ASE. iT, 


If two equal ſtraight lines AC, BD be each at right angles 


to the ſame ſtraight line AB; if the points C, D be joined by 


"the ſtraight line CD, the ſtraight line EF drawn from any 


point E in AB unto CD, at right angles to AB, ſhall be equal 
to AC, or BD. 

If EF be not equal to AC, one of them muſt be greater 
than the other; let AC be the greater; then becauſe FE is 


T 4 1 less 
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= - 
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line AB at the point F than at the 
point C, that is, CF comes nearer 
to AB from the point C to F. but 
becauſe DB is greater than FE, 
the ſtraight line CFD is further 
from AB at the point D than at P, 
that is, FD goes further from AB 
from F to D. therefore the ſtraight 


line CFD firſt comes nearer to the ſtraight line AB, and then 
goes further from it, before it cuts it, which is impoſſible. 
and the ſame thing will follow, if FE be ſaid to be greater than 
CA, or DB. therefore FE is not unequal to AC, that is, it 


is equal to it. 


„ 


If two equal ſtraight lines AC, BD be each at right angles 
to the ſame ſtraight line AB; the ſtraight line CD which joins 
their extremities makes right angles with AC and BD. 

Join AD, BC; and becauſe, in the trmngles CAB, DBA, 
CA, AB are equal ta DB, BA, and the angle CAB equal to 

4! the angle DBA; the baſe BC is equal“ to the baſe AD. and 
in the triangles ACD, BDC, AC, CD are equal to BD, DC, 


and the baſe AD is equal to the baſe 

BC, therefore the angle ACD is e- 

b. 8.1. qual ® to the angle BDC. from any 
point E in AB draw EF unto CD, 

at right angles to AB; therfore, by 

Prop. 1. EF is equal to AC, or BD; 


angles, 


S. 
Book I. lefs than CA, the ſtraight line CFD is nearer to the ſtraigh 
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wherefore as has been juſt now ſhewn, the angle ACF is equal 
to the angle EF C. in the ſame manner the angle BDF is equal 
to the angle EFD; but the angles ACD, BDC are equal, 
therefore the angles EFC and EFD are equal, and right 

c. 10. Def. 1, angles ©; wherefore alſo the angles ACD, BDC are right 


Con, Hence, if two ſtraight lines AB, CD be at right 


angles to the ſame ſtraight line AC, and if betwixt them a 


ſtraight line BD be drawn at right angles to either of them, 
as to AB; then BD is equal to AC, and BDC is a right angle. 


If AC be not equal to BD, take BG equal to AC, and 
join CG. therefore, by this Propoſition, the angle ACG is a 
right angle; but ACD is allo a right angle, wherefore the 


= 
=_— 


angles 


ACD, 
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ACD,-ACG are equal to one another, which is impoſſible, Book I. 


therefore BD is equal to AC ; and by this Propoſition BDC 
is a right angle, 


AOP. 3. 


If two | ſtraight lines which contain an angle be produced, 
there may be found in either of them a point from which the 
perpendicular drawn to the other ſhall be greater than any 
given ſtraight line. 

Let AB, AC be two ſtraight lines which make an angle with 
one another, and let AD be the given ſtraight line; a point 
may be found either in AB or AC, as in AC, from which the 
perpendicular drawn to the other AB ſhall be greater than AD. 

In AC take any point E, and draw EF perpendicular to 
AB; produce AE to G, ſo that EG be equal to AE; and 
produce FE to H, and make EH equal to FF, and join HG. 
becauſe, in the triangles AEF, GEH, AE, EF are equal to 


GE, EH, each to each, and contain cqual * angles, the angle a. 15. r. 
GHE is therefore equal ® to the angle AFE which is a right b. 4. «. 


angle. draw GK perpendicular to AB; and becauſe the ſtraight 
lines FK, HG are 

at right angles to A E E _B Mc 
FH, and KG at N | 
right angles to 
FK; KG is equal 

to FH, by Cor. P 


Pr. 2. that is to 


the double of FE. 
in the ſame manner, if AG be produced to L ſo that GL be 


equal to AG, and LM be drawn perpendicular to AB, then 
LM is double of GK, and ſo on, In AD take AN <qual to 
FE, and AO equal to KG, that is to the double of FE, or 
AN; alſo take AP equal to LM, that is to the double of KG; 


or AQ; and let this be done till the ſtraight line taken be 
greater than AD. let this ſtraight line fo taken be AP, and 
becauſe AP is equal to LM, therefore LM is greater than wh. od 


Which was to be done, 


CRF F..A 
If two ſtraight lines AB, CD make equal angles EAB, 
ECD with another ſtraight line EAC towards the ſame parts 


of it; AB and CD are at right angles to ſome ſtraight line. 
Biſect 
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Book 1. 


4. Is. t. 


b. 4. 1. 


e. th 1. 


. 8& . 


6. 23. bo 


b. 22. 7, 


two angles AFG, AFH are equal to 


N r AS. 
Biſect AC in F, and draw FG perpendicular to AB; take 
CH in che ſtraight line CD equal to AG and on the contrary 
ſide of AC to that on which AG is, and join FH, therefore, 


in the triangles AFG, CFH the ſides FA, AG are E to 
FC, CH, each to each, and the angle 


FAG, that is, EAB is vg to the 
angle FCH; wherefore ® the angle 
AGF is equal to CHF, and AFG to — = A Y 
the angle CFH. to theſe laſt add the arg 
common angle AFH, therefore the 2 


the two angles CFH, HFA which Go D 
two, laſt are equal together to two 


right angles ©, therefore alſo AFG, AFH are equal to two 
right angles, and conſequently 4 GF and FH are in one ſtraight 
line. and becauſe AGF is a right angle, CHF which is equal 


to it is alſo a right angle. therefore the ſtraight lines AB, CD 
arc at right angles to GH, 


PROP. 5. 

If two ſtraight lines AB, CD be cut he a third ACE ſo as 
to make the interior angles BAC, ACD, on the ſame fide of 
it, together leſs than two right angles; AB and CD being 
produced ſhall meet one another towards the parts on which 
are the two angles which are leſs than two right angles. 

Act the point C in the ſtraight line CE make * the angle 


ECF equal to the angle EAB, and draw to AB the ſtraight 


line CG at right angles to CF. then becauſe the angles ECF, 
EAB are equal to one an- 


other, and that the angles E 75 f 
ECF, FCA are together e- | 
qual.® to two right angles, M C | E. E 
the angles EAB, FCA are B . | 
equal to two right angles, N | D 
but, by the hypotheſis, the A | L 
angles EAB, ACD are to- X a 4 
= leſs than two right A © G B H 
angles, therefore the angle 
FCA. is greater than ACD, and CD falls between CF and 
AB. and becauſe CF and CD make an angle with one another, 
by Prop. 3. a point may be found in cither of them CD from 
yhich the perpendicular drawn to CF ſhall be greater than the 
ſtraight 


N © N . 


ſtraight line CG. let this point be H, and draw HK perpendi- Book I. 


cular to CF meeting AB in L. and becauſe AB, CF contain 
equal angles with AC on the ſame fide of it, by Prop. 4. AB 
and CF are at right angles to the ſtraight line MNO which bt- 
ſets AC in N and is perpendicular to CF, therefore, by Cor. 
Prop. 2. CG and KL which are atright angles to CF are equal 
to one another, and HK is greater than CG, and therefore is 
greater than KL, and conſequently the point H is in KL pro- 
duced, Wherefore the ſtraight line CDH drawn betwixt the 
points C, H which are on contrary fides of AL, muſt neceſſa- 
rily cut the ſtraight line AB, 
PROP. XXXV. B. I. 

The Demonſtrationof this Propoſition is changed, becauſe if 
the method which is uſed in it was followed, there would be 
three caſes to be ſeparately demonſtrated, as is done in the 
tranſlation from the Arabic; for in the Elements no caſe of a 
Propoſition that requires a different Demonſtration ought to 
he omitted, On this account we have choſen the method 
which Monf, Clairault has given, the firſt of any, as far as I + 
know, in his Elements, page 21. and which afterwards Mr 
Simpſon gives in his, page 32, but whereas Mr Simpſon makes 


.uſe of Prop, 26, B. 1, from which the equality of the two 


triangles does not immediately follow, becauſe to prove that, 
the 4. of B. 1, muſt likewiſe be made uſe of, as may be ſeen, 
in the very ſame caſe, in the 34. Prop, B. 1. it was thought 
better to make uſe only of the 4, of B, 1. 
cen LLP ALY BAI 

The ſtraight line KM is proved to be parallel to FL from 
the 33. Prop. whereas KH is parallel to FG by conſtruction, 
and KHM, FGL have been demonſtrated to be ſtraight lines. 
a Corollary is added from Commandine, as being often uſed. 


PROP. XIII. B. II. 


N. this Propoſition only acute angled triangles are mention- 
ed, whereas it holds true of every triangle. and the De- 
monſtrations of the caſes omitted are added; Commandine and 
Clavius have likewiſe given their Demonſtrations of theſe caſes. 


ER O.F.:XIV. B H. 
In che Demonſtration of this, ſome Greek Editor has ig - 


nopantly inſerted the words, * but if not, one of the two BE, 
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NOTE 8. 


Boy It; * FED is the greater; let BE be the greater and produce it to 


« F,” as if it was of any conſequence whether the greater or 
leſſer be produced. therefore inſtead of theſe words, there 
ought to be read ny. but if not, produce BE to F.“ 


„ 


PROP. I. B. III. 


EVERAL Authors, eſpecially among the modern Mathe- 
maticians and Logicians, inveigh too ſeverely againſt indi- 


rect, or Apagogic Demonſtrations, and ſometimes ignorantly 
enough; not being aware that there are ſome things that can- 


not be demonſtrated any other way, of this the preſent pro- 
poſition is a very clear inſtance, as no direct Demonſtration 
can be given of it, becauſe, beſides the Definition of a circle, 


there is no principle or property relating to a circle antecedent 


to this Problem, from which either a direct or indirect De- 
monſtration can be deduced. wherefore it is neceſſary that the 


point found by the conſtruction of the Problem be proved to 


be the center of the circle, by the help of this Definition, and 
ſome oc the preceeding Propoſitions. and becauſe in the De- 
monſtration, this Propoſition muſt be brought in, viz, ſtraight 
lines from the center of a circle to the circumference are equal, 
and that the point found by the conſtruction cannot be aſſu- 
med as the center, for this is the thing to be demonſtrated ; it 
is manifeſt ſome other point muſt be afſumed as the center; 
and if from this aſſumption an abſurdity follows, as Euclid 
demonſtrates there muſt, then it is not true that the point aſ- 
ſumed is the center; and as any point whatever was aſſumed, 
it follows that no point, except that found by the conſtruction, 
can be the center, from which the neceflity of an indirect 
Demonſtration in this caſe is evident, 


PROP. XIII. B. III. 

As it is much eaſier to imagine that two circles may touch 
one another within in more points than one, upon the ſame 
ſide, than upon oppoſite ſides; the figure of that caſe ought 
not to have been omitted; but the conſtruction in the Greek 
text would not have ſuited with this figure ſo well, becauſe the 
centers of the circles-muſt have been placed near to the cir- 
eumferences, on which account another conſtruction and de- 
monſtration is given, which- is the ſame with the ſecond part 
ef that which Campanus has inen from the Arabic, 


where 


NOT ERES. 


without any r nſtration is divided into Book III. 
where without any reaſon the Demo is divided into | 
two parts. 


PROP. XV. B. III. 
The converſe of the ſecond part of this Propoſition is want” 


ing tho'in the preceeding, the converſe is added, in alike caſe, 


both inthe Enunciation and Demonſtration; and it is now add- 
ed in this. beſides, in the Demonſtration of the firſt part of 
this 1 5th, the diameter AD (fee Commandine's figure) is proved 
to be greater than the ſtraight line BC by means of another 
ſtraight line MN; whereas it may be better done without it on 


which accounts we have given a different Demonſtration, like 


to that which Euclid gives in the preceeding 14th, and to that 
which Theodoſius gives in Prop. 6. B. 1. of his er in 
this very affair. 


FRAEFP. AVI BM 
In this we have not followed the Greek, nor the Latin 
tranſlation literally, but have given what is plainly the mean- 
ing of the Propoſition, without mentioning the angle of the 
ſemicircle, or that which ſome call the cornicular angle which 
they conceive to be made by the circumference and the ſtraight 
line which is at right angles to the diameter, at its extremity 


which angles have furniſhed matter of great debate between 
ſome of the modern Geometers, and given occaſion of dedu- 


cing ſtrange conſequences from them, which are quite avoid- 
ed by the manner in which we have expreſſed the Propoſition, 
and in like manner we have given the true meaning of Prop. 
31. B. 3. without mentioning the angles of the greater or leſ- 
ſer ſegments. theſe paſſages Vieta with good reaſon ſuſpects to 
be adulterated, in the 386. page of his Oper. Math. 


PROP. XX. ZB. It. 


The firſt words of the ſecond part of this Demonſtration, 

« xtxacoY dh ray” are wrong tranſlated by Mr Briggs and 
Dr Gregory Rurſus inclinetur,” for the tranſlation. ought 
to be © Rurſus infletatur” as Commandine has it. a ſtraight 
line is ſaid to be inflected either to a ſtraight, or curve line, 
when a ſtraight line is drawn to this line from a point, and 
from the point in which it meets it, a ſtraight line making 
an angle with the former is drawn to another point, as is evi- 
dent from the 90. Prop. of Euclid's Data; for thus the whole 
line betwixt the firſt and laſt Points, is inflected or broken at 
the 


- 
= —— — hs be * 


Leer I. the point of inflexion where the two ſtraight lines meet. And 


cirele, is wanting in the Greek, and of this a more ſimple 


muſt coincide with the ſegment CFD (ſee Commandine's fi- 


NOTES. 


in the like ſenſe two ſtraight lines are ſaid to be inflected from 
two points to a third point, when they make an angle at this | 
point; as may be ſeen in the deſcription given by Pappus A. 
lexandrinus of Apollonius's Books de Locis planis, in the Pre- 
face to his 7, Book, we have made the expreſſion fuller from 
the 90. Prop. of the Data, 


PROP. XXI. B. III. 


| There are two caſes of this Propoſition, the ſecond of which, 
viz. when the angles are in a ſegment not greater than a ſemi- 


Demonſtration is given than that which is in Commandine, as 
being derived only from the firſt cafe, without the help of 
triangles, | a 


tor. XXII. and XXIV. B. III. 
In Propoſition 24. it is demonſtrated that the ſegment AEB 


gure) and that it cannot fall otherwiſe, as CGD, ſo as to cut 
the other circle in a third point G, from this, that if it did, a 
circle could cut another in more points that two. but this 
ought to have been proved to be impoſſible in the 23. Prop. 
as well as that one of the ſegments cannot fall within the o- 
ther. this part then is left out in the 24. and put in its proper 
Place, the 2 3d Propoſition, 


PROP. XXV. B. III. 
This Propoſition is divided into three caſes, of which two 


have the ſame conſtruction and demonſtration ; therefore i it 1 
is now divided only into two caſes. | 1 
PR 0 P. XXXIII. B. III. 1 
This alſo in the Greek is divided into three caſes, of which F 
two, viz. one, in which the given angle is acute, and the other t 
in which it is obtuſe, have exactly the ſame conſtruction and N 
demonſtration; on which account the demonſtration of the 
laſt caſe is left out as quite ſuperfluous, and the addition of 
ſome unſkilful Editor; beſides the demonſtration of the caſe : 
when the angle given is a-right angle, is done a round-about 1 
way, and is therefore chan get to a more ſimple one, as was 4 
done by Clavius, | 4 
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PROP, XXV. B. III. nw 9 


As che 25. and 33. Propoſitions are divided into more 
eaſes, ſo this 35. is divided into fewer caſes than are neceſſary. 


; Nor can it be ſuppoſed that Euclid omitted them becauſe they 


are eaſy; as he has given the caſe which by far is the eafieſt 
of them all, viz. that in which both the ſtraight lines paſs 
thro' the center. and in the following Propoſition he ſeparate- 
ly demonſtrates the caſe in which the ſtraight line paſſes thro” 
the center, and that in which it does not paſs thro' the cen- 
ter. ſo that it ſeems Theon, or ſome other, has thought them 
too long to inſert, but caſes that require different demonſtra- 
tions, ſhould not be left out in the Elements, as was before 
taken notice of, theſe caſes are in the tranſlation from the 
Arabic, and. are now put into the 'Text. 


"PROP. XXXVII. B. III. 


At the end of this the words *© in the fame manner 
„be demonftrated, if the center be in AC are 1 
the addition of ſome ignorant Editor, 


may 


DEFINITIONS of BOOK W. 


point is by the Greek Geometers ſaid ar lec dal, to be 
upon, or in that line. and when a ſtraight line or circle meets 
a circle any way, the one is ſaid dvi . to meet the other. 


but when a ſtraight line or circle meets a circle ſo as not to 
cut it, it is ſaid tlie, to touch the circle; and theſe two 
terms are never promiſcuouſly uſed by them. thereftte in the 


5. Definition of B. 4. the compound ipz7]17a: muſt be read, 
inſtead of the ſimple dv. and in the 1, 2, 3. and 6. De- 
finitions in Commandine's tranſlation, ©. tangit” muff be read 


iaſtead of ** contingit.” and ingthe 2. and 3. Definitions of 
Book 3. the fame change muſt be made. but in the Greek 
text of Propoſitions 11, 12, 13,18, 19. B. 3. the compound 


verb is to be put for the ſimple. 
PROP. IV. B. Iv. 


In this. as alſo in the 8. and 1 1 Propoſitions of this Book, 
it is demonſtrated indireQly that the circle touches a ſtraight 
line; whereas in the 17, 33. and 37. Propoſitions of Book 
3. che lame thing i Is N demonſtrated. and this way 
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HEN a point is in a ſtraight, or any other fline, this 
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304 NOTE 5s. 
Book IV. we have choſen to uſe in the Propoſitions of this Mao. as it is 
——Y— ſhorter. 
PRO P. V. B. IV. | 
The Demonſtration of this has been ſpoiled by ſome un- 
{kilful hand. for he does not demonſtrate, as is neceſſary, that 
the two ſtraight lines which biſeCt the ſides of the triangle at 
right angles, muſt meet one another; and, without any rea- 
ſon, he divides the Propoſition into three caſes, whereas one 
and the ſame conſtruction and demonſtration ſerves for them 
all, as Campanus has obſerved ; which uſeleſs repetitions are 
no left out. the Greek text alſo in the Corollary is mani- 
feſtly vitiated, where mention is made of a given angle, tho 
there neither is, nor can be any thing in the Propofition r re- 
lating to a given angle. 


PROP. XV. and XVI. B. IV. 


In the Corollary of the firſt of theſe, the words equilateral 
and equiangular Are wanting in the Greek, and in Prop. 16. 
inſtead of the circle ABCD, ought to be read the circumference 
ABCD. where mention. is made of its s containing fifteen e- 
qual parts. 


Gp DEF, Uf. B. v. 


ANY of the modern Mathematicians reject this Defi- 
nition. the very learned Dr Barrow has explained it 
at large at the end of his third lecture of the year 1666, in I 
which alſo he anſwers the objections made againſt it as well 
as the ſubject would allow. and at the n gives his "_ | 
upon the whole, as follows. 
{© I ſhall only add, that the Author had, ee no o- 
ther deſign in making this Definition, than (that he might 
*« more fully explain and embelliſh his ſubject) to give a gene- 
« ral and ſummary idea of ratio to beginners, by premiſing 
© this Metaphyſical Definition, to the more accurate Defini- 
tions of ratios that are the ſame to one another, or one of 
* which is greater, or leſs than the other. I call it a Meta- 
«« phyſical, for it is not properly a Mathematical Definition, 
< ſince nothing in Mathematics depends on it, or is deduced, 
nor, as I judge, can be deduced from it, and the Definj- 
« tion of Analogy, which follows, viz, A" is the ſimĩ- If 
he litude 
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* [itude of ratios, is of the ſame kind, and can ſerve for ng Book V. 


« purpoſe in Mathematics, but only to give beginners ſome 
« general tho' groſs and .confuſed notion of Analogy, but 
„e the whole of the doctrine of Ratios, and the whole of Ma- 
« thematics depend upon the accurate Mathematical Defini- 
tions which follow this. to theſe we ought principally to 
attend, as the doctrine of Ratios is more perfectly explained 
* by them; this third, and others: like it, may be entirely 
** ſpared without any loſs to Geometry: as we ſee in the 7. 
* Book of the Elements, where the proportion of numbers to 
one another is defined, and treated of, yet without giving 
any Definition of the Ratio of numbers; tho' ſuch a Defi- 
* nition was as neceflary and uſeful to be given in that Book, 

as in this, but indeed there is ſcarce any need of it in 
* either of them. tho? I think that a thing of ſo general and 
* abſtracted a nature, and thereby the more difficult to be 
* conceived, and explained, cannot be more commodiouſly 
defined, than as the Author has done. upon which account 
* thought fit to explain it at large, and defend it againſt 
*«*. the captious objections of thoſe who attack it.“ to this ci- 
tation from Dr Barrow T have nothing to add, except that I 


fully believe the 3. and 8. Definitions are not Euclid's, but 


added by ſome unſkilful Editor. | 
DEF, XI. B. v. 

"hey WAS neceflary to add the word continual” before pro- 
* portionals” in this Definition; and thus it is cited in * 
33. Prop. of Book 11. 
Alfter this Definition ought to have followed the Definition 
of Compound ratio, as this was the proper place for it; Du- 
plicate and Triplicate ratio being ſpecies of Compound ratio, 
But Theon has made it the 5. Def. of B. 6. where he gives an 
abſurd and entirely uſeleſs Definition of Compound ratio. for 
this reaſon we have placed another Definition of it betwixt the 


11. and 12. of this Book, which, no doubt, Euclid gave; for 


he cites it expreſly in Prop. 23. B. 6. and which Clavius, 


| Herigon, and Barrow have likewiſe given, but they retain alſo 
* s, which they ought to have left out of the Elements. 


D E F. XIII. B. V. 
This and the reſt of the Definitions following, contain the 


explication of ſome terms which are uſed in the 5. and fol- 


lowing Books; which, except a few, are eaſily enough un- 


U | derſtood 


. 
8 
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derſtood from the Propoſitions of this Book where they are art 
mentioned. they ſeem to have been added by Theon or ſome 
other. However it be, they are explained ſomething more 
diſtinctly for the ſake of learners. 

PROP. IV. B. v. 

In the conſtruction preceeding the demonſtration of this, 
the words « ir, any whatever, are twice wanting in the 
Greek, as alſo in the Latin tranſlations; and are now added, 
as being wholly neceſſary, 

Ibid. in the demonſtration; in the Greek, and in the Latin 
tranſlation of Commandine, and in that of Mr Henry Briggs, 
which was publiſhed at London in 1620, together with the 
Greek text of the firſt fix Books, which tranſlation in this 
place is followed by Dr Gregory in his edition of Euclid, there 
is this ſentence following, viz. and of A and C have been 
taken equimultiples K, I.; and of B and D, any equimul- 
e tiples whatever (x trvyt) M, N;“ which is not true. the 
words any whatever” ought to be left out. and it is ſtrange 
that neither Mr Briggs, who did right to leave out theſe 
words in one place of Prop. 13. of this Book, nor Dr Gre- 
gory who changed them into the word ſome” in three pla- 
ces, and left them out in a fourth of that ſame Prop. 13. did 
not alſo leave them out in this place of Prop 4. and in the ſe- 
cond of the two places where they occur in Prop 17. of this 
Book, in neither of which they can ſtand confiſtent with 
truth. and in none of all theſe places, even in thoſe which 


they corrected i in their Latin tranſlation, have they cancelled 
the words d ru in the Greek bends as they ought to have 


done. 

The ſame words « ru are found in four places of Prop. 
11. of this Book, in. the firſt and laſt of which, they are ne- 
ceſſary, but in the ſecond and third, tho they are true, they 
are quite Tuperfluous ; as they likewiſe are in the ſecond of 
the two places in which they are found in the 12. Prop. and 
in the like places of Prop. 22, 23. of this Book. but are want- 
NP the laſt place of Prop. 23. as alſo in Prop. 25. B. 11. 

COR. PROP. IV. B. V. 


This Corollary has been unſkilfully annexed to this Propo- 
fition, and has been made inſtead of the legitimate demon- 


ſtration which without doubt Theon, or ſome other Editor, 
has taken away, not from this, but from its proper place in 


* 
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thing is required but to add a magnitude to itſelf 


. 


magnitudes E, G, F, H be proportionals, they are alſo pro- 
portionals inverſely ; that is, G is to E, as H to F; which is 
true, but the demonſtration of it does not in the leaft depend 
upon this 4. Prop. or its demonſtration. for when he ſays, 
* becauſe it is demonſtrated that if K be greater than M, L. 
js greater than N.“ &c. this indeed is ſhewn in the demon- 
ſtration of the 4. Prop. but not from this that E, G, F, H 


are proportionals, for this laſt is the conclufion. of the Propo- 
- fition. Wherefore theſe words becauſe it is demonſtrated” 


&c, are wholly foreign to his deſign. and he ſhould have pro- 
ved that if K be greater than M, L is greater than N, from 
this, that E, G, F, H are proportionals, and from the 5. 
Def. of this Book, which he has not; but is done in Propo- 
ſition B, which we have given, in its proper place, inſtead of 
this Corollary. and another Corollary is placed after the 4. 
Prop. which is often of uſe, and is neceflary to the Demon- 
ſtration of Prop 18, of this Book. 


. OP IS 

In the conſtruction which precedes the demonſtration of 
this Propoſition, it is required that EB may be the ſame 
multiple of CG, that AE is of CF; that is, that EB be di- 
vided into as many equal parts, as chere are parts in AE e- 
qual to CF. from which it is evident that this conſtruction is 
not Euclid's. for he does not ſhew the way of dividing ſtraight 
lines, and far leſs other magnitudes, into any number of e- 


qual parts, until the 9. Propoſition of B. 6. and he never re- 


quires any thing to be done in the conſtruction, of which he 
had not before given the method of doing. for A 

this reaſon we have changed the conſtruction to 

one which without doubt is Euclid's, in which no- 


a certain number of times. and this is to be found F 
in the tranſlation from the Arabic, tho' the” enun- 5 4 
ciation of the Propoſition and the demonſtration. 5 * 
are there very much ſpoiled, Jacobus Peletarius 
who was the firſt, as far as I know, who took notice of "this 
error, gives alſo the right conſtruction in his edition of Eu- 
clid, after he had given the other which he blames. he ſays 
he would not leave it out, becauſe it was fine, and might 
ſharpen one” s genius to e others like It; whereas there 

2 is 


this Book. the Author of it deſigned to demonſtrate that if four Book V. 
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Book V. is not the leaſt difference between the two Aae ä 
— (—ê 


except a ſingle word in the conſtruction, which very proba- 


bly has been owing to an unſkilful Librarian. Clavius likewiſe 


gives both the ways, but neither he nor Peletarius takes notice 
of the reaſon why the one is preferable to the other. 
P.A OF. . 

There are two cafes, of this Propoſition, of which only the 
firſt and ſimpleſt is demonſtrated in the Greek. and it is proba- 
ble Theon thought it was ſufficient to give this one, ſince he 
was to make uſe of neither of them in his mutilated Edition 

of the 5th Book; and he might as well have left out the o- 
ther, as alſo the 5. Propoſition for the ſame reaſon. the de- 
monſtration of the other caſe is now added, becauſe both of 
them, as alſo the 5. Propoſition, are neceſſary to the demon- 
tration of the 18, Propoſition of this Book. the tranſlation 
from the Arabic gives both caſes briefly, 

PROP. A. B V. 

This Propoſition is frequently uſed by Geometers, and it is 
neceflary in the 25. Prop. of this Book, 31. of the 6. and 
34. of the 11. and 15, of the 12. Book. it ſeems to have been 
taken out of the Elements by Theon, becauſe it appeared evi- 
dent enough to him, and others who fubſtitute the confuſed 
and indiſtinct idea the vulgar have of proportionals, in place 
of that accurate idea which is to be got from the 5, Def. of 
this Book, Nor can there be any doubt that Eudoxus or Eu- 


clid gave it a place in the Elements, when we ſee the 7. and 
9. of the ſame Book demonſtrated, tho? they are quite as eaſy 


and evident as this. Alphonſus Borellus takes occaſion from 


this Propoſition to cenſure the 5. Definition of this Book very 


ſeverely, but moſt unjuſtly. in page 126, of his Euclid reſto- 
red, printed at Piſa in 1658. he ſays, © nor can even this 
«© leaſt degree of knowledge be obtained from the foreſaid 

* property,” viz. that which is contained in 5. Def, 5. * That 


if four magnitudes be proportionals, the third muſt neceſ- 
« ſarily be greater than the fourth, when the firſt is greater 


* than the ſecond ; as Clavius acknowledges in the 16, Prop. 


of the 5. Book of the Elements,” But tho? Clavius makes 
no ſuch acknowledgment cxpreſly, he has given Borellus a 
handle to ſay this of him; becauſe, when Clavius in the above 
cited place cenſures 1 and that very juſtly, for 


demonſtrating this Propoſition. by help of the 16. of the 5. 


5 yet he himſelf Foes no demonſtration of it, but thinks itplain 
from - 
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out, as follows, F | 
Firſt, If A, B, C, D be four B 1 | 
magnitudes, 1 that A is the D H | 


ſtrated in Propoſition C. 


ſame parts of CD that EF does of 
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k 
from dh nature of Proportionals, as he writes in the end of the Book V. 


14. and 16. Prop. B. 5. of his edition, and is followed by Heri. 
gon in Schol. f. Prop. 14. B. 5. as if there was any nature of 


Proportionals antecedent to that which is to be derived and 


underſtood from the Definition of them. and indeed, tho' it 
is very eaſy to give a right demonſtration of it, no body, as 
far as I know, has given one, except the learned Dr Barrow, 


who, in anſwer to Berellus's objection, demonſtrates it indi- 


rey, but very briefly and clearly from the 5. Definition, in 


the 322 page of his Lect. Mathem, from which Definition it 


may alſo be cafily demonſtrated directly. on which account 
we have placed it next to the Propoſitions concerning equi- 


ae 


PRO P. B. BO O K. V. 
This alſo is eaſily deduced from the 5. Def. B. 5. and Ws 
fore is placed next to the other, for it was very ignorantly 


made. a Corollary from the 4. Prop, of this Book. . See the 


note on that Corollary. 


PRO P. C. B. V. 

This is frequently made uſe of by Geometers, and is ne- 
ceſſary to the 5. and 6. Propoſitions of the 10. Book. Cla- 
vius in his Notes ſubjoined to the 8. Def. of Book 5. demon- 
ſtrates it only in numbers, by help of ſome of the Propoſitions 
of the 7. Book, in order to demonſtrate che property contain- 
ed in the 5. Definition of the 5. Book, when applied to num- 
bers, from the property of Proportionals contained in the 20. 


Def. of the 7. Book. and moſt of the Commentators judge it 


difficult to prove that four magnitudes which are proportionals 
according to the 20. Def. of 7. B. are alſo proportionals ac- 
cording to the 5. Def, of 5. Book, but this is eaſily made 


ſame multiple, or the ſame part of | 
B., which C is of D; A, B, C. D 0 L. 
are proportionals. this is demon- | K+ | 1 


we 
AC E GM 


GH; in chis caſe likewiſe AB is to CD, as EF to CH. 
U 3 Let 
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Secondly, If AB contain the 
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Let CK be a part of CD, and GL the ſame part of GH; 
and let AB be the ſame multiple of CK, that EF is of GL. 
therefore by Prop. C. of 5. Book, F 
AB is to CK, as EF to GL. and B | | 
CD, GH are equimultiples of CK, DB H BE) 
GL the ſecond and fourth; where- [ 
fore by Cor. Prop. 4, B. 5. AB is * 
to ch, as EF 0 GH, | K | L+ 

And if four magnitudes be pro- ! | 
portionals according to the 5. Def. A GC = G M 


| 


W 


of B. 5. they are alſo proportionals 


according to the 20. Def. of B. 7. 

Firit, If A be to B, as Cto D; then if A be any multiple 
or part of B, C is the ſame multiple or part of D, by Prop, 
D. of B. 5. E 

Next, If AB be to CD, as EF to GH; then if AB contains 
any parts of CD, EF contains the ſame parts of GH. for let 
CK be a part of CD, and GL the ſame part of GH, and let 
AB be a multiple of CK; EF is the fame multiple of GL. 
Take M the ſame multiple of GL that AB is of CK ; there- 
fore by Prop. C. of B. 5. AB is to CK, as M to GL; and CD, 
GH are equimultiples of CK, GL; wherefore by Cor. Prop. 
4. B. 5. ABis to CD, as M to GH. and, by the Hypotheſis, 
AB is to CD, as EF to GH; therefore M is equal to EF by 
Prop. 9. B. 5 and confequenty EF is the ſame multiple of 
GL that AB is of CK. 

PROP. D. B. V. 


Ahis is not unfrequently uſed in the demonſtration of other 


Propoſitions, and is neceſſary in that of Prop. 9. B. 6. it 


ſeems Theon has left it out for the reaſon mentioned in the 


Notes at Prop. A. 
: PROP. VI. B. V. 


| In the demonſtration of this, as it is now in the Greek, 


there are two caſcs, (ſee the demonſtration in Hervagius, or 
Dr Gregory's edition) of which the firſt is that in which AE 


is leſs than EB; and in this, it neceſſarily follows that HO 


the multiple of EB is greater than ZH the ſame multiple of 
AE, which laſt multiple, by the conſtruction, is greater than 


A; whence alſo HO muſt be greater than 4. but in the ſecond 


caſe, viz, that in which EB is leſs than AE, tho* ZH be greater 
than A, yet HO may be leſs than the fame A; ſo that there 
cannot be taken a multiple of à which is the firſt that is 

greater 
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greater than K, or HO, becauſe 4 itſelf is greater than it. Book V. 
upon this account, the Author of this demonſtration found it 


neceſſary to change one part of the conſtruction that was made 
uſe of in the firſt caſe. but he has, without any neceflity, 
changed alſo another part of it, viz. when he orders to take 
N that multiple of A which 2 2 | 
is the firſt that is greater than ft 
ZH ; for he might have taken I | 


that multiple of 5 which is the H. | ox A 


firſt that is greater than HO, A 15274 
or K, as was done in the firſt g. 1 
caſe, he likewiſe brings in this“ 1 E 
K into the demonſtration of x4 


| both caſes, without any rea- | © B A ©) A 


ſon, for it ſerves to no pur- 
poſe but to lengthen the demonſtration. There is alſo a third 


caſe, which is not mentioned in this demonſtration, viz. that 


in which AE in the firſt, or EB ia the ſecond of the two o- 
ther caſes, is greater than D; and in this any equimultiples, 
as the doubles, of AE; EB are to be taken, as is done in this 


Edition, where all the caſes are at once demonſtrated. and from 


this it is plain that Theon, or ſome other unſkilful Editor has 
vitiated this Propoſition. 
| PROP. IX. B. V. 
Of this there is given a more explicit demonſtration than 
that which is now in the Elements. 
PROP, I. ZB. V. 
It was neceſſary to give another demonſtration of this Pro- 
poſition, becauſe that which is in the Greek, and Latin, or 
other editions, is not legitimate. for the words greater, the ſame 


or equal, leſſer have a quite different meaning when applied 


to magnitudes and ratios, as is plain from the g. and 7. De- 
finitions of B. 5, by the help of theſe let us examine the de- 
monſtration of the 10. Prop. which proceeds thus. Let A 
have to C a greater ratio, than Bto C. I ſay that A is greater 
than B. for if it is not greater, it is either equal, or leſs. 
* but A cannot be equal to B, becauſe then each of them 
would have the ſame ratio to C; but they have not. there- 
“fore A is not equal to B.“ the force of which reaſoning is 
this, if A had to C, the ſame ratio that B has to C, then if 
any tf r ich whatever of A and B be taken, and any 

W44g- 5 multiple 
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| Book V- multiple whatever of C; if the multiple of A be greater than 
the multiple of C, then, by the 5. Def. of B. 5. the multiple 


of B is alſo greater than that of C. but from the Hypotheſis 
that A has a greater ratio to C, than B has to C, there muſt, 
by the 7, Def. of B. 5. be certain equimultiples of A and B, 
and ſome multiple of C ſuch, that the multiple of A is greater 
than the multiple of C, but the multiple of B is not greater 
than the ſame multiple of C. and this Propoſition dire&ly 
contradicts the preceeding; wherefore A is not equal to B, 
The demonſtration of the 10. Prop. goes on thus, but net- 


ther is A leſs than B, becauſe then A would have a leſs ra- 


* tio to C, than B has to it, but it has not a leſs ratio, there- 


« fore A is not leſs than B,“ &c. here it is ſaid that A 
« would have a leſs ratio to C, than B has to C, or, which 
is the ſame thing, that B would have a greater ratio to C, 
than A to C; that is, by 7. Def. B. 5. there muſt be ſome 
equimultiples of B and A, and ſome'multiple of C ſuch, that 
the multiple of B is greater than the multiple of C, but the 
multiple of A is not greater than it. -and it ought to have 
been proved that this can never happen if the ratio of A to 
C be greater than the ratio of B to C; that is, it ſhould have 
been proved that in this caſe the multiple of A is always great- 
er than the multiple of C, whenever the multiple of B is 
greater than the multiple of C; for when this is demonſtrated 


it will be evident that B cannot have a greater ratio to C, than 


A has to C, or, which is the ſame thing, that A cannot have a 


leſs ratio to C, thaw B has to C. but this is not at all proved 


in the 10. Propoſition; but if the 10. were once demonſtrated 
it would immediately follow from it, but cannot without it 
be eaſily demonſtrated, as he that tries to do it will find. where- 
fore the 10. Propoſition is not ſufficiently demonſtrated. and 


it ſcems that he who has given the demonſtration of the 10. 
Propoſition as we now have it, inſtead of that which Eudoxus 


or Euclid had given, has been deceived in applying what is 


manifeſt when underſtood of magnitudes, unta ratios, viz. that 


a magnitude cannot be both greater and leſs than another. 


That thoſe things which are equal to the ſame are equal to 


one another; is a moſt evident Axiom when underſtood of 
magnitudes ;. yet Euclid does not make uſe of it to infer that 
thoſe ratios which are the ſame to the ſame ratio, are the ſame 


to one another; but explicitly demonſtrates this in Prop. 11. 
of B. 5. the demonſtration we have Om of the 10 nen is 


no 


=—— 
—_ 


N OT E 8. 


no doubt the ſame with that of Eudoxus or Euclid, as it is im- Book * 


mediately and directly derived from the Definition of a greater 
ratio, viz. the 7. of the 5. 

The above mentioned Propoſition, viz. If A have to C a 
greater ratio than B to C, and if of A 
and B there be taken certain equimultiples, | 
and ſome multiple of C, then if the mul- 1 
tiple of B be greater than the multiple of | - 
C, the multiple of A. is alſo greater than A C 
the ſame, is thus demonſtrated, D F 

Let D, E be equimultiples of A, B and | 
F a multiple of C, ſuch, that E the mul- 
tiple of B is greater than F; D the multi- 
ple of A is alſo greater than F. 

Becauſe A has a greater ratio to C, than 
B to C, A is greater than B, by the 10. 
Prop. B. 5. therefore D the multiple of 1 | 
A is greater than E the ſame multiple of 


B. and E is greater than F; much more therefore D is great - 


er than F. 
PR O P. XIII. . 


In Commandine's, Briggs's and Gregory's Tranſlations, at the 
beginning of this demonſtration, it is ſaid, And the multi- 


ple of C is greater than the multiple of D; but the multi- 


«« ple of E is not greater than the multiple of F,” which 
words are a literal tranſlation from the Greek. but the ſenſe 
evidently requires that it be read, ** ſo that the multiple of C 
* be greater than the multiple of D; but the multiple of Ebe 


not greater than the multiple of F.“ and thus this place was 


reſtored to the true reading in the firſt cditions of Comman- 
dine's Euclid printed in 8“ at Oxford; but, in the later edi- 
tions, at leaſt in that of 1 747. the error of the Greek text 
was kept in. 

There is a Corollary added to Prop. 13. as it is neceſſary 
to the 20. and 21. Prop, of this Book, and is as uſeful as the 
Propoſition, | 


PR OP. XIV. B. V. 
The two caſes of this which are not in the Greek are ad- 
ded; the demonſtration of them not | being exadtly | the ſame 
with that of thc firſt caſe, 
"WE | PROP, 
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The order of the words in a clauſe of this is changed to 


one more natural. as was alſo done in Prop. 11. 
| | PROP. XVIII. B. V. 
The demonſtration of this is none of Euclid's, nor is it le- 


gitimate, for it depends upon this Hypotheſis, that to any three 


magnitudes, two of which, at leaſt, are of the ſame kind, 
there may be a fourth proportional; which if not proved. the 
Demonſtration now in the text is of no force. but this is aſ- 
ſumed without any proof, nor can it, as far as I am able to 


_ diſcern, be demonſtrated by the Propofitions preceeding this; 


fore the 12. Prop. of the 6. Book. and he never aſſumes any 


before demonſtrated ; at leaſt, he aſſumes nothing the exiſtence 


ſo far is it from deſerving to be reckoned an Axiom, as Cla- 


vius, after other Commentators, would have it, at the end of 
the Definitions of the 5. Book. | Euclid does not demonſtrate 
it, nor does he ſhew how to find the fourth proportional, be- 


thing in the demonſtration of a Propoſition, which he had not 


of which is not evidently poflible ; for a certain concluſion can 
never be deduced by the means of an uncertain Propoſition. 
upon this account we have given a legitimate Demonſtration 
of this Propoſition inſtead of that in the Greek and other e- 
ditions, which very probably Theon, at leaſt ſome other, has 
put in the place of Euclid's, becauſe he thought it too prolix, 
and as the 17, Prop. of which this 18. is the converſe, is de- 
monſtrated by help of the 1. and 2. Propoſitions of this Book, 


ſo in the demonſtration pow given of the 18. the 5. Prop. 


and both caſes of the 6. are neceſſary, and theſe two Propo- 
ſitions are the converſes of the 1. and 2. Now the 5, and 


6. do not enter into the demonſtration of any Propofition in 


this Book as we now have it. nor can they be of uſe in any 
Propoſition of the Elements, except in this 18. and this is a 
manifeſt proof that Euclid made uſe of them in his demon- 
ſtration of it, and that the demonſtration. now given, which is 


exactly the converſe of that of the 17. as it ought to be, dif- 


rs nothing from that of Eudoxus or Euclid. for the 5. and 
6. have undoubtedly been put into the 5. Book for the ſake 
of ſome Propoſitions in it, as all the other Propoitions about 
equimultiples have been. N 


Hieronymus Saccherius in his Book named Euclides ab om- 


ni nacvo vindicatus, printed at Milan Ann. 1733, in 4to, ac- 


knowledges 


NOTE 8s. 


| koonladge this blemith in the demonſtration of the 18. and Book V. 


that he may remove it, and render the demonſtration we now 
have of it legitimate, he endeavours to demonſtrate the fol- 
lowing Propoſition, which is in page 115, of his Book, viz. 


66 
66 
40 
cc 


«6 


«++ Let A, B. C, D be four magnitudes, of which the two 
firſt are of one kind, and alſo the two others either of the 
ſame kind with the two firſt, or of ſome other the ſame _ 
kind with one another. I ſay the ratio of the third C to 
the fourth D, is either equal to, or greater, or leſs than 
the ratio of the firſt A to the ſecond B.“ 

And after two Propoſitions premiſed as Lemmas, he pro- 


ceeds thus. 


oa 


* 
66 


40 
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T 
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cc 
iT 
6 
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on 
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Either among all the poſſible equimyltiples of the firſt 
A, and of the third C, and, at the ſame time among all 
the poſſible equimultiples of the ſecond B, and of the 


fourth D, there can be found ſome one multiple EF of the 


firſt A, and one IK of the ſecond B, that are equal to one 
another; and alſo (in the ſame caſe) ſome one multiple 
GH of the third C equal to LM the myltiple of the fourth 


D. or ſuch equality is no where to be found, If the firſt 
caſe. happen, 2 * 

Ji. e. if ſuch A 7 2 po F 

equality is to 3 F ——-- K 


be found, ] it is 


manifeſt from 8 G- — | —H 


2 


what is before 
demonſtrated, D — L- 


—M 


as © to D. but if ſuch ſimultaneous equality be not to be 
found upon both fides, it will be found cither upon one 
fide, as upon the fide of A [and B;] or it will be found 
upon neither fide; if the firſt happen; therefore (from 
Euclid's Definition of greater and leſſer ratio foregoing) 
A has to B, a greater or leſs ratio than C to D; accord- 


that A is to B, 


ing as GH the multiple of the third C is leſs, or greater 
* than LM the multiple of the fuurth D. but if the ſecond 


caſe happen; therefore upon the one ſide, as upon the ſide 
of A the ſirſt and B the ſecond, it may happen that the 
multiple EF, [viz. of the firſt} may be leſs than IK the 
multiple of the ſecond; while on the contrary, upon the o- 
ther fide, [viz. of C and D] the multiple GH [of the third 
CJ] is greater than the other multiple LM [of the fourth 
D. J and then (from the ſame Definition of Euclid) the ra- 


4 tlo 


— 1 ä — — —_— 
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k V. © tio of the firſt A to the ſecond B, is leſs than the ratio of 
the third C to the fourth D; or on the contrary. 


N © T. EB 8. 


Therefore the Axiom, [i, e. the Propoſition before ſet 
down, J remains demonſtrated,” e. 

Not in the leaſt; but it remains ſtill undemonſtrated: for 
what he ſays may happen, may in innumerable caſes never 


happen, and therefore his demonſtration does not hold. for 


example, if A be the ſide and B the diameter of a ſquare; 
and C the fide and D the diameter of another ſquare; there 
can in no caſe be any multiple of A equal to any of B; nor 
any one of C equal to one of D, as is well known; and 
yet it can never happen that when any multiple of A is great- . 


er or leſs than a multiple of B, the multiple of C can, upon 
the contrary, be leſs or greater than the multiple of D, viz. 


raking equimultiples of A and C, and equimultiples of B and 
D. for A, B, C. D are proportionals, and ſo if the multiple 
of A be greater &c. than that of B, ſo muſt that of C be 


greater &c. than that of D. by 5. Def. B. 5. 


The ſame objection holds good againſt the Demonſtration 


_ which ſome give of the 1. Prop. of the 6. Book, which we 


have made 2gainſt this of the 18. Prop. becauſe it depends up- 
on the ſame inſufficient foundation with the other. 


PROP. Z. V. 


A Corollary is added to this, which is as frequently uſed as 
the Propoſition itſelf, The Corollary which is ſubjoined to it 
in the Greek, plainly ſhews that the 5. Beok has been vitiated 
by Editors who were not Geometers. for the converſion of 
ratios does not depend upon this 19. and the Demonſtration 
which ſeveral of the Commentators on Euclid give of Conver- 
ion, is not legitimate, as Clavius has rightly obſerved, who 
has given a good Demonſtration of it which we have put in 
Propoſition E; but he makes it a Corollgry from the 19. and 
begins it wich the words, © Hence it eaſily * tho? it 
does not at all follow from it, 


PROP. XX, XXI, XXII XXIII. XXIV. B. Vs: x 


The Demonſtrations of the 20, and 21. Propoſitions are 
ſhorter than thoſe Euclid gives of eaſier Propoſitions, either 
in the preceeding, or following Books. wherefore it was pro- 
per to make them more explicit. and the 22. and 23. Propo- 
ſitions are, as they _ to be, cxtended to any number of 
magnitudes. 


ratio of 


ore (et 
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itudes. and in like manner may the 24. be, as is taken Book V. 

= of in a Corollary; and another Corollary is added, as 
uſeful as the Propofition, and the words any whatever” are 
ſupplicd near the end of Prop. 23. which are wanting in the 
Greek text, and the tranſlatrons from it. 

In a paper writ by Philippus Naudacus, and publiſhed, alex 
his death, in the Hiſtory of the Royal Academy of Sciences of 
Berlin, Ann. 1745. page 50. the 23. Prop. of the 5. Book is 
cenſured as being obſcurely enunciated, and, becauſe of this, 
prolixly demonſtrated. the Enunciation there given is not Eu- 


clid's but Tacquet's, as he acknowledges, which, tho' not fo 


well expreſſed, is, upon the matter, the fame with that which 
is now in the Elements. Nor is there any thing obſcure int 
it, tho' the Author of the paper has ſet down the propor- 
tionals in a diſadvantageous order, by which it appears to be 
obſcure. but no doubt Euclid enunciated this 23. as well as 
the 22. ſo as to extend it to any number of magnitudes, which, 
taken two and two, are. proportionals, and not of ſix only ; 
and to this general caſe the Enunciation which Naudaeus 
gives,.cannot be well applied. 

The Demonſtration which is given of this 23. in N pa 


per, is quite wrong; becauſe if the proportional magnitudes 


be plane or ſolid figures, there can no rectangle (which he im- 
properly calls a Product) be conceived to be made by any two 

of them. and if it ſhould be ſaid, that in this caſe ſtraight lines 
are to be taken which are proportional to the figures, che De- 
monſtration would this way become much longer than Eu- 
clid's. but even tho' his Demonſtration had been right, who 
does not ſee that it could not be made uſe of in the 5. Book? 


PROP. F, G. H. k. . V. 


Theſe Propoſitions are annexed to the 5, Book, decuuſe 
they are frequently made uſe of by both antient and modern 
Geometers. and in many caſes Compound ratios cannot be 
brought into Demonſtrations, without making uſe of them. 
_ Whoever deſires to ſee the doctrine of Ratios delivered in 
this 5. Book ſolidly defended, and the arguments brought a- 
gainſt it by And. Tacquet, Alph. Borellus and others, fully 
refuted, may read Dr Barrow's Mathematical Lectures, viz. 
the 7. and 8. of the year 1666. 

The 5. Book being thus corrected, I moſt readily : agree to 
what the icarned Dr Barrow ſays“, Tha there is nothing Page 336, 

in 


* 
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Book V. „ jn the whole body of the Elements, of a more ſubtile inven- 
*© tion, nothing more ſolidly eſtabliſhed and more accurately 


* handled, than the doctrine of Proportionals.” And there 7 

is ſome ground to hope that Geometers will think that this De: 
could not have been ſaid with as good reaſon, ſince Theon's 

time ull the preſent, 

I 

DE F. II. and V. of B. VI. = 

HE 2. Definition does not ſeem to be Euclid's but ſome "0 

unſkilful Editor's. for there is no mention made by Eu- 2 

clid, nor, as far as I know, by any other Geometer, of reci- 5 


procal figures. it is obſcurely expreſſed, which made it proper 
to render it more diſtinct. it would be better to put the fol- 
lowing Definition in place of it, viz. 


D B F. II. 


Two magnitudes are {aid to be reciprocally proportional to 
two others, when one of the firit is to one of the other mag- 
nitudes, as the remaining one of the laſt two.is to the remain- 
ng one of the ſirſt. 

But the 5. Definition, which ſince Theon's time has been 
kept in the Elements, to the great detriment of learners, is 
now juſtly thrown ous of them, for the reaſons given in the 


Notes on the 23. Prop. of this Book. 8 
PROP. I. and n. B. VI. : 

To the firſt of theſe a Corollary is added which is often pr 
uſed. and the Enunciation of the ſecond is made more general. ig 
of 

PROP. III. B. VI. | an 

A ſecond caſe of this, as uſeful as the firſt, is given in Prop. | g0 
A, viz. the caſe in which the exterior angle of a triangle is ſid 
biſected by a ſtraight line. the Demonſtration of it is very like the 
to that of the firſt caſe, and upon this account may, probably, is ( 
have been left out, as alſo the Enunciation, by ſome unſkilful ag: 
Editor. at leaſt it is certain, that Pappus makes uſe of this are 
caſe, as an Elementary Propoſition, without a Demonſtration gle 
of 1 it, in Frop. 39. of his 7. Book of Mathem. Collections. 
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PROP. VII. B. VI. 


To this a caſc is added which occurs not unfrequently in 
Demonſtrations. 


PROP. VII. B. vi. 5 
It ſeems plain that ſome Editor has changed the Demon- 


ſtration that Euclid gave of this Propoſition, for after he has 
demonſtrated that the triangles are equiangular to one another, 


he particularly ſhews that their fides about the equal angles are 


proportionals, as if this had not been done in the Demonſtra- 
tion of the 4. Prop. of this Book. this ſuperfluous part is not 
found in the Tranſlation from the Arabic, and is now left out. 


, i PAOMR-IS. II. 


This is demonſtrated in a particular caſe, viz, that in which 
the third part of a ſtraight line is required to he cut off; 
which is not at all like Euclid's manner, beſides, the Author 
of the Demonſtration, from four magnitudes being propor- 
tionals, concludes that the third of them is the ſame multiple 
of the fourth, which the firſt is of the ſecond; now this is no 
where demonſtrated in the 5. Book, as we now have it, but 
the Editor aſſumes it from the confuſed notion which the vul- 
gar have of proportionals. on this account it was neceſſary to 


ive a general and legitimate Demonſtration of this Propo- 


tion. 


PROP: XVII. B. VL 


The Demonſtration of this ſeems to be vitiated. for the 
Propoſition is demonſtrated only in the caſe of quadrilateral 
figures, without mentioning how, it may be extended to figures 
of five or more ſides. beſides, from two triangles being equi- 
angular it is inferred that a fide of the one is to the homolo- 
gous ſide of the other, as another fide of the firſt is to the 
ſide homologous to it of the other, without permutation of 
the proportionals; which is contrary to Euclid's manner, as 
is clear from the next Propofition. and the ſame fault occurs 
again in the concluſion, where the ſides about the equal angles 
are not ſhewn to he proportionals; by reaſon of again ne- 
glecting permutation. on theſe accounts a Demonſtration is 
given in Euclid's manner, like to * makes uſe of in the 


20. Prop. 
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Book VI. 20. Prop. of this Book; and it is extended to five Gded fi- 
gqgures, by which it may be ſeen how to extend i it to Dguges of 8 


any number of ſides. 


PROP. XXIII. „ 

Nothing is uſually reckoned more difficult in the Element; 
of Geometry, by learners, than the doctrine of Compound ra- 
tio, which Theon has rendered abſurd and ungeometrical, by 
ſubſtituting the 5. Definition of the 6. Book, in place of the 
right Definition which without doubt Eudoxus or Euclid gave, 


in its proper place, after the Definition of Triplicate ratio, 


&c. in the 5, Book, Theon's Definition is this; a Ratio is 


ſaid to be compounded of ratios Gray ai 70% Aoyay TWAIXOTHTEC 


z * , Dm re, rows! Tie, Which Commandine 
thus tranſlates, © quando rationum quantitates inter ſe multi- 
«« plicatae aliquam efficiunt rationem ;” that is, when the 
quantities of the ratios being multiplied by one another make 
a certain ratio. Dr Wallis tranſlates the word r π¹ν 
<< rationum exponentes,” the exponents of the ratios, and Dr 
Gregory renders the laſt words of the Definition by . illius 
facit quantitatem,” makes the quantity of that ratio, bur 


in whatever ſenſe the © quantities“ or © exponents of the ra- 


« tios,“ and their uy multiplication” be taken, the Definition 
will be ungeometrical and uſeleſs, for there can be no multi- 
plication but by a number; now the quantity or exponent of 
a ratio (according as Eutocius in his Comment. on Prop. 4. 

Book 2. of Arch. de Sph. et Cyl. and the moderns explain that 
term) is the number which multiplied into the conſequent term 


of a ratio produces the antecedent, or, which is the ſame thing, 


the number which ariſes by dividing the antecedent by the 
conſequent; but there are many ratios ſuch, that no number 


* 


can ariſe from the diviſion of the antecedent by the conſequent; 


ex. gr. the ratio which the diameter of a ſquare has to the 
ſide of it; and the ratio which the circumference of a circle 


has to its diameter, and ſuch like. Beſides, there is not the 


leaſt mention made of this Definition in the writings of Eu- 
clid, Archimedes, Apollonius, or other antignts, tho' they fre- 
quently make uſe of Compound ratio; and in this 23. Prop. 
of the 6. Book, where Compound ratio is firſt mentioned, 


there is not one word which can relate to this Definition, tho 
here, if in any place, it was neceſſary to be brought in; but the 
right Definition is expreſly cited in theſe words, « but the 


cc ratio of K to Mi is compounded of the ratio of K to L. 
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« and of the ratio of L to M.“ this Definition therefore of Book YI, 


Theon is quite uſeleſs and abſurd. for that Theon brought it 
into the Elements can ſcarce be doubted, as it is to be found 
in his Commentary upon Ptolomy's Meyn Evrrat;, page 62. 
where he alſo gives à childiſh explication of it, as agreeing 
only to ſuch ratios as can be expreſſed by numbers; and from 
this place the Definition and explication have been exactly co- 
pied and prefixed to the Definitions of the 6. Book, as ap- 
pears from Hervagius's edition. but Zambertus and Comman- 


dine in their Latin Tranſlations ſubjoin the ſame to theſe De- 


finitions, Neither Campanus, nor, as it ſeems, the Arabie 
manuſcripts, from which he made his Tranſlation, have this 
Definition. Clavius in his obſervations upon it, rightly judges 
that the Definition of Compound ratio might haye been made 
after the ſame manner in which the Definitions of Duplicate 
and Triplicate ratio are given, viz.“ that as in ſeveral magnt- 
& tudes that are continual proportionals, Euclid named the 
4 ratio of the fifft to the third, the Duplicate ratio of the 
« 'firſt to the ſecond; and the ratio of the firſt to the fourth, 
„the Triplicate ratio of the firſt to the ſecond; that is, the 
« ratio compounded of two or three intermediate ratios that 
are equal to one another, and ſo on; ſo in like manner if 
there be ſeveral magnitudes of the ſame kind, following one 
«© another, which are not continual proportionals, the firſt is 
% ſaid to have to the laſt the ratio compounded of all the in- 
+ termediate ratios, —— only for this reaſon, that theſe inter- 
« mediate ratios are interpoſed betwixt the two extremes, viz. 
the firſt and laſt magnitudes; even as in the 10, Definition 


of the+5, Book, the ratio of the firſt to the third was called 


the Duplicate ratio, merely upon account of two ratios be- 
ing interpoſed betwixt the extremes, that are equal to one 
another: ſo that there is no difference betwixt this com- 
*« pounding of Tatios, and the duplication or triplication of 
them which are defined in the. 5. Book, but that in the du- 
*« plication, triplication, &c. of ratios, all the interpoſed ratios 
are equal to one another; whereas in the compounding of 
*« ratios, it is not neceſſary that the intermediate ratios ſhould 
* be equal to one another.” Alſo Mr Edmund Scarburgh, 
in his Engliſh tranſlation of the firſt ſix Books, page 238, 
266. expreſly affirms that the 5. Definition of the 6. Book, is 
ſoppoſititious,” and that the truc Definition of 3 ratio 

X | . is 


4 


222 


NO TH. £ 


Book VT. js contained in the 10. Definition of the 5. Book, viz. the 


Definition of Duplicate ratio, or to be underſtood from it, to 
wit, in the ſame manner as Clavius has explained it in the pre- 
ceeding citation, Yet theſe, and the reſt of the Moderns, do 
notwithſtanding retain this 5. Def. of the 6. B. and illuſtrate 
and explain it by long Commentaries, when they ought rather 
to have taken it quite away from the Elements, 

For, by comparing Def. 5. B. 6. with Prop. 5. B. 8. it 
will clearly appear that this Definition has been put into the 
Elements in place of the right one which has been taken out 
of them. becauſe in Prop 5. B. 8. it is demonſtrated that the 
plane number of which the ſides are C, D has to the plane 
number of which the ſides are E, Z (fee Hervagius's or 
Gregory's Edition) the ratio which is compounded of the ra- 
tios of their ſides; that is, of the ratios of C to E, and D to 
Z. and by Def. 5. B. 6. and the explication given of, it by all 
the Commentators, the ratio which is compounded of the ra- 
tios of Cto E, and D to Z, is the ratio of the product made 
by the multiplication of the antecedents C, D to the product 
of the conſequents E, Z, that is the ratio of the plane number 
of which the fides are C, D to the plane number of 
which the ſides are E, Z. wherefore the Propoſition which 
is the 5. Def, of B. 6. is the very ſame with the 5. Prop. of 
B. 8. and therefore it ought neceflarily to be cancelled in one 
of theſe places; becauſe it is abſurd that the ſame Propoſition 


ſhould ſtand as a Definition in one place of the Elements, and 


be demonſtrated in another place of them. Now there is no 
doubt that Prop. 5. B. 8. ſhould have a place in the Elements, 
as the ſame thing is demonſtrated in it concerning plane num- 
bers, which is demonſtrated in Prop. 23. B. 6. of equiangu- 
lar parallelograms; wherefore Def. 5. B. 6. ought not to be 
in the Elements. and from this it is evident that this Definition 
is not Euclid's but Theon's, or ſome other unſkilful Geometer's. 

But no body, as far as I know, has hitherto ſhewn the true 
uſe of Compound ratio, or for what purpoſe it has been in- 
troduced into Geometry; for every Propoſition in which 
Compound ratio is made uſe of, may without it be both enun- 
tiated and demonſtrated. Now the uſe of Compound ratio 
conſiſts wholly in this, that by means of it, circumlocutions 
may be avoided, and thereby Propoſitions may be more brief- 
ly either enuntiated or demonſtrated, or both may be done; 
for inſtance, if this 23. Propoſition of the 6. Book were to 


be Enuntiated, without mentioning Compound ratio, it might 
be 


v5 4&4 SEE Cori ; 
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be done as follows: If two parallelograms be equiangular, andBook VT. 


if as à fide of the firſt to a ſide of the ſecond, ſo any aſſumed 
ſtraight line be made to a ſecond ſtraight line; and as the 0- 
ther ſide of the firſt to the other tide of the ſecond, ſo the ſe- 


_ cond ſtraight line be made to a third: the firit parallelogram 


is to the ſccond, as the' firſt ſtraight line to the third. and the 
Demonſtration would be exactly the ſame as we now have it. 
but the antient Geometers, when they obſerved this Enuncia- 
tion could be made ſhorter, by giving a name to the ratio 
which the firſt ſtraight line has to the laſt, by which name the 
intermediate ratios might likewiſe be fignified, of the firſt to 
the ſecond, and of the ſecond to the third, and fo on if there 
were more of them, they called this ratio of the firſt to the 
laſt, the ratio compounded of the ratios of the firſt to the ſe- 
cond, and of the {ccond to the third ſtraight line; that is, in 
the preſent example, of the ratios which are the ſame with 
the ratios of the ſides, and by this they exprefled the Prizpo- 
fition more briefly thus: If there be two equianzular paralle- 
lograms, they have to one another the ratio which is the 
ſame with that which is compounded of ratios that are the 
ſame with the ratios of the tides, which is ſhorter than the 
preceeding Enunciation, but has preciſely the ſame meaning, 
or yet ſhorter thus; equiangular parallelograms have to one 
another the ratio which is the ſame with that which is com- 
pounded of the ratios of their ſides. and theſe two Enuncia- 


tions, the firft eſpecially, agree to the Demonſtration which is 


now in the Greek. the Propoſition may be more briefly de- 
monſtrated, as Candalla does, thus; Let ABCD, CEFG be 
two equiangular parallelograms, and complete the parallelo- 
gram CDHG; then, becauſe there are three parallelograms 
AC, CH, CF, the firſt AC (by the Definition of Compound 
ratio) has to the third CF, the ratio A D H 
which is compounded of the ratio of ©* -— 
the firſt ACto the ſecond CH, and of | 
the ratio of CH to the third CF; but B G 
the parallelogram AC is to the pa- 

N 


rallelogram CH, as the ſtraight line 

BC to CG; and the parallelogram 

CH is to CF, as the ftraight line CD is to CE; therefore the 
parallelogram AC has to CF the ratio which is compounded 
of ratios that are the ſame with the ratios of the ſides, and to 
this Demonſtration agrees the Enunciation which is at preſent 


in the text, viz, equiangular parallelograms have to one an- 


& 2 other 
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other the ratio which is compounded of the ratios of the fides. 
for the vulgar reading“ which is compounded of their ſides” 


is abſurd, Bat in this edition we have kept the Demonſtra- 
tion which is in the Greek text, tho' not ſo ſhort as Candal- 
la's; becauſe the way of finding the ratio which is compound- 
ed of the ratios of the fides, that is, of finding the ratio of 
the parallelograms, is ſhewn in that, but not in Candalla's De- 
monſtration; whereby beginners may learn, in like caſes, how 
to find the ratio which is compounded of two or more given 
ratios. 

From what has been ſaid it may be obſerved, that in any 
magnitudes whatever of the ſame kind A, B, C, D, &c. the 
ratio compounded of the ratios of the firſt to the ſecond, of 
the ſecond to the third, and ſo on to the laſt, is only a name 
or expreſſion by which the ratio which the firſt A has to the 
laſt D is ſignified, and by which at the ſame time the ratios of 
all the magnitudes A to B, B to C, C to D from the firſt to 
the laſt, to one another, whether they be the ſame, or be not 


the-ſame, are indicated; as in magnitudes which are continual 


proportionals A, B, C, D, &c. the Duplicate ratio of the firſt 
to the ſecond is only a name, or expreſſion by which the ratio 
of the firſt A to the third C is ſignified, and by which, at the 
ſame tirae, is ſhewn that there are two ratios of the magni- 
tudes from the firſt to the laſt, viz. of the firſt A to the ſe- 
cond B, and of the ſecond B to the third or laſt C, which are 
the ſame with one another; and the Triplicate ratio of the 
firſt to the ſecond is a name or expreſſion by which the ratio 
of the firſt A to the fourth D is ſignified, and by which, at the 
ſame time, is ſhewn that there are three ratios of the magni- 
tudes from the firſt to the laſt, viz. of the firſt A to the ſe- 
cond B, and of B to the third C, and of C to the fourth or 
laſt D, which are all the ſame with one another; and ſo in 
the caſe of any other Multiplicate ratios. © And that this is 
the right explication of the meaning of theſe ratios is plain 
from the Definitions of Duplicate and Triplicate ratio in which 
Euclid makes uſe of the word x*yt7, is ſaid to be, or is called; 

which word, he no doubt made uſe of alſo in the Definition 
of Compound ratio, which Theon, or ſome other, has expun- 


ged from the Elements; for the very ſame word is ſtill retained 


in the wrong Definition of Compound ratio which is now the 
5. of the 6. Book. but in the citation of theſe Definitions it 
is ſometimes retained, as in the Demonſtration of Prop. 19, 

2 . 


r 


B. 6. the firſt is ſaid to have, (xe xtyerar, to the third the Book VI, 


% Duplicate ratio,” &c. which is wrong tranſlated by Comman- 
dine and others, ©* has” inſtead of is faid to have;” and 
ſometimes it is left out, as in the Demonſtration of Prop. 33. 
of the 11. B. in which we find © the firſt has, x, to the third 
the Triplicate ratio;” but without doubt , “ has,” in this 
place ſignifies the ſame as ty» xtyeray, is ſaid to have. fo like- 
wiſe in Prop. 23. B, 6. we find this citation,“ but the ratio 
* of K to M is compounded, ovy«<17%:, of the ratio of K to L, 
* and the ratio of L to M,“ which is a ſhorter way of expreſ- 
fing the ſame thing, which, according to the Definition, ought 
to have been expreſſed by ovyxtiodar atytrar, is ſaid to be com- 
pounded, 

From theſe Remarks, together with the Propoſitions ſub- 
Joined to the 5. Book, all that is found concerning Compound 


ratio either in the ancient or modern Geometers may be un- 


derſtood and explained, 


NOF. XXIV. . VI. | 

It ſeems that ſome unſkilful Editor has made up this De- 
monſtration as we now have it, out of two others; one of 
which may be made from the 2. Prop. and the other from the 
4. of this Book. for after he has from the 2. of this Book, 
and Compoſition and Permutation, demonſtrated that the ſides 
about the angle common to the two parallelograms are propor- 
tionals, he might have immediately concluded that the ſides a- 
bout the other equal angles were proportionals, viz. from 
Prop. 34. B. 1. and Prop, 7. B. 5. this he does not, but pro- 
ceeds to ſhew that the triangles and parallelograms are equian- 


_ gular; and in a tedious way, by help of Prop. 4. of this Book, 


and the 22. of B. 5. deduces the ſame concluſion, from which 
it is plain that this ill compoſed Demonſtration is not Euclid's. 
theſe ſuperfluous things are now left out, and a more ſimple 
Demonſtration is given from the 4. Prop. of this Book, the 
ſame which is in the Tranſlation from the Arabic, by help of 
the 2. Prop. and Compoſition ; but in this the Author neglects 
Permutation, and does not ſhew the parallelograms to be e- 
quiangular, as is proper to do for the ſake of beginners, 


=O P. . ZB. VI. 

It is very evident that the Demonfration which Euclid had 
given of this Propoſition, has been vitiated by ſome unſkilful 
hand. for after this Editor had demonſtrated that “ as the 
** reCtilineal figure ABC is to the rectilineal, KGH, fo 8 the 

X 3 parallelogram 
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- Book VI. « parallelogram BE to the parallelogram EF,” nothing more 
| ihou'd have been added but this, “ and the rectilineal figure 
x * ABC is cual to the parallelogram BE, therefore the recti- 
* lincal KG+1 1s equal to the parallelogram EF,“ viz, from 
Prop. 14. B. 5. but betwixt theſe two ſentences he has in- 
ſerted this, “ wherefore, by Permutation, as the rectilineal fi- 
* gure ABC to the parallclogram BE, ſo is the rectilineal KGH 
eto the parallelogram EF;” by which, it is plain, he thought 
it was not ſo evident to conclude that the ſecond of four pro- 
portionals is equal to the fourth from the equality of the firſt 
and third, which is a thing demonſtrated in the 14. Prop. of 
B. 5. as to cone lude that the third is equal to the fourth, from 
the equality of the firſt and ſecond, which is no where demon- 
{trated in the Elements as we now have them. but tho?” this 
Propolition, viz. the third of four proportionals is equal to the 
| fourth, it the firit be equal to the ſecond, had been given in 
4 the Elements by Euclid, as very probably it was, yet he would 
not have made uſe ot it in this place, becauſe, as was ſaid, the 
concluſion could have been immediately deduced without this 


I 
ſuperfluous ſtep by Permutation. this we have ſhewn at the ſqu: 
greater length, both becauſe it affords a certain proof of the give 
vitiation of the Text of Euclid, for the very ſame blunder is the 
found twice in the Greek Text of Prop. 23. B. 11. and twice \ 1 
in Prop. 2. B. 12.andinthe 5. 11. 1 2. and 18, of that Book; the 
in which places of B. 12. except the laſt of them, it is rightly app 
left out in the Oxford Edition of Commandine's Tranflation: is 1 
and alſo that Geometers may beware of making uſe of Per- 
mutation in the like caſes, for the Moderns not unfrequently the 
commit this miſtake, and among others Commandine himſelf eq 
in his Commentary on Prop. 5. B. 3. p. 6, b. of Pappus A- gre 
lexandrinus, and in other places. the vulgar notion of propor- to 
tionals has, it ſeems, preoccupied many ſo much, that they do DI 
not ſuſſiciently underſtand the true nature of them. an 

Beſides, tho' the rectilincal figure ABC, to which another pre 
is to be made ſimilar, may be of any kind whatever, yet in the EF 
Demonſtration the Greek Text has ** triangle“ inſtead of an 
rectilineal figure,“ which error is corrected in the above na- th 
med Oxford Edition, G 

PROP. XVII. B. VI. F... A 

The ſecond Caſe of this has , otherwiſe, prefixed to re 

it, as if it was a different Demonſtration, which probably has to 


been done by ſome unſkilful Librarian, Dr Gregory has 
| = | | rightly 


has 
has 


K 


rightly left it out. the ſcheme of this ſecond Caſe ought to be Book VI. 


marked with the ſame letters of the Alphabet which are in 
the ſcheme of the firſt, as is now done. 
PR OP., XXVIII. and XXIX. B. VI. 


Theſe two Problems, to the firſt of which the 25. 
Prop. is neceſſary, are the moſt general and uſeful of all in 
the Elements, and are moſt frequently made uſe of by the an- 


cient Geometers in the ſolution of other Problems; and there- 


fore are very ignorantly left out by Tacquet and Dechales in 
their Editions of the Elements, who pretend that they are 
ſcarce of any uſe. the Caſes of theſe Problems, wherein it is 
required to apply a rectangle which ſhall be equal to a given 
ſquare, to a given ſtraight line, either deficient or exceeding 
by a ſquare; as alſo to apply a rectangle which ſhall be equal 
to another given, to a given ſtraight line, deficient or exceed- 
ing by a ſquare, are very often made uſe of by Geometers. and 
on this account, it is thought proper, for the ſake of begin- 
ners, to give their conſtructions, as follows. 

1. To apply a rectangle which ſhall be equal to a given 
ſquare, to a given ſtraight line, deficient by a ſquare, but the 
given ſquare muſt not be greater than that upon the half of 
the given line, 

Let AB be the given ſtraight line, and let the ſquare upon 
the given ſtraight line C be that to which the rectangle to be 
applied muſt be equal, and this ſquare by the determination, 
is not greater than that upon half of the ſtr aight line AB. 

Biſect AB in D, and if the ſquare upon AD be equal to 
the ſquare upon C, the thing required is done. but if it be not 
equal to it, AD muſt be 
greater than C, according HN 


to the determination, draw | <> = | 
DE at right angles to AB, — | 


and make it equal to C; A wt 9 
produce ED to F, ſo that 2 3 

EF be equal to AD or DB, 

and from the center E, at E. 


the diſtance EF deſcribe a circle meeting AB in G, and upon 
GB deſcribe the ſquare GBKH, and complete the rectangle 
AGHL; alſo j join EG, and becauſe AB is biſected in D, the 
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rectangle AG, GB together with the ſquare of DG is equal ** 5 * 


to (the ſquare of DB, that is of EF or EG, that is to) the 
X 4 | ſquares 
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Book VI. ſquares of ED, DG. take away the ſquare of DG from each D 
of theſe equals, therefore the remaining rectangle AG, GB is of it 
equal to the ſquare of ED, that is of C. but the rectangle AG, biſed 
GB is the rectangle AH, becauſe GH is equal to GB. there- ſcrib 
fore the rectangle AH is equal to the given ſquare upon the IF GK 
ſtraight line C. wherefore the rectangle AH equal to the given | B 
ſquare upon C, has been applied to the given ſtraight line AB, S angl 
deficient by the ſquare GR. Which was to be done, para 

2, To apply a rectangle which ſhall be equal to a given EA 

ſquare, to a given ſtraight line, exceeding by a ſquare, rect 

Let AB be the given ſtraight line, and let the ſquare upon WM and 

the given ſtraight line C be that to which the rectangle to be alſo 

applied muſt de equal. dete 

Biſect AB in D, and draw BT at right angles to it, ſo that of 

BE be cqual to C, and, having joined DE, from the center D the 

at the diſtance DE deſcribe a circle ing AB produced in KE 

G; upon BG deſcribe the ſquare E. ſqu 

BGHK, and complete the rect- tha 

angle AGHL. and becauſe AB L. K\ H COT 

is biſected in D, and produced n | Al 

to G, the rectangle AG, GB to- =Y | | 4 | \ tha 

gether with the ſquare of DB is F A D B G eq: 

4. 6.9. equal* to (the ſquare of DG, 8 tou 

or DE, that is to) the ſquares of C | for 

EB, PD. from cach of theſe e- qu: 

quals take the ſquare of DB, therefore the remaining rectan- Al 

gle AG, GB is equal to the ſquare of BE, that is to the ſquare an: 

upon C. but the rectangle AG, GB is the rectangle AH, be- wa 

cauſe GH is equal to GB. therefore the. rectangle AH is e- EC 

5. qual to the ſquare upon C. wherefore the rectangle AH equal th. 
to che given ſquare upon C, has been applied to the given po 

4 ſtraight line AB, excecding by the ſquare GE, Which was co 
to 10 done. an 
q . To apply a rectangle to a given RR", line which ſhall A 
' be Gal to a given rectangle, and be deficient by a ſquare, re 
| but the given rectangle muſt not be greater than the ſquare re 
| upon the half of the given ſtraight line. A 
| | | Let AB be the given ſtraight line, and let the given rectan- 18 
4 gle be that which is contained by the ſtraight lines C, D, which th 
8 is not greater than the ſquare upon the half of AB. it is re- ſt: 
| ' quired to apply to AB a rectangle equal to the rectangle C, be 


D, deficient by a ſquare. 
Draw 
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Draw AE, BF at right angles to AB, upon the ſame fide Book VI. 
of it, and make AE equal to C, and BF to D. join EF and 
biſect it in G, and from the center G, at the diſtance GE de- 
ſcribe a circle meeting AE again in H; join HF and draw 
GK parallel to it, and GL parallel to AE meeting AB in L. 

Becauſe the angle EHF in a ſemicircle is equal to the right 
angle EAB, AB and HF are parallels, and AH and BF are 
parallels, wherefore AH is equal to BF, and the rectangle 
EA, AH equal to the rectangle EA, BF, that is to the 
rectangle C, D. and becauſe EG, GF are equal to one another, 
and AE, LG, BF parallels, therefore AL and LB are equal; 
alſo EK is equal to KH, and the reftangle C, D, from the = 3. 
determination, is not greater than the ſquare of AL the half 4 
of AB, wherefore the rectangle EA, AH is not greater than 'F 
the ſquare of AL, that is of KG. add to each the ſquare of A 
KE, therefore the ſquare ® of AK is not greater than the b. 6. » B 
ſquares of EK, KG, that is | 


than the ſquare of EG; and C— — 
conſequently the ſtraight line E 5 : 

AK or GL is not greater 

than GE. Now, if GE be K G 


equal to GL, the circle EHF 
touches AB in L, and there- _N 
fore the ſquare of AL is e- 
qual to the rectangle EA, A EN B 
AH, that is to the given rect- 
angle C, D; and that which 
was required is done. but if Q P 0 

EG, GL be unequal, EG muſt be the greater, and therefore 
the circle EHF cuts the ſtraight line AB; let it cut it in the 


Cc, 26. ut 


points M, N, and upon NB deſcribe the ſquare NBOP, and 


complete the rectangle ANPQ. becauſe ML is equal to © LN, 4 3. 3. . 
and it has been proved that AL is equal to LB, therefore ul 


AM is equal to NB, and the rectangle AN, NB equal to the 


rectangle NA, AM, that is to the reQtangle © EA, AH or the, Cos. 345 
rectangle C, D. but the rectangle AN, NB is the rectangle 1 
AP, becauſe PN is equal to NB. therefore the rectangle AP "i 
is equal to the rectangle C, D, and the rectangle A, P equal to [| 
the given rectangle C, D has been applied to the given 


ſtraight line AB, deficient by the e BP. Which was to 
be done. 


KO TE 8, 


4. To apply a rectangle to a given ſtraight line that ſhall 
be equal to a given rectangle, exceeding by a ſquare. 

Let AB be the given ſtraight line, and the rectangle C, D 
the given rectangle, it is required to apply a rectangle to AB 
equal to C, D, exceeding by a {quare, 

Draw AE, BF at right angles to AB, on the contrary 
ſides of it, and make AE equal to C, and BF equal to D. 
join EF and biſect it in G, and from the center G, at the 
diſtance GE deſcribe a circle meeting AE again in H; join 
HF, and draw GL parallel to E 
AE; let the circle meet AB "iy, © 
produced in M, N, and upon | » — 
BN deſcribe the ſquare NEOP, 
and complete the rectangle 
ANPQ. becauſe the angle 
EHPF in a ſemicircle is equal 
to the right angle EAB, AB by. N 
and HF are parallels, and 
therefore AH and BF are e- 
qual, and the rectangle EA, 
AH equal to the rectangle EA, BF, that is to the rectangle 
C, D. and becauſe ML is equal to LN, and AL to LB, 
therefore MA is equal to BN, and the rectangle AN, NB to 
to MA, AN, that is * to the rectangle EA, AH or the 
rectangle C, D. therefore the rectangle AN, NB, that is AP 
is equal to the rectangle C, D; and to the given ſtraight line 
AB the rectangle AP has been applied equal to the given 
rectangle C, D, exceeding by the ſquare BP, Which was to 


> © 
"x 
8 


be done. 


Willebrordus Snellius was the firſt, as far as I know, who 
gave theſe conſtructions of the 3. and 4. Problems in his 
Appolonius Batavus. and afterwards the learned Dr Halley 
gave them in the Scholium of the 18, Prop. of the 8. B. of 
Appolonius's Conics reſtored by him, | 

The 3. Problem is otherwiſe enunciated thus, To cut a 
given ſtraight line AB in the point N, ſo as to make the rect- 
angle AN, NB equal to a given ſpace. or, which is the 
ſame thing, Having given AB the ſum of the ſides of a rect- 
angle, and the magnitude of it being likewiſe given, to find 
its ſides, 

And the 4. Problem is the ſame with this, To find a point 

N in 


3 


* 
* 
8 
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rectangle AN, NB equal to a given ſpace. or, which is the 


ſame thing, Having given AB the difference of the ſides of a 


rectangle, and the magnitude of it, to find the ſides. 
Ro., II. B. VI. 

In the Demonſtration of this the inverſion of proportionals 
is twice neglected, and is now added, that the concluſion may 
be legitimately made by help of the 24. Prop. of B. 5. as 
Clavins had done, 

Ra 0 T7 AAAIL::B YI. 

The Enunciation of the preceeding 26. Prop. is not general 
enough; becauſe not only two fimilar parallelograms that have 
an angle common to both, are about the ſame diameter; but 
likewiſe two ſimilar parallelograms that have vertically oppo- 
fite angles, have their diameters in the ſame ſtraight line, but 
there ſeems to have been another, and that a direct Demon- 
ſtration of theſe caſes, to which this 32. Propoſition was 
needful. and the 32. may be otherwiſe and ſomething more 
briefly demonſtrated as follows. 

PA OF. AAA. B. VI. 

If two triangles which have two ſides of the one, &c. 

Let GAF, HFC be two triangles which have two ſides 
AG, GF, proportional to the two fides FH, HC, viz, AG 


to GF, as FH to HC; and let AG G 
be parallel to FH, and GF to A | 
HC; AF and FC are in a ſtraight F 


line. E. H 
Draw CK parallel * to FH, and | 

let it meet GF produced in K. | 

becauſe AG, KC are cach of them B 

parallel to FH, they are parallel“ K O 

to one another, and therefore the alternate angles AGF, 


FKC are equal. and AG-is to GF, as (FH to HC, that is) * 


CK to : wherefore the triangles AGF, CKF are equi- 
angular © , and the angle AFG equal to the angle CFK. but 
GFK is a N line, therefore AF and FC are in a ſtraight 
line ©, 

The 26. Prop. is demonſtrated from the 32. as follows. 

If two ſimilar and ſimilarly placed parallelograms have an 
angle common to both, or vertically oppoſite angles; their 
diameters are in the ſame ſtraight line. 


Firſt 
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f. Cor. 19. 3. fore the remainder DG is “ to the A 
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Book VI. Firſt, Let the parallelograms ABCD, AEFG have the 
Am pond 


angle BAD common to both, and be ſimilar, and ſimilarly 
placed ; ABCD, AEFG are about the ſame diameter. 
Produce EF, GF, to H, K, and join FA, FC. then be- 


cauſe the parallelograms ABCD, AEFG are ſimilar, DA 
is to AB, as GA to AE; where- D 


H 


remainder EB, as GA to AE. but 
DG is equal to FH, EB to HC, 
and AE to GF. therefore as FH 
to HC, fo is AG to GF; and 
FH, HC are parallel to AG, GF; B K. 5 + 
and the triangles AGF, FHC are 

Joined at one angle, in the point F; wherefore AT, FC are 


>. 32. 6 in the ſame ſtraight line®, 


Next, Let the parallelograms KFHC, GFEA which are ſi- 
milar and ſimilarly placed, have their angles KFH, GFE ver- 
tically oppoſite; their diameters AF, FC are in the ſame 
ſtraight line. 

Becauſe AG, GF are parallel to FH, HC; and that AG 


is to GF, as FH to HC; therefore AF, FC are in the ſame 
ſtraight line 


PR OP. AZXAIH. BYE 


The words“ becauſe they are at the center,“ are left out, 
as the addition of ſome unſkilful hand, 

In the Greek, as alſo in the Latin Tranſlation, the words 
& Kr, any whatever,” are left cut in the Demonitration 
of both parts of the Propoſition, and are now added as quite 
neceſſary. and in the Demonſtration of the ſecond part, 
where the triangle BGC is proved to be equal to CGK, 
the illative particle apz in the Greek Text ought to be o- 
mitted, 

The ſecond part of the Propoſition is an addition of 


Theon's, as he tells us in his Commentary on Ptolomy's 
Mtyany TvR, p- 50. 


P R OP. B. C, D. B. VI. 


Theſe three Propoſitions are added, becauſe they are fre- 
quently made uſe of by Geometers, 


DEF. 


N O 2 E 8. 
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H E fimilitude of plane figures is defined from the e- 
quality of their angles, and the proportionality of the 
fades about the equal angles; for from the proportionality of 
the ſides only, or only from the equality of the angles, the 
fimilitude of the figures does not follow, except in the cafe 
when the figures are triangles, the ſimilar poſition of the ſides, 
which contain the figures, to one another, depending partly 
upon each of theſe. and, for the ſame reaſon, thoſe are fi- 
milar ſolid figures which have all their ſolid angles equal, each 
to each, and are contained by the fame number of ſimilar 
plane figures. for there are ſome ſolid figures contained by ſi- 


milar plane figures, of the fame number, and even of the 


fame magnitude, that are neither ſimilar nor equal, as ſhall 
be demonſtrated after the Notes on the 10. Definition. upon 
this account it was neceſſary to amend the Definition of ſimi- 
lar ſolid figures, and to place the Definition of a ſolid angle 
before it. and from this and the fo. Definition, it is ſuffi- 
ciently plain how much the Elements have been ſpoiled by un- 
ſkilful Editors. 
DEF. I. B. . 

Since the meaning of the word © equal ” is known and 
eſtabliſhed before it comes to be uſed in this Definition, 
therefore the Propoſition which is the 10. Definition of this 
Book, is a Theorem, the truth or falſhood of which ought to 
be demonſtrated, not aſſumed; ſo that Theon, or ſome o- 
ther Editor, has ignorantly turned a Theorem which ought 
to be demonſtrated into this 10. Definition. that figures are 
ſimilar, ought to be proved from the Definition of fimilar 
figures; that they are equal ought to be demonſtrated from 
the Axiom, Magnitudes that wholly coincide, are equal 
* to one another;” or from Prop. A. of Book 5. or the 9. 
Prop. or the 14. of the ſame Book, from one of which the 
equality of all kind of figures muſt ultimately be deduced. 
In the preceeding Books, Euclid has given no Definition of e- 
qual figures, and it is certain he did not give this. for what is 
called the 1. Def. of the 3. Book, is really a Theorem in 
which theſe circles are ſaid to be equal, that have the ſtraight 
lines from their centers to the circumferences equal, which is 
plain from the Definition of a circle, and therefore has by 

ſome 
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4. 12. IT, 


0 ſome Editor been improperly placed among the Definitions. 
The equality of figures ought not to be defined, but demon- 
ſtrated. therefore tho? if were true that ſolid figures contain- 
ed by the ſame number of fimilar and equal plane figures are 
equal to one another, yet he would juſtly deſerve to be bla- 
med who ſhould make a Definition of this Propoſition which 


ought to be demonſtrated, But if this Propoſition be not 
true, muſt it not be confeſſed that Geometers have for theſe 
thirtcen hundred years been miſtaken in this Elementary mat- 
ter? and this ſhould teach us modeſty, and to acknowledge 
how little, thro' the weakneſs of our minds, we are able to 
prevent mittakes even in the principles of ſciences which are 
juitly reckoned amongſt the moſt ccrtain; for that the Propo- 
fition is not univerſally true can be ſhewa by many examples ; 
the following is ſufficient, 

Let there be any plane rectilineal figure, as the triangle 
ABC, and from a point D within it draw * the ſtraight line 
DE at right angles to the plane ABC; in DE take DE, DF 
equal to one another, upon the oppoſite ſides of the plane, 
and let G be any point in EF; join DA, DB, DC; EA, 
EB, EC; FA, FB, FC; GA, GB, GC. becauſe the ftraight 
line EDF is at right angles to the plane ABC, it makes right 
angles with DA, DB, DC which it meets in that plane; and 
in the triangles EDB, FDB, ED and DB are equal to FD and 
DB, each to each, and they contain right angles, therefore 
the baſe EB is equal Þ to the baſe FB; in the ſame manner 
EA is equal to FA, and G | 
EC to FC. and in the 
triangles EBA, FBA, 
EB, BA are equal to 
FB, BA, and the baſe 
EA is equal to the baſe 
FA ; whereforethe angle 
EBA is equal © to the 
angle FBA, and the tri- 
angle EBA equal to B 
the triangle FBA, and 
the other angles equal to 


D 


4 * the other angles; there- F* 
i, Def. fore theſe triangles are 
6. 


ſimilar J. in the ſame manner the triangle EBC is ſimilar to 
the 
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the triangle FBC, and the triangle EAC to FAC. therefore Book XI, 


there are two ſolid figures each of which is contained by ſix 
triangles, one of them by three triangles the common vertex 
of which is the point G, and their baſes the ſtraight lines AB, 
BC, CA; and by three other triangles the common vertex 
of whih is the point E, and their baſes the ſame lines AB, 
BC, CA. the other ſolid is contained by the ſame three tri- 
angles the common vertex. of which is G, and their baſes AB, 
BC, CA ; and by three other triangles of which the common 
vertex is the point F, and their baſes the ſame ſtraight lines 
AB, BC, CA. now the three triangles GAB, GBC, GCA 
are common to both ſolids, and the three others EAB, EBC, 
ECAof the firſt ſolid have been ſhewn equal and ſimilar to the 
three others FAB, FBC, FCA of the other ſolid, each to 
each. therefore theſe two ſolids are contained by the fame num- 
ber of equal and ſimilar planes. but that they are not equal 
is manifeſt, becauſe the firſt of them is contained in the other. 
therefore it is not univerſally true that folids are equal which 
are contained by the ſame number of equal and ſimilar planes. 

Cor. From this it appears that two unequal ſolid angles 
may be contained by the ſame number of equal plane angles. 

For the ſolid angle at B which is contained by the four plane 
angles EBA, EBC, GBA, GBC is not equal to the ſolid 
angle at the ſame point B which 1s contained by the four 
plane angles FBA, FBC, GBA, GBC; for this laſt contains 
the other. and each of them is contained by four plane 
angles, which are equal to one another, each to each, or are 
the ſelf ſame ; as has been proved. and, indeed, there may be 
innumerable ſolid angles all unequal to one another, which 
are each of them contained by plane angles that are equal to 
one another, each to each, it is likewiſe manifeſt that the be- 
fore mentioned ſolids are not fimilar, ſince their ſolid angles 
are not all equal. 

And that there may be innumerable ſolid angles all unequal 
to one another, which are each of them contained by the 
ſame plane angles diſpoſed in the ſame order, will be plain 
from the three following Propoſitions. 

PRO P. I. PROBLEM. | 
Three magnitudes A, B, C being given, to find a fourth 
ſuch, that every three ſhall be greater than the remaining one. 

Let D be the fourth, therefore D muſt be leſs than A, B, 

| | C together, 
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Book XI. C together. of the three A. B, C let A be that which is not 


leſs than either of the two B and C. and firſt, let B and C 
together be not leſs than A; therefore B, C, D together 
are greater than A, and becauſe A is not leſs than B; A, 
C, D together are greater than B. in the like manner A, 
B, D together are greater than C. wherefore in the caſe in 
which B and C together are not leſs than A, any magnitude 
D which is leſs than A, B, C together will anſwer the Pro- 
blem. 

But if B and C together be leſs than A, then becauſe it is 
required that B, C, D together be greater than A, from each 
of theſe taking away B, C, the remaining one D muſt be 
greater than the exceſs of A above B and C. take therefore 
any magnitude D which is leſs than A, B, C together, but 
greater than the exceſs of A above B and C. then B, C, D 
together are greater than A; and becauſe A is greater than 
either B or C, much more will A and D, together with either 
of the two B, C be greater than the other, and, by the con- 
ſtruction, A, B, C are together greater than D. 

Cor. If beſides, it be required that A and B together 
mall not be leſs than C and D together; the exceſs of A and 
B together above C muſt not be leſs than D, that is D muſt 
not be greater than that exceſs, 

P R O P. II. PROBLEM, 

Four magnitudes A, B, C, D being given of which A and 
B together are not leſs than C and D together, and ſuch that 
any three of them whatever are greater than the fourth; it 
is required to ſind a fifth magnitude E ſuch, that any two of 
the three A, B, E ſhall be greater than the third, and alſo 
that any two of the three C, D, E ſhall be greater than the 
third. Let A be not leſs than B. and C not leſs than D. 

Firſt. Let the exceſs of C above D be not leſs than the ex- 
ceſs of A above B. it is plain that a magnitude E can be 
taken which is leſs than the ſum of C and D, but greater 
than the exceſs of C above D; let it be taken, then E is 
greater likewiſe than the exceſs of A above B; wherefore E 
and B together are greater than A; and A is not leſs than 
B, therefore A and E together are greater than B. and, by 
the Hypotheſis, A and B together are not leſs than C and D 
together, and C and D together are greater than E; therefore 


likewiſe A and B are greater than E. 
But 
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But let the exceſs of A above B be greater than the exceſs Beck — 


of C above D. and, becauſe, by the Hypotheſis, the three B, 
C, D arc together greater than the fourth A; C and D to- 
gether are greater than the exceſs of A above B. therefore a 
magnitude may be taken which is leſs than C and D together, 
but greater than the exceſs of A above B. Let this magnitude 
be E, and becauſe E is greater than the exceſs of A above B, 
B together with E is greater than A. and, as in the preceeding 
caſe, it may be ſhewn that A together with E is greater than 
B, and that A together with B is greater than E. therefore 
in cach of the caſes it has been ſhewn that any two of the 
three A, B, E are greater than the third, 

And becauſe in each of the cafes E is greater than the ex- 
ceſs of C above D, E together with D is greater than C, and, 
by the Hypotheſis, C is not leſs than D, therefore E together 
with C is greater than D; and, by the conſtruction, C and D 
together are greater than E. therefore any two of the three, 
C, D, E are greater than the third. | 


PROP. III. THEOREM. 


There may be innumerable ſolid angles all unequal to one 
another, each of which is contained by the ſame four plane 
angles, placed in the ſame order, 

Take three plane angles, A, B, C, of which A is not leſs 
than either of the other two, and ſuch, that A and B to- 
gether are leſs than two right angles; and by Problem 1. and 
its Corollary, find a fourth angle D ſuch, that any three what- 


ever of the angles A, B, C, D be greater than the remaining . 


angle, and ſuch, that A and B together be not leſs than C 
and D together. and by Problem 2. find a fifth angle E ſuch, 
that any two of the angles A, B, E be greater than the third, 
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Book XI. C together. of the three A, B, C let A be that which is not | 
leſs than either of the two B and C. and firſt, let B and C | of 


together be not leſs than A; therefore B, C, D together C. 
are greater than A, and becauſe A is not leſs than B; A, get 
C, D together are greater than B. in the like manner A, Wl ma 
B, D together are greater than C. wherefore in the caſe in but 
which B and C together are not leſs than A, any magnitude be 
D which is leſs than A, B, C together will anſwer the Pro- B t. 
blem. | 7 I cal 

But if B and C together be leſs than A, then becauſe it is B, 
required that B, C, D together be greater than A, from each in 
of theſe taking away B, C, the remaining one D muſt be thr 


greater than the exceſs of A above B and C. take therefore | 
any magnitude D which is leſs than A, B, C together, but cel: 


5 greater than the exceſs of A above B and C. then B, C, P by 

; together are greater than A; and becauſe A is greater than wit 
4 either B or C, much more will A and D, together with either tog 
| of the two B, C be greater than the other, and, by the con- C., 

| ſtruction, A, B, C are together greater than D. 
5 Cor. If beſides, it be required that A and B together | 
1 mall not be leſs than C and D together; the exceſs of A and r 
i B together above C muſt not be leſs than D, that is D muſt 5 
1 not be greater than that exceſs. ang 
| PR O P. I. PROBLEM. G 
Four magnitudes A, B, C, D being given of which A and tha 

B together are not leſs than C and D together, and ſuch that get 

any three of them whatever are greater than the fourth; it its 

is required to find a fifth magnitude E ſuch, that any two of eve 


the three A, B, E ſhall be greater than the third, and alſo 
that any two of the three C, D, E ſhall be greater than the 
third. Let A be not leſs than B. and C not leſs than D. 

Firſt, Let the exceſs of C above D be not leſs than the ex- 
ceſs of A above B. it is plain that a magnitude E can be 
taken which is leſs than the ſum of C and D, but greater 
than the exceſs of C above D; let it be taken, then E is 
greater likewiſe than the exceſs of A above B; wherefore E 
and B together are greater than A; and A is not leſs than 
B, therefore A and E together are greater than B. and, by 
the Hypotheſis, A and B together are not leſs than C and D 
together, and C and D together are greater than E; therefore 
likewiſe A and B are greater than E. 
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But let the exceſs of A above B be greater than the exceſs B ook — 


of C above D. and, becauſe, by the Hypotheſis, the three B, 
C, D arc together greater than the fourth A; C and D to- 
gether are greater than the exceſs of A above B. therefore a 
magnitude may be,taken which is leſs than C and D together, 
but greater than the exceſs of A above B. Let this magnitude 
be E, and becauſe E is greater than the exceſs of A above B, 
B together with E is greater than A. and, as in the preceeding 


caſe, it may be ſhewn that A together with E is greater than 


B, and that A together with B is greater than E. therefore 
in cach of the caſes it has been ſhewn that any two of the 
three A, B, E are greater than the third, 

And becauſe in each of the caſes E is greater than the ex- 
ceſs of C above D, E together with D is greater than C, and, 
by the Hypotheſis, C is not leſs than D, therefore E together 
with C is greater than D; and, by the conſtruction, C and D 
together are greater than E. therefore any two of the three, 
C, D, E are greater than the third, | 


PROP. III. THEOREM. 


There may be innumerable ſolid angles all unequal to one 
another, each of which is contained by the ſame four plane 
angles, placed in the ſame order, 

Take three plane angles, A, B, C, of which A is not leſs 
than either of the other two, and ſuch, that A and B to- 
gether are leſs than two right angles; and by Problem 1. and 
its Corollary, find a fourth angle D ſuch, that any three what- 
ever of the angles A, B, C, D be greater than the remaining 
angle, and ſuch, that A and B together be not leſs than C 

and D together. and by Problem 2. find a fifth angle E ſuch, 
that any two of the angles A, B, E be greater than the third, 


F 


and alſo that any two of the angles C, D, E be greater than 
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| the third, and becauſe A and B together are leſs than two 


/ 


right angles, the double of A and B together is leſs than four 


. right angles, but A and B together are greater than the angle 


E, wherefore the double of A and B together is greater than 
the three angles A, B, E together, which three are conſe- 
quently leſs than four right angles; and every two of the 
ſame angles A, B, E are greater than the third ; therefore, 
by Prop. 23. 11. a ſolid angle may be made contained by 
three plane angles equal to the angles A, B, E, each to each, 


Let this be the angle F contained by the three plane angles 


GFH, HFK, GFK which are equal to the angles A, B, E, 
each to each. and becauſe the angles C, D together are not 
greater than the angles A, B together, therefore the angles 
C, D, E are not greater than the angles A, B, E. but theſe 
laſt three are leſs than four right angles, as has been demon- 
ſtrated; wherefore alſo the angles C, D, E are together leſs 
than four right angles, and every two of them are greater 
than the third; therefore a ſolid angle may be made which 
ſhall be contained by three plane angles equal to the angles 
C, D, E, cach to each *. and by Prop. 26. 11. at the point 


Fin the ſtraight line FG a ſolid angle may be made equal to 
that which is contained by the three plane angles that are e- 
qual to the angles C, D, E. let this be made, and let the 
angle GFK, which is equal to E, be one of the three; and 
let KFL, GFL be the other two which are equal to the angles 
C, D, each to each. thus, there is a ſolid angle conſtituted 


at the point F contained by the four plane angles GFH, HFK, 


KFL, GFL which are equal to the angles A, B, C, D, 
each to each. | 4 | iT 
Again, Find another angle M ſuch, that every two of the 
three angles A, B, M be greater than the third, and alſo 
every two of the three C, D, M be greater than the third. 
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and, as in the prec ng part, it may be demonſtrated that Boo 


the three A, B, M are leſs 
than four right angles, as al- 


leſs than four right angles. 
Make therefore “ a ſolid angle 
at N contained by the three 
plane angles ONP, PNQ , 
ONQ , which are equal to 
A, B, M, each to each. and by "IE 26, 11 make at the 
point N in the ſtraight line ON a ſolid angle contained by 
three plane angles of which one is the angle ONQ equal to 
M,. and the other two are the angles QNR, ONR which are 
equal to the angles C, D, each to each. thus at the point N 
there is a ſolid angle contained by the four plane angles ON, 
PNQ , NR, ONR which are equal o the angles A, B, C, 
D, each to each. and that the two ſolid angles at the points 
P, N, each of which is contained by the above named four 
plane angles, are not equal ta one another, or that they can- 
not coincide, will be plain by conſidering that the angles GFK, 
ONQ ; chat is, the angles E, M are unequal by the corſtruc- 


tion, and therefore the ſtraight lines GF, FK cannot coincide 


with ON, NQ nor conſequently can the ſolid angles, which 
therefore are unequal. 
And becauſe from the three given plane angles A, B, C 


there can be found innumerable other angles that will ſerve 


the ſame purpoſe with the angle D, and again from D or any 
one of thefe others, and the angles A, B, C, there may be 
found innumerable angles, ſuch as E or M it is plain that 
innumerable other ſolid angles may be conſtiturtd which are 
each contained by the ſame four plane angles, and all of them 
unequal to one another. Q. E. D. 

And from this it appears that Clavius and other Aber 
are miſtaken who aſſert that thoſe ſolid angles are equal 
which are contained by the ſame number of plane angles that 
are equal to one another, each to each, allo it is plain that 
the 26. Prop. of Book 11. is by no means ſufficiently de- 
monſtrated, becauſe the equality of two folid angles, whereof 
each is contained by three plane angles which are equal to 
one another, each to each, is only aſſumed, and not demon- 
ſtrared. | 
1 PROP, 
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The words at the end of this, „ for a ſtraight line cannot 
* meet a ſtraight line in more than one point,“. are left out, 
as an addition by ſome hand; "IO this i is to be de- 
monſtrated, not aſſumed.” 

Mr Thomas Simpſon, in his notes at the end 74 the 2d Edi- 
tion of his Elements of Geometry, p. 262. after repeating 
the words of this note, adds Now can it poſſibly ſhew any 
* want of ſkill in an editor” (he means Euclid or Theon) 
* to refer to an Axiom. which Euclid himſelf had laid down 
Book 1. NO. 14.” he means Barrow's Euclid, for it is 
the loth in the Greek) © and not to have demonſtrated, 
*© what no man can demonſtrate ?” But all that in this caſe 
can follow from that Axiom is, that if two ſtraight lines could 
meet each other in two points, the parts of them betwixt theſe 
points muſt coincide, and ſo they would have a ſegment be- 
twixt theſe points common'to both, Now, as it has ngt been 
ſhewn in Euclid that they cannot have a common ſegment, 
this does not prove that they cannot meet in two points, from 
which their not having a common ſegment is deduced in the 
Greek Edition. but, on the contrary, becauſe they cannot 
have a common ſegment, as is ſhewn in Cor, of 11. Prop. 


B. 1. of qto Edition, it follows plainly that they cannot meet 


in two points, which the remarker ſays no man can demon- 
ſtrate. 


Mr Simpſon, in the ſame notes p. 265. raft obſerves that 


in the Corollary of Prop. 11. Book 1. 4to. Edit, the ſtraight 
lines AB, BD, BC, are ſuppoſed to be all in the ſame plane, 
which cannot be aſſumed in 1.- Prop. B. 11. this, ſoon after 
the 4to Edition was publiſhed, I obſerved and corrected as it 
is now in this Edition. he is miſtaken in thinking the 1 oth 
Axiom he mentions here, to be Euclid's; it is none of Euclid's, 
but is the 10th in Dr Barrow's Edition, who had it from He- 
rigon's Curſus Vol. 1. and in place of it the Corollary of 11. 
Prop. Book 1. was added. 
PAOF, I, . 

This Propoſition ſeems to have been changed and vitiated 
by ſome Editor; for all the figures defined in the 1. Book 
of the Elements, and among them triangles, are, by the Hy- 


potheſis, plane figures; that is, ſuch as are deſcribed in a 


Demonſtration. beſides, a convex ſuperficies may be terminated | 


plane; wherefore the ſecond part of the Enunciation needs no 


by 
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by three ſtraight lines meeting one another, the thing that Bok — 


ſhould have been demonſtrated is, that two, or three ſtraight 
lines, that meet one another, are in one plane. and as this is 
not ſufficiently done, the Enunciation and Demonſtration are 
changed into thoſe now put into the Text. 

; "PK QED. B, at, 

In this Propoſition the following words near to the end of 
it are left out, viz. therefore DEB, DFB are not ſtraight 
« lines; in the like manner it may be demonſtrated that there 
% can be no other ſtraight line between the points D. B.“ 
becauſe from this that two lines include a ſpace, it only fol- 
lows that one of them is not a ſtraight line, and the force of 
the argument lies in this, viz. if the common ſection of the 
planes be not a ſtraight line, then two ſtraight lines could in- 
clude a ſpace, which is abſurd; therefore the common ſection 
is a ſtraight line, 

PROP. IV. B. XI. 

The words “ and the triangle AED to the triangle BEC” 
are omitted, becauſe the whole concluſion of the 4. Prop. B. 
1. has been ſo often repeated in the preceeding Books, it was 
needleſs to repeat it here. 
| PROP. V. B. XI. 

I this, near to the end, ii, ought to be left out in 
the Greek text. and the word * plane” is rightly left out in 
the Oxford Edition of Commandine's Tranſlation. 

; PR OP. VII. B. XI. 

This Propoſition has been put into this Book by ſome un- 
{kilful Editor, as is evident from this, that ſtraight lines which 
are drawn from one point to another in a plane, are, in the 
preceeding Books, ſuppoſed to be in that plane. and if they 
were not, ſome demonſtrations in which one ſtraight line is 
ſuppoſed to meet another would not be concluſive, becauſe 
theſe lines would not meet one another. for inſtance, in Prop. 
30. B. 1. the ſtraight line GK would not meet EF, if GK were 
not in the plane in which are the parallels AB, CD, and in 
which, by Hypotheſis, the ſtraight line EF is. beſides, this 
7. Propoſition is demonſtrated by the preceeding 3. in which 


the very thing which is propoſed to be demonſtrated in the 


7. is twice aſſumed, viz, that the ſtraight line drawn from 
one point to another in a plane, is in that plane; and the 
ſame thing 1 is aſſumed in the preceeding 6. Prop. in which the 


1 ſtraight. 


NOTE 5. ; . 


Book XI. ſtraight line which joins the points B, D that are in the 110 
—— 


to which AB and CD are at right angles, is ſuppoſed to be 
in that plane. and the 7. of which another Demonſtration is 
given, is kept in the Book merely to preſerve the number of 
the Propoſitions; for it is evident from the 7. and 35. Defi- 
nitions of the 1. Book, tho' it had not been in the Elements. 


FR OP. om. B. Al. 

In the Greek, and in Commandine's and Dr Gregory's 
Tranſlations, near to the end of this Propoſition, are the 
following words, “ but DC is in the plane thro' BA, AD” 
inſtead of which in the Oxford edition of Commandine's 
tranſlation is rightly put“ but DC is in the plane thro' BD, 
PDA.“ but all the Editions have the following words, viz. 
* becauſe AB, BD are in the plane thro' BD, DA, aud DC 
* 1s in the plane in which are AB, BD,“ which are manifeſtly 
corrupted, or have been added to the Text; for there was 
not the leaſt neceſſity to go ſo far about to ſhew that DC is 
in the ſame plane in which are BD, DA, becauſe it imme- 
diately follows from Prop. 7. prececding, that BD, DA are 
in the plane in which are the parallels AB, CD. therefore ia- 
ſtead of theſe words there ought only to be © becauſe all three 
* are in the plane in which are the parallels AB, CD.” 


PROP, XV. 5. . ; 

After the words, and becauſe BA is parallel to GH,” 
the following are added “ for each of them is parallel to DE, 
and are not both in the ſame plane with it,” as Wen mani- 
feſtly forgotten to be put into the Text. | 


PROP; XVI, N H. 
In this, near to the end, inſtead of the words,“ but ſtraight 
* lines which meet, neither way” ought to be read“ but 
£* ſtraight lines in the ſame plane which produced meet nei- 


* ther way.” becauſe tho' in citing this Definition in Prop. 


27. B. 1. it was not neceflary to mention the words, in the 
ſame planc” all the ſtraight lines in the Books preceeding 
this being in the ſame plane; yet here it was quite page; 


PROP. XX. B. XI. 

In this, near the beginning, are the words, ** but if not, 
„let BAC be the greater.” but the angle BAC may happen 
to be equal to one of the other two, wherefore this place ſhould 


* 


* 


be 


the 


NOTE 8. 


= rand * © but if not, let the angle BAC be not leſs Book xi · 
—— 


« than either of the other two, but greater than DAB,” 

At the end of this Propoſition it is ſaid, “in the ſame 
% manner it may be demonſtrated,” tho” there is no need of 
any Demonſtration'; becauſe the angle BAC being not leſs 
than either of the other two, it is evident that BAC together 
with one of them is greater than the other. 

PROP. XXII. B. XI. 

And likewiſe in this, near the beginning, it is ſaid, but 
* if not, let the angles at B, E, H be unequal, and let the 
„angle at B be greater than either of thoſe at E, H.“ which 
words manifeſtly ſhew this place to be vitiated, becauſe the 
angle at B may be equal to one of the other two. they ought 
therefore to be read thus, but if not, let the angles at B, 
« E, H be unequal, and let the angle at B be not leſs than 
either of the other two at E, H. therefore the ſtraight line 
« AC is not leſs than either of the two DF, GK.” 

PROP. XXII, B. XI. 

The Demonſtration of this is made ſomething ſhorter, by 
not repeating in the third Caſe the things which were demon- 
ſtrated in the firſt; and by making uſe of the conſtruction 
which Campanus has given; but he does not demonſtrate the 
ſecond and third Caſes. the Conſtruction and Demonſtration 
of che third Caſe are made a little more fimple than in the 
Greek text, 


. PR OP. XXIV. B. XI. 

The word - ſimilar” is added to the Enunciation of this 
Propoſition, becauſe the planes containing the ſolids which 
are to be demonſtrated to be equal to one another, in the 25. 
Propoſition, ought to be ſimilar and equal; that the equality 
of the ſolids may be inferred from Prop. C. of this Book. and 
in the Oxford Edition of Commandine's Tranſlation a Corol- 
lary is added to Prop 24. to ſhew that the parallelograms men- 
tioned in this Propoſition are ſimilar, that the equality of the 
ſolids in Prop. 2 5. may be deduced from the 10. Def. of B. 11. 

5 PROP. XXV. and XXVI. B. XI. 

In the 25. Prop. ſolid figures which are contained by the 
ſame number of ſimilar and equal plane ſigures, are ſuppoſed 
to be equal to one another. and it ſeems that Theon, or ſome 
other Editor, that he might ſave himſelf the trouble of de- 
monſtrating the ſolid figures mentioned in this Propoſition to 

Y 4 be 


* 
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— XI. be equal to one another, has inſerted the 10. Def. of this 
Book, to ſerve inſtead of a Demonſtration ; which was very 
ignorantly done. 

Likewiſe in the 26, Prop. two ſolid angles are ſuppoſed to 
be equal. if each of them be contained by three plane angles 

_ which are equal to one another, each to each. and it is 
ſtrange enough, that none of the Commentators on Euclid 
have, as far as I know, perceived that ſomething is wanting 
in the Demonſtrations of theſe two Propoſitions, Clavius, in- 
deed, in a Note upon the 1 1. Def. of this Book, affirms, that 
it is evident that thoſe ſolid angles are equal which are con- 
tained by the ſame number of plane angles, equal to one ano- 
ther, each to each, becauſe they will coincide, if they be con- 
ccived to be placed within one another; but this is faid with- 
out any proof, nor is it always true, except when the ſolid 
angles are contained by three plane angles only, which are e- 
qual to one another, each to each. and in this caſe the Pro- 
poſition is the ſame with this, that two ſpherical triangles that 
are equilateral to one another, are alſo equiangular to one a- 
nother, and can coincide; which ought not to be granted 
without a Demonſtration. Euclid does not afſume this in 
the caſe of rectilineal triangles, but demonſtrates in Prop. 8. 
B. 1. that triangles which are equilateral to one another are 
alſo equiangular to one another; and from this their to- 
tal equality appears by Prop. 4. B. 1. and Menelaus, in the. 4. 
Prop. of his 1. Book of Spherics, explicitly demonſtrates 
that ſpherical triangles which are mutually equilateral, are al- 
fo equiangular to one another; from which it is eaſy to ſhew 
that they muſt coincide, providing they have their ſides diſ- 
poſed in the ſame order and ſituation. 

To ſupply theſe defects, it was neceſſary to add the three 
Propoſitions marked A, B, C to this Book, for the 25. 26. 
and 28. Propoſitions of it, and conſequently eight others, 
viz. the 27. 31. 32. 33. 34. 36. 37. and 40. of the fame, 
which depend upon them, have hitherto ſtood upon an infirm 
foundation ; as alſo, the 8. 12. Cor. of 17. and 18. of the 
12. Book, which depend upon the 9.. Definition, for it has 
been ſhewn in the Notes on Def. 10, of this Book, that ſolid 
figures which are contained by the ſame number of ſimilar 
and equal plane figures, as alſo ſolid angles that are contained 
by the ſame number of equal plane * are not always e- 
qual to one another. x 
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bſ⸗ 'T „in hi Book XI. 
It is to be obſerved that Tacquet,. in his Euclid, defines e | 


qual ſolid angles to be ſuch, ** as being put within one an- 
« other do coincide,” but this is an Axiom, not a Definition, 
for it is true of all magnitudes whatever. he made this uſeleſs 
Definition, that by it he might demonſtrate the 36. Prop. of 


this Book without the help of the 35. of the ſame. concern- 


ing which Demonſtration, ſee the Note upon Prop. 36. 


PROP. XXVII. B. XI. 


In this it ought to have been demonſtrated, not aſſumed, 


that the Diagonals are in one plane, Clavius has — 
this defect. 
E N O, F. XIX. B. XI. 


There are three Caſes of this Propofition ; the firſt is, when 
the two parallelograms oppoſite to the baſe AB have a fide 
common to both; the ſecond is, when theſe parallelograms are 
ſeparated from one another; and the third, when there is a 
part of them common to both; and to this laſt only, the De- 
monſtration that has hitherto been in the Elements does a- 
gree. The firſt Caſe is immediately deduced from the preceed- 
ing 28. Prop. which ſeems for this purpoſe to have been pre- 
miſed to this 29. for it is neceflary to none but to it, and to 
the 40. of this Book, as we now have it, to which laſt it 


would, without doubt, have been premiſed, if Euclid had not 


made uſe of it in the 29. but ſome unſkilful Editor has taken 
it away from the Elements, and has mutilated Euclid's Demon- 
ſtration of the other two Caſes, which is now reſtored, and 
ſerves for beth at once, 


PRO p. XXX. B. XI. 
In the Demonſtration of this, the oppoſite planes of the ſo- 


lid CP, in the figure in this Edition; that is, of the ſolid CO 
in Commandine's figure, are not proved to be parallel; which 
it is proper to do for the ſake of — 


PROP. XXI. B. XI. 


There are two Caſes of this Propoſition; the firſt is, when 
the inſiſting ſtraight lines are at right angles to the baſes; the 
other, when they are not. the firſt Caſe is divided again into 
two others, one of which is, when the baſes are equiangular 
parallelograms; ; the other, when they are not equiangular. 

the 


— 
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the Greek Editor makes no mention of the firſt of theſe two 
laſt Caſes, but has inſerted the Demonſtration of it as a part 
of that of the other. and therefore ſhould have taken notice 
of it in a Corollary ; but we thought it better to give theſe two 
caſes ſeparately. the Demonſtration alſo is made ſomething 
ſhorter by following the way Euclid has made uſe of in Prop. 
14. B. 6. befides, in the Demoaſtration of the caſe in which 
the inſiſting ſtraight lines are not at right angles to the baſes, 
the Editor does not prove that the ſolids deſcribed in the con- 
ſtruction are parallelepipeds, which it is not to be thought 
that Euclid neglected. alſo the words, of which the infiſt- 
* ing ſtraight lines are not in the ſame ſtraight lines,” have 
been added by ſome unſkilful hand; for they may be in the 
ſame ſtraight lines. | 


PROP. XXXII. B. XI. 


The Editor has forgot to order the parallelogram FH to be 
applied in the angle FGH equal to the angle LCG, which is 
neceflary, Clavius has ſupplied this, 

Alſo, in the conſtruction, it is required to complete the 
ſolid of which the baſe is FH, and altitude the ſame with that 
of the ſolid CD; but this docs not determine the ſolid to be 
completed, fince there may be innumerable ſolids upon the 
ſame baſe, and of the ſame altitude. it ought therefore to be 
ſaid © complete the ſolid of which the baſe is FH, and one of 
its inſiſting ſtraight lines is FD.” the fame correction muſt 


be made in the following Propoſition 33. 


FROP. D. . - 


It is very probable that Euclid gave this Propoſition a place 
in the Elements, ſince he gave the like Propoſition concerning 


equiangular parallelograms in the 23. B. 6. 
PROP. XXXIV. B. XI. . 


In this the words, @y al t9:507% vx tioty E Tay auTar ter, 
„ of which the infiſting ſtraight lines are not in the ſame 
e ſtraight lines” are thrice repeated; but theſe words ought 
either to be left out, as they are by Clavius, or in place of them 
ought to be put, whether the inſiſting ſtraight lines be, or be 
© not, in the ſame ſtraight lines.“ for the other Caſe is with- 


out any reaſon excluded, alſo the words, o Ta vin, of which 
the 
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ſe two « the altitudes” are twice put for oy al tp£o7a0a:, * of which Book XI. 
* part i © the inſiſting ſtraight lines;” which is a plain miſtake. for 
AA the altitude is always at right angles to the baſe, 
3 PROP. XXXV. B. XI. 
Prop. The angles ABH, DEM are demonſtrated to be right angles 
which in a ſhorter way than in the Greek; and in the ſame way 
baſes, ACH. DFM may be demonſtrated to be right angles. alſo 
Fon the repetition of the ſame Demonſtration, which begins with 
ought « in the ſame manner,” is left out, as it was probably added 
FN to the Text by ſome Editor; for the words, “ in like manner 
have ve may demonſtrate,” are not inſerted except when the 
> the Demonſtration is not given, or when it is ſomething different 
from the other, if it be given, as in Prop. 26. of this Book, 
Campanus has not this repetition. 
We have. given another Demonſtration of the Corollary, 
3 beſides the one in the Original, by help of which the follow- 
bo ing 36. Prop. may be demonſtrated without the 35. 
PROP. XXXVI. B. XI. 
the Tacquet in his Euclid demonſtrates this Propoſition with- 
that out the help of the 3 5. but it is plain that the ſolids mention- 
o be ed in the Greek Text in the Enunciation of the Propoſition 
the as equiangular, are ſuch that their ſolid angles are contained 
o be by three plane angles equal to one another, each to each; as 
1c of is evident from the conſtruction. Now Tacquet does not de- 
muſt monſtrate, but afſumes theſe ſolid angles to be equal to one 
| another; for he ſuppoſes the ſolids to be already made, and 
does not give the conſtruction by which they are made. but, 
| by the ſecond Demonſtration of the preceeding Corollary, his 
hae Demonſtration is rendered legitimate likewiſe in the Caſe 
aing where the ſolids are conſtructed as in the Text, 
PROP. XXXVII. B. XI. 
In this it is aſſumed that the ratios which are triplicate of 
thoſe ratios which are the ſame with one another, are likewiſe the 
e107, ſame with one another; and that thoſe ratios are the ſame with 
ame one another, of which the triplicate ratios are the ſame with one 
1ght another; but this ought not to be granted without a Demonſtra- 
hem tion, nor did Euclid aſſume the firſt and eaſieſt of theſe two Pro- 
r be poſitions, but demonſtrated it in the caſe of duplicate ratios, inthe 
ith» 22, Prop. B. 6. on this account another Demonſtration is given 
hich of this Propoſition like to that which Euclid gives in Prop, 
the 22. B. 6. as Clavius has done. 
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| ternin 
PROP, XXXVIN. B. XI. abe; 
When it is required to draw a perpendicular from à point _ 
in one plane which is at right angles to another plane, unto = 
this laſt plane, it is done by drawing a perpendicular from the there 
point to the common ſection of the. planes; for this perpen- ES 
dicular will be perpendicular to the plane, by Def. 4. of this re 
Book. and it would be fooliſh in this caſe to do it by the 11. o' i 
> Prop, of the ſame, but Euciid *, Apollonius, and other Geo- lineal 
meters, when they have occaſion for this Problem, direct a ted 
perpendicular to be drawn from the point to the plane, and rope. 
conclude that it will fall upon the common ſection of the 1 
planes, becauſe this is the very fame thing as if they had made als 4 
uſe of the conſtruction above mentioned, and then concluded oh 
that the ſtraight line muſt be perpendicular to the plane; but he'd 
is expreſſed in fewer words. ſome Editor not perceiving this, ed 
thought it was neceſſary to add this Propoſition, which can Edit 
never be of any uſe, to the 11. Book. and its being near to the > ot 
end among Propoſitions with which it has no connexion, is a 
2385 oſ its ad been added to the 'Text, 
PROP. XXXIX. B. XI. 2 
In this it is ſuppoſed that the ſtraight lines which biſect the _ a 
ſides of the oppoſite planes, are in one plane, which ought to Oy 
have been demonſtrated; as is now done, 1 
be f 
B. XII. the 


HE learned Mr Moor, Profeſſor of Greek in the Univer- 

ſity of Glaſgow, obſerved to me that it plainly appears 

from Archimedes's Epiſtle to Doſitheus prefixed. to his Books 
of the Sphere and Cylinder, which Epiſtle he has reſtored from 


ancient Manuſcripts, that Eudexus was the Author of the Gr: 
chief Propofitions in this 12. Book, 

P R OP II. B. XII. | uu 

At the begining of this it is ſaid, © if it be not ſo, the ſquare 9 

of BD ſhall be to the ſquare of FH, as the circle ABCD is enc 

to ſome ſpace either leſs than the circle EFGH, or greater rec 

than it.“ and the like is to be found near to the end of this IS 1 


Propoſition, as alſo in Prop. 5. 11. 12. 18, of this Book. con- by 
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cerning which it is to be obſerved, that in the Demonſtration Book XII, 


of Theorems, it is ſufficient, in this and the like caſes, that a 
thing made uſe of in the reaſoning can poſſibly exiſt, provid- 
ing this be evident, tho' it cannot be exhibited or found by a 
Geometrical conſtruction. ſo in this place it is aſſumed that 
there may be a fourth proportional to theſe three magnitudes, 
viz, the ſquares of BD, FH, and the circle ABCD; becauſe 
it is evident that there is ſome ſquare equal to the circle ABCD, 
tho” it cannot be found geometrically; and to the three recti- 


lineal figures, viz, the ſquares of BD, FH, and the ſquare 


which is equal to the circle ABCD, there is a fourth ſquare 
proportional; becauſe to the three ftraight lines which are 


their ſides there is a fourth ſtraight line proportional 2 and“. 12. . 


this fourth ſquare, or a ſpace equal to it, is the ſpace which 
in this Propoſition is denoted by the letter 8. and the like is to 
be underſtood in the other places above cited. and it is proba- 
ble that this has been ſhewn by Euclid, but left out by ſome 
Editor; for the Lemma which ſome unſkilful hand has added 
to this Propoſition explains nothing or it. 


PROP. III. B. XI. 


In the Greek Text and the Tranſlations, it is ſaid, ©* and 
« becauſe the two ſtraight lines BA, AC which meet one an- 
* other,” &c. here the angles BAC, KHL are demonſtrated 
to be equal to one another by 10. Prop. B. 11. which had 
been done before. becauſe the triangle EAG was proved to 
be ſimilar to the triangle KHL. this repetition is left out, and 
the triangles BAC, KHL. are proved to be fimilar in a ſhorter 
way by hi af 21. B. 6, 


PROP. . B. H. 


A few things in this are more fully explained than in the 
Greek Text. 


PROP. V. B. XII. 


In this, near to the end, are the words dc t«Tpoover ifelx0n, , 


1% as was before ſhewn,” and the ſame are found again in the 


end of Prop. 18. of this Book; but the Demonſtration refer- 


red to, except it be the uſeleſs Lemma annexed to the 2. Prop. 
is no where in theſe Elements, and has been perhaps left out 


by ſome Editor who has forgot to cancel thoſe words alſo. 
PRO P. 
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PRO P. VI. B. XII. 

A ſhorter Demonſtration is given of this; and that which 
is in the Greek Text may be made ſhorter by a ſtep than it is, 
for the Author of it makes uſe of the 22. Prop. of B. ;. 
twice. whereas once would have ſerved his purpoſe; becauſe 
that Propoſition extends to any number of magnitudes which 
are proportionals taken two and two, as well as to three which 
are proportional to other three, 


COR. PROP. VII. B. XII. 


The Demonſtration of this is imperfect, becauſe it is not 
ſhewn that the triangular pyramids into which thoſe upon 
multangular baſes are divided, are fimilar to one another, as 
ought neceflarily to have been done, and is done in the like 
caſe in Prop. 12. of this Book. the full Demonſtration of the 
Corollary is as follows. 

Upon the polygonal baſes ABCDE, FGHKL, let there be ſi- 
milar and ſimilarly ſituated pyramids which have the points 
M. N for their vertices. the pyramid ABC DEM has to the 
pyramid FGHKLN the triplicate ratio of that which the fide 
AB has to the homologous ſide FG. 

Let the polygons be divided into the triangles ABE, EBC, 

z. 20. 6 ECD; FGL, LGH, LHR, which are ſimilar * each to each. 
b. 11. f. and becauſe the pyramids are ſimilar, therefore d the triangle 
; EAM is ſimilar to the triangle LFN, and the triangle ABM 

© 4.6 to FGN, wherefore ME is to EA, as NL to LF; and as AE 
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to EB, ſo is FL to LG, becauſe the triangles EA B, LFG are Bob 
ſimilar; therefore, ex aequali, as ME to EB, ſo is NL to LG. und 
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jn like manner it may be ſhewn that EB is to BM, as IG to Book XII. 


GN; therefore, again, ex acquali, as EM to MB, ſo is LN to 
NG. wherefore the triangles EMB, LNG having their ſides 


proportionals are © equiangular, and fimilar to one another. 4 5. 6. 


therefore the pyramids which have the triangles EAB, LFG 
for heir baſes, and the points M, N for their vertices, are ſi- 


milar planes. in the ſame manner the pyramid EBCM may 
be ſhewn to be ſimilar to the pyramid LGHN, and the pyra- 
mid ECDM to LHEN, and becauſe the pyramids EABM, LFGN 


are ſimilar, and have triangular baſes, the pyramid EABM has to t & m 


LFGN the triplicate ratio of that which EB has to the homo- 


logous fide LG. and, in the fame manner, the pyramid EBCM 


has to the pyramid LGHN the triplicate ratio of that which 
ER has to LG. therefore as the pyramid EABM is to the 
pyramid LFGN, ſo is the pyramid EBCM to the pyramid 
LGHN. in like manner, as the pyramid EBCM is to LGHN, 


ſo is the pyramid ECDM to the pyramid LHEN. and as one 


of the antecedents is to one of the conſequents, ſo are all the 
antecedents to all the conſequents. therefore as the pyramid 
EABM to the pyramid LFGN, ſo is the whole pyramid 
ABCDEM to the whole pyramid FGHKLN. and the pyra- 
mid EABM has to the pyramid LFGN the triplicate ratio of 
that which AB has to FG, therefore the whole pyramid has 
to the whole pyramid the triplicate ratio of that which A8 
has to the homologous fide FG, Q. E. D. 


PRO P. XI. and XII. B XII. 


The order of the letters of the Alphabet is not obſerved 
in theſe two Propoſitions, according to Euclid's manner, and 
is now reſtored. by which means the firſt part of Prop. 12. 
may be demonſtrated in the ſame words with the firſt part of 
Prop. 11. on this account the Demonſtration of that firſt part 
is left out, and aſſumed from Prop. 11. 


PROP. XIII. B. XII. 


In this Propoſition the common ſection or a plane 15 | 
to the baſes of a cylinder, with the cylinder itſelf is ſuppoſcd 
to be a circle, and it was thought proper briefly to demon- - 
ſtrate it; from whence it is ſufficiently manifeſt that this plane 
divides the cylinder into two. others. and the ſame thing is 
underſtood to be ſupplied in Prop. 14. 


PROP 


b. 11, Dei. 
milar ® to one another, for their ſolid angles are © equal, and 1. 


the ſolids themſelves are contained by the ſame number of ſi- . B. 11. 


NO T28. 


. P RO P. XV. B. XII. ee 
© And complete the cylinders AX, EO.” both the Enun- nd, 
ciation and Expoſition of the Propoſition repreſent the cylin- L , 
ders as well as the cones as already deſcribed. wherefore the r 
reading ought rather to be, and let the cones be ALC, wan 
„% ENG; and the cylinders AX, EO.” OS 
The firſt Caſe in the ſecond part of the Demonſtration is + 
wanting; and ſomething alſo in the ſecond Caſe of that part, 
before the repetition of the conſtruction is mentioned ; which 2 
are now added. | __ 
» wr. 
PROP. XVII. B. XII. _ 
In the Enunciation of this Propoſition the Greek words, eic matt 
Thy Ae. Cor opaTpay vr morvedpor tyypatat, un aver H νœ.vov oc L 
EOxpH; ala Thr u mñ, are thus tranſlated by Commandine 80 
and others, in majori ſolidum polyhedrum deſcribere quod ſphe 
** minoris ſphaerae ſuperficiem non tangat;“ that is, to de- 1 
« ſcribe in the greater ſphere a ſolid polyhedron which ſhall, > mis, 
* not meet the ſuperficies of the leſſer ſphere.” whereby they 25 
refer the words xa7% Thy £7:/parexy to theſe next to them Ti; I; 
txcorovo; opaipec, but they ought by no means to be thus tranſ- f 


lated, for the ſolid polyhedron doth not only meet the ſuper- 
ficies of the leſſer ſphere, but pervades the whole of that ſphere. 
therefore the foreſaid words are to be referred to 7d gr, 


70)v4dpor, and ought thus to be tranſlated, viz, to deſcribe in 1 b 
the greater ſphere a ſolid polyhedron whoſe ſuperficies ſhall 4 
not meet the leſſer ſphere; as the meaning of the Propoſition 

neceſſarily requires. | þ F 


The Demonſtration of the Propoſition is ſpoiled and muti- 
lated. for ſome eaſy things are very explicitly demonſtrated, 
while others not ſo obvious are not ſufficiently explained; for 
example, when it is affirmed that the ſquare of KB is greater 
than the double of the ſquare of BZ, in the firſt Demonſtra- 
tion; and that the angle BZE is obtuſe, in the ſecond. both 
which ought to have been demonſtrated. beſides, in the firſt De- 
monſtration, it is ſaid, draw KQ from the point K perpen- 
* dicular to BD;” whereas it ought to have been ſaid, join 
© KV,” and it ſhould have been demonſtrated that KV is 
perpendicular to BD. for it is evident from the figure in Her- 
vagius's and Gregory's Editions, and from the words of the 

| Demonſtration 


' - 
* 


S. 


the perpendicular drawn from the point K to the ſtraight line 
BD muſt neceſſarily fall upon the point V, for in the figure it 
is made to fall upon the point Q a different point from V, 
which is likewiſe ſuppoſed in the Demonſtration. Comman- 
dine ſeems to have been aware of this; for in his figure he 
marks one and the ſame point with the two letters V, Q; and 
before Commandine, the learned John Dee in the Commen- 
tary he annexes to this Propoſition in Henry Billingſley's Tran- 
ſlation of the Elements printed at London, Ann. 1570, ex- 
preſly takes notice of this error, and gives a Demonſtration 
ſuited to the Conſtruction in the Greek Text, by which he 
ſhews that the perpendicular drawn from the point K to BD, 
muſt neceſſarily fall upon the point V. 
Likewiſe it is not demonſtrated that the quadrilateral figures 
SOPT, TPRY, and the triangle YRX do not meet the lefler 
| ſphere, as was neceflary to have been done. only Clavius, as far 
as I know, has obſerved this, and demonſtrated it by a Lem- 
ma, which is now premiſed to this Propoſition, ſomething al- 
tered and more briefly demonſtrated, 

In the Corollary. of this Propoſition it is ſuppoſed that a 
ſolid polyhedron is deſcribed in the other ſphere ſimilar to that 
which is deſcribed in the ſphere BCDE. but as the Conſtruc- 
tion by which this may be done is not given, it was thought 
proper to give it, and to demonſtrate that the pyramids in it 
are ſimilar to thoſe of the ſame order in the ſolid polyhedron 
deſcribed in the ſphere BCDE. 


From the preceeding Notes it is ſufficiently evident how 
much the Elements of Euclid, who was a moſt accurate Geo- 
meter, have been vitiated and mutilated by ignorant Editors. 
The opinion which the greateſt part of learned men have en- 
tertained concerning the preſent Greek Edition, viz. that it is 
very little or nothing different from the genuine work of Eu- 
clid, has, without doubt deceived them, and made them leſs 
attentive and accurate in examining that Edition; whereby ſe- 
veral errors, ſome of them groſs enough, have eſcaped their 
notice from the age in which Theon lived to this time, Upon 
which account there is ſome ground to hope that the pains we 
have taken in correcting thoſe errors, and freeing the Ele- 
ments as far as we could from blemiſhes, will not be unac- 

Z : ceptable 


Demonſtration, that the Greek Editor did not perceive that Book XII. 
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MUS. 


= k XII. 
f ceptable to good Judges who can diſcern when Demonſtrations 
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are legitimate, and when they are not. 

The objections which, ſince the firſt Edition, have been 
made againſt ſome things in the Notes, eſpecially againſt the 
doctrine of Proportionals, have either been fully anſwered in 
Dr Barrow's Lect. Mathemat. and in theſe Notes; or are ſuch, 
except one Which has been taken notice of in the Note on 
Prop. 1. Book_11. as ſhew that the perſon who made them 
has not ſufficiently confidered the things againſt which they 
are brought; ſo that it is not neceſſary to make any further 
anſwer to theſe objections and others like them againſt Euclid's 
Definition of Proportionals ; of which Definition Dr Barrow 
juſtly ſays in page 297. of the above named Book, that Ni- 
ſi machinis impulſa validioribus aeternum perſiſtet incon- 
« cuſla,” 
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UCLID'S DATA is the firſt in order of the books 
written by the ancient Geometers to facilitate and 
promote the method of Reſolution or Analyſis. In the 
general, a thing is ſaid to be given which is either actual- 
ly exhibited, or can be found out, that is, which'is either 
known by Hypotheſis, or that can be demonſtrated to be 
known; and the Propoſitions in the Book of Euclid's Data 
ſhew what things can be found out or known from thoſe 
that by Hypotheſis are already known; ſo that in the Ana- 
lyſis or Inveſtigation of a Problem, from the things that 
are laid down to be known or given, by the help of theſe 
Propoſitions other things are demonſtrated to be given, 
and from theſe other things are again ſhewn to be given, 
and fo on, until that which was propoſed to be found out 
in the Problem is demonſtrated to be given, and when 
this-is done the Problem is ſolved, and its Compoſition is 
made and derived from the Compoſitions of the Data 
which were made uſe of in the Analyſis. And thus the 
Data of Euclid are of the moſt general and neceſſary uſe 
in the ſolution of Problems of every kind. 

Euclid is reckoned to be the Author of the Book of 
the Data both by the ancient and modern Geometers ; 
and there ſeems to be no doubt of his having written a 
Book on this ſubject, but which in the courſe of ſo many 
ages has been much vitiated by unſkilful Editors in ſeve- 
ral places, both in the order of the Propofitions, and in 
the Definitions and Demonitrations themſelves. To cor- 
rect the errors which are now found in it, and bring it 
nearer to the accuracy with which it was, no doubt, ar 
firſt written by Euclid, is the deſign of this Edition, that 
ſo it may be rendered more uſeful to Geometers, at leaſt 
to beginners who deſire to learn the inveſtigatory method 
of the Ancients. And for their ſakes, the Compoſitions 
of moſt of the Data are ſubjoined to their Demonſtra- 
tions, that the Compoſitions of Problems ſolved by help 
of the Data may be the more eaſily made, 


Z 3 Marinus 


358 P R E :F-A E. 
| Marinus the Philoſopher”s preface, which in the Greek 
Edition is prefixed to the Data, is here left out, as bein 
of no uſe to underſtand them. at the end of it he ſays 
that Euclid has not uſed the ſynthetical, but the analyti- 
ca] method in delivering them; in which he is quite mi- 
{taken ; for in the Analyſis of a Theorem the thing to 
be demonſtrated is aſſumed in the Analyfis ; but in the 
Demonſtrations of the Data, the thing to be demonſtra- 
red, which is, that ſomething or other is given, is never 
once aſſumed in the Demonſtration, from which it is ma- 
nifeſt that every one of them is demonſtrated ſyntheti- 
cally; tho? indeed if a Propoſition of the Data be turned 
into a Problem, for example the 84th or 85th in the for- 
mer Editions, which here are the 85th and 86th, the De- 
monſtration of the Propoſition becomes the Analyſis of 
the Problem. | 

Wherein this Edition differs from the Greek, and the 
reaſons of the alterations from it, will be ſhewn in the 
Notes at the end of the Data. 


EUCLID'S 


Se 


D'S 


1 


EU cLIPD's DAT A 


Dre. 

* 

PA CES, lines and angles are ſaid to be given in magni- 
tude, when equals to them can be found. 

II. 
A ratio is ſaid to be given, when a ratio of a given magnitude 
to a given magnitude which is the ſame ratio with it can be 

found. 


III. 

Rectilineal figures are ſaid to be given in ſpecies, which have 

each of their angles given, and the ratios of their ſides given, 
IV. 

Points, lines, and ſpaces, are ſaid to be given in poſition, 
which have always the ſame ſituation, and which are either 
actually exhibited, or can be found. 
| 4 

An angle is ſaid to be given in poſition, which is contained by 
ſtraight lines given in poſition. 

| v. 

A circle is ſaid to be given in magnitude, when a ſtraight 
line from its center to the circumference 1 is given in magni- 
tude. | 

VI. 

A circle is ſaid to be given in poſition and magnitude, the 
center of which is given in poſition, and a ſtraight line from 
it to the circumference is given in magnitude. 

VII. 

Segments of circles are ſaid to be given in magnitude, when 

the angles in them, and their baſes are given in magnitude. 
| VIII. 

Segments of circles are ſaid to be given in poſition and mag- 
nitude, when the angles in them are given in magnitude, 
and their baſes are given both in poſition and magnitude. 

IX. 

A magnitude is ſaid to be greater than another by a given 
magnitude, when this given magnitude being taken from 
it, the remainder is equal to the other magnitude. 

1 


Zee N. 


cauſe the ratio of A to B is given, a = 


C 
this be the ratio of the given magnitude . E. 


D, which, by the Hypotheſis, can be done, 
wherefore, becauſe A 1s to B, as E to F; 


E U;Cih:;t 0'8 


1 ig 
A magnitude is ſaid to be leſs than another by a given magni- 
tude, when this given magnitude being added to it, the 
whole is equal to the other magnitude, 


PROPOSITION I. 
f HE ratios of given magnitudes to one another is 


given. 


Let A, B be two given magnitudes, the ratio of A to B is 
given. 

Becauſe A is a given magnitude, there may 2 he found one 
equal to it; let this be C. and becauſe B is 
given, one equal to it may be found; let it 
be D. and ſince A is equal to C, and B to 
D; therefore ® A is to B, as C to D; and 
conſequently the ratio of A to B is given, 
becauſe the ratio of the given magnitudes C, 


D which is the ſame with it has been found. A. B C D 


P-R.QTF,: © 


F a given magnitude has a given ratio to another mag- 

nitude, “ and if unto the two magnitudes by which 

«© the given ratio is exhibited, and the given magnitude, 

&« 2 fourth pr oportional can 2 found;“ the other mag- 
nitude is given. 


Let the given magnitude A have a given ratio to the mag- 
nitude B; if a fourth proportional can be found to the three 
magnitudes above named, B is given in magnitude. 

Becauſe A is given, a magnitude may be 
found equal to it?; let this be C. and be- | 


which is the ſame with it may be found; B 


to the given magnitude F. unto the magni- F 
tudes E, F, C find a fourth proportional Z 
The figures in the margin ſhew the number of the Propoſitions in the other Editions, 


D 1 A. 361 
and as E to F, fois C to D; A is b to B, as C to D. but A b. , 5 
is equal to C, therefore © B is equal to D. the magnitude B is © "+ 5 
therefore given , becauſe a magnitude D equal to it has been“ Def. 
ſound, 

The limitation within the inverted commas is not in the 
Greek text, but is now neceſſarily added; and the ſame muſt 
be underſtood in all the Propoſitions of the Book which de- 


lagni- 
, the 


2 pend upon this ſecond Propoſition, where it is not expreſly 
mentioned. See the Note upon it. 
B is 
PROP. III. 3. 
one 
F any given magnitudes be added together, their ſum 
ſhall be given 1 
Let any given magnitudes AB, BC be added together, their 
ſum AC is given, 
Becauſe AB is given, a magnitude equal to it may be 
found * ; let this be DE. and becauſe A B c 2, x, Def. 
PC is given, one equal to it may be“ ; 2 
found; let this be EF. wherefore be- 
cauſe AB is equal to DE, and BC equal _ E F 
to EF; the whole AC is equal to the whole DF. AC 
44 is therefore given, becauſe DF has been found which is equal | 
F to it. | 
age | 
P R O of IV. 4. | 
ag- | * | | 
ree F a given magnitude be taken from a given magni- : 
tude ; the remaining magnitude ſhall be given. | 
| 
| From the given magnitude AB let the given magnitude AC. 
be taken; the remaining magnitude CB is given. - | | 
d Becaufe AB is given, a magnitude equal to it may * MN | 
" found ; let this be DE. and becauſe AC A. C B | 
is given, one equal to it may be found; ä \ 
| let this be DF, wherefore becauſe ABD F F. 
is equal to DE, and AC to DF; the rn. 
5 remainder CB is equal to the remainder FE. CB is therefore 


given , becauſe FE which is equal to it has been found. 
| x OE ROOF. 
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En: 12. P R O P. v. Rey 
4 See N, FF of three magnitudes, the firſt together with the ſe. to EF 
75 cond be given, and alſo the ſecond together with the FE ar 


third; either the firſt is equal to the third, or one of 
them is greater than the other by a given magnitude, 
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Let AB, BC, CD be three magnitudes, of which AB to. 
gether with BC, that is AC, is given; and alſo BC together 
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1 with CD, that is BD, is given. either AB is equal to CD, or mall! 
one of them is greater than the other by a given magnitude. 

Becauſe AC, BD are each of them given, they are either Let 

equal to one another, or not equal, one a 

firſt, let them be equal, and be- of th. 

cauſe AC is equal to BD, take "A. B C D Be. 

way the common part BC; therefore the remainder AB is e- found 

qual to the remainder CD. the g 

But if they be unequal, let AC be greater than BD, and becau 

make CE equal to BD. therefore CE is given, becauſe BD is DF is 

given. and the whole AC is given, BC, ſc 

a. 4, Dat. therefore AE the remainder is A\ E | B C D AC i. 
given. and becauſe EC is equal to API 97> 6 , AB, 

BD, by taking BC from both, the remainder EB is equal to magn 

the remainder CD. and AE is given, wherefore AB exceeds the ra 


EB, that is CD by the given magnitude AE. 


x, PRO., VI. 
See N. F a magnitude has a given ratio to a part of it; it ſhall 
alſo have a given ratio to the remaining part of it. ; 
| OP! 
Let the magnitude AB have a given ratio to AC a part of 4 
it; it has alſo a given ratio to the remainder BC. 3 
Becauſe the ratio of AB to AC is given, a ratio may be 
3. 2. Def, found which is the ſame to it. let this be the ratio of DE 5 
a given magnitude to the given magni- 27 
4 DF. a becauſe DE, DF A 5 IT _B CB v 
b. 4. Dat. given, the remainder FE is“ given. D F E. porti 
and becauſe AB is to AC, as DE to — name 
c. E. 5, DF, by converſion © AB is to BC, as DE to EF. therefore each 
the ratio of AB to BC is given, becauſe the ratio of the given B 
” magnitudes DE, EF which is the ſame with it has been found. &'Ver 


CoR, 


Cor. From this it follows, that the parts AC, CB have a 
iven ratio to one another, becauſe as AB to BC, ſo is DE 
to EF; by diviſion, AC is to CB, as DF to FE; and DF, « 1. 5. 
FE are given; therefore “ the ratio of AC to CB is given, = 2. Det. 


the ſe. 


th the 
One of 


de. 


ö 6. 


F two magnitudes which have a given ratio to one an- See R. 
other, be added together; the whole magnitude 
ſhall have to each of them a given ratio, 


AB to. 
gether 
D, or 
tude, 
either 


Let the magnitudes AB, BC which have a given ratio to 
one another, be added together; the whole AC has to each 
of the magnitudes AB, BC a given ratio, 

Becauſe the ratio of AB to BC is given, a ratio may be 


B is e- found * which is the ſame with it; let this be the ratio 3 
the given magnitudes DE, EF. and A B C 

), and becauſe DE, DF are given, the whole — — — 

BD is DF is given b. and becauſe as AB to 1 b. 3. Dat. 
BC, ſo is DE to EF; by compoſition © — * c. 18. 5. 


AC is to CB, as DF to FE; and by converſion ©, AC is to 4. E. 5. 
AB, as DF to DE. whereſore becauſe AC is to each of the 
magnitudes AB, BC, as DF to each of the others DE, EF; 
the ratio of AC to each of the magnitudes AB, BC is given “. 


ual to 
xcecds 


PROP. VIII. 3 


F a given magnitude be divided into two parts which see x. 
have a given ratio to one another, and if a fourth 

proportional can be found to the ſum of the two magni. 

tudes by which the given ratio is exhibited, one of them, 

and the given magnitude ; each of the parts 1s given. 


Let the given magnitude AB be divided into the parts AC, 
CB which have a given ratio to one another; if a fourth pro- 


portional can be found to the above 
named magnitudes; AC and CB 110 C — 
efore each of them given. D F E. 
given Becauſe the ratio of AC to CB is * * 
und, given, the ratio of AB to BC is given *; therefore a ratio, * 


which 


b. 2. Def. which is the ſame with it can be found b, let this be the rat 


of the given magnitudes DE, EF. A C n 
and becauſe the given magnitude AB 3 
has to BC the given ratio of DE toD E E. 
EF, if unto DE, EF, AB a fourth 3 F tw 
c. 2. Dat. proportional can be found, this which is BC is goon” ; and an 
d. 4 Dat. becauſe AB is given, the other part AC is given 4 Nie not 
In the ſame manner, and with the like Imitation, if the Nnagnit 
difference AC of two magnitudes AB, BC which have a given e 
ratio be given; each of the magnitudes AB, BC is given. Let t 
Wonc anc 
the ſan 
PROP. IX. D, E, 
Beca 
8. 1 MELEE of At 
MV AGNnITUDES Which have given ratios to the of 
ſame magnitude, have alſo a given ratio to one cb th 
another, given, 
D to I 
| NY the ra 
Let A, C have each of them a given ratio to B; A has ne rat 
a given ratio to C. where 
Becauſe the ratio of A to B is given, a ratio which is the given 


ſame to it may be found; let this be the ratio of the given 
a. 8. Def, magnitudes D, E. and becauſe the ratio of B to C is given, 2 
ratio which is the ſame with it may be found *; let this be the 
ratio of the given magnitudes F, G. 
to F, G, E find a fourth propor- 
tional H, if it can be done; and 
becauſe as A is to B, ſo is D to E; 
and as B to C, ſo is (F to G, and I 
ſo is) E to H; ex =quali, as A to A. BCD 


|| 


C, ſo is D to H. therefore the ratio : ; Le 
of A to C is given“, becauſe the | nitud 
ratio of the given magnitudes D and _ | | Be 
H, which is the ſame with it, has them 
been found, but if a fourth proportional to F, G, E cannot be of 2 
found, then it can only be ſaid that the ratio of A to C is 9 
compounded of the ratios of A to B, and B to C, that is of 1 


the given ratios of D to E, and F to G. 
KY PROP. 
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„ 


F two or more magnitudes have given ratios to one 
another, and if they have given ratios, tho' they 
de not the ſame, to ſome other magnitudes ; theſe other 


if che agnitudes {hall alſo have given ratios to one another. 
a given 
n. Let two or more magnitudes A, B, C have given ratios to 
Wonc another; and let them have given ratios, tho' they be not 
the ſame, to ſome other magnitudes D, E, F. the magnitudes 
D, E, F have given ratios to one another. 


Becauſe the ratio of A to B is given, and likewiſe the ratio 


is the of A to D; therefore the ra- "A —— — 
Wtio of D to B is given“; Ke 2 - 6. 
o one ut the ratio of B to E is B E 


given, therefore * the ratio of F 
D to E is given. and becauſe 

the ratio of B to C is given, and alſo the ratio of B to E; 
e ratio of E to C it given “. and the ratio of C to F is given; 
wherefore the ratio of E to F is given. D, E, F have therefore 
given ratios to one another. | 


RO P. I. | 22. 


F two. magnitudes have each of them a given ratio to 


another magnitude ; both of them together ſhall 
have a given ratio to that other. 


Let tk magnitudes AB, BC have a given ratio to the mag- 
nitude D; AC has a given ratio to the ſame D. 

Becauſe AB, BC have each of | 
them a given ratio to D, the ratio A. B 0 
of AB to BC is given “. and by TD Ron 
compoſition, the ratio of AC to CB © - — | ' 


is given d. but the ratio of BC to D is given; therefore * the b. 7. Dat. 
ratio of AC to D is given. 


PROP. 
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El 


b. 2. Def. which is the ſame with it can be found ®, let this be the ratio 


c. 2. Dat. 


d. 4 Dat. 


a. 8. Def. 


of the given magnitudes DE, EF. C B 
and becauſe the given magnitude AB — 
has to BC the given ratio of DE toD F E. 
EF, if unto DE, EF, AB a fourth 
proportional can be found, this which is BC is given © ; and 
becauſe AB is given, the other part AC is given 4. 

In the ſame manner, and with the like limitation, if the 
difference AC of two magnitudes AB, BC which have a given 
ratio be given; each of the magnitudes AB, BC is given. 


PROP. IX. 


AGgNnIiTUDES which have given ratios - to the 
ſame magnitude, have alſo a given ratio to one 


another. 


Loet A, C have each of them a given ratio to B; A has 
a given ratio to C. 

Becauſe the ratio of A to B is given, a ratio which is the 
ſame to it may be found *; let this be the ratio of the given 
magnitudes D, E. and becauſe the ratio of B to C is given, a 
ratio which is the ſame with it may be found “; let this be the 
ratio of the given magnitudes F, G. 
to F, G, E find a fourth propor- | 
tional H, if it can be done; and | 
becauſe as A is to B, ſo is D to E; 1 | 
and as B to C, ſo is (F to G, and 
ſo is) E to H; ex æquali, as A to &. B C DE H 
C, ſo is D to H. therefore the ratio F 
of A to C is given *, becauſe the 
ratio of the given magnitudes D and | | 
H, which is the ſame with it, has 
been found. but if a fourth proportional to F, G, E cannot be 
found, then it can only be ſaid that the ratio of A to C is 
compounded: of the ratios of A to B, and B to C, that is of 
the given ratios of D to E, and F to G. 


PROP. 


compo 
is give 
ratio C 


ratio 


the 
) one 
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F two or more magnitudes have given ratios to one 

another, and if they have given ratios, tho* they 

be not the ſame, to ſome other magnitudes; theſe other 
magnitudes ſhall alſo have given ratios to one another. 


Let two or more magnitudes A, B, C have given ratios to 
one another; and let them have given ratios, tho' they be not 
the ſame, to ſome other magnitudes D, E, F. the magnitudes 
D, E, F have given ratios to one another. 

Becauſe the ratio of A to B is given, and likewiſe the ratio 
of A to D; therefore the ra- A ——— 2 — 
tio of D to B is given“; 
but the ratio of B to E is B i. E 2 
given, therefore * the ratio of C F 
D to E is given. and becauſe 
the ratio of B to C is given, and alſo the ratio of B to E; 
e ratio of E to C it given “. and the ratio of C to F is given; 
wherefore the ratio of E to F is given. D, E, F have therefore 
given ratios to one another. 


FR OP; .. 22. 


F two magnitudes have each of them a given ratio to 


another magnitude ; both of them together ſhall 
have a given ratio to that other. 


Let th. magnitudes AB, BC have a given ratio to the mag- 
nitude D; AC has a given ratio to the ſame D. 

Becauſe AB, BC have each of A | B C 
them a given ratio to D, the ratio —— + 
of AB to BC is given . and by 2. 9. Dat. 
compoſition, the ratio of AC to CB © — — | 2 
is given b. but the ratio of BC to D is given; therefore * the b 7. Dat. 
ratio of AC to D is given. 


PROP. 
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43. PROP. XII. 


zee N. F the whole have to the whole a given ratio, and the 

parts have to the parts given, but not the ſame, ra- 
tios. every one of them, . whole or part, ſhall have to 
evcry one a given ratio. 


Let the whole AB have a given ratio to the whole GD, and 
the parts AE, EB have given, but not the ſame, ratios to the 
parts CF, FD: every one ſhall have to Pup one, whole or 
part, a given ratio, 

Becauſe the ratio of AE to CF is given, as AE to CF, fo 
make AB to CG; the ratio therefore of AB to CG is given; 
wherefore the ratio of the remainder EB to the remainder 
a. 19. 3. FG is given, becauſe it is the ſame with the ratio of AB to 
CG. and the ratio of EB to ED is A E 
given, wherefore the ratio of FD 
b. 9. Dat. to FG is given d; and by conver- 
ſion, the ratio of FD to DG is C _ _G D 
«. 6. Dat. given ©, and becauſe AB has to each of the magnitudes CD, 

CG a given ratio, the ratio of CD to CG is given bd; and 
therefore © the ratio of CD to DG is given. but the ratio of 

GD to DF is given, wherefore d the ratio of CD to DF is 
d. Cor. 6. given, and conſequently © the ratio of CF to FD is given; 

ben but the ratio of CF to AE is given, as alſo the ratio of FD 
e. 10. Dat, to EB; wherefore © the ratio of AE to EB is given; as alſo the 
f. 7. Dat. ratio of AB to each of them f. the ratio therefore of every 
one to every one is given. 


B 


——ä—— —— L— ——̃ — —— w 
* 


24. e | 
see N. F the firſt of three proportional ſtraight lines has a 


given ratio to the third, the firſt ſmall alſo have a 
given ratio to the ſecond. 


Let A, B, C be three proportional ſtraight lines, that is, 

as A to B, ſo is B to C; if A has to C a given ratio, A 
ſhall alſo have to B a 2M ratio, 

Becauſe the ratio of A to C is given, a ratio which is the 

a. 2. Def. {ame with it may be found); let this be the ratio of the 

d. 8. 6. given ſtraight lines D, E; and between D and E find ab mean 

proportional 
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proportional F; therefore the rectangle contained by D and 
E is equal to the ſquare of F, and the rect- 
angle D, E is given becauſe its ſides D, E 
are given ; wherefore the ſquare of F, and 
the ſtraight line F is given. and becauſe as A 
is to C, ſo is Dto E; but as A to C, ſo is © | G2 
the ſquare of A to the ſquare of B; and as AB C 
D to E, ſo is © the ſquare of D to the ſquare 
of F; therefore the ſquare © of A is to the D F E «4 ns 
ſquare of B, as the ſquare of D to the ſquare | 
of F. as therefore © the ſtraight line A to the | | 18 
ſtraight line B, ſo is the ſtraight line D to 
the ſtraight line F. therefore the ratio of A 
to B is given *, becauſe the ratio of the given a. 8. Dec. 
ſtraight lines D, F which is the ſame with it has been found. 
„„ A. 
F a magnitude together with a given magnitude has a ge x. 
given ratio to another magnitude ; the exceſs of this 
other magnitude above a given magnitude has a given 
ratio to the firſt magnitude. and if the exceſs of a mag- 
nitude above a given magnitude has a given ratio to ano- 
ther magnitude; this other magnitude together with a 
given magnitude has a given ratio to the firſt magnitude. 
Let the magnitude AB together with the given magnitude 
BE, that is AF, have a given ratio to the magnitude CD 3 
the exceſs of CD above a given magnitude has a given ratio 
o | - 
Becauſe the ratio of AE to CD is given, as AE to CD, fo 
make BE to FD; therefore the ratio of BE to FD is given, 
and BE is given, wherefore FD is ; 
viven *, ah, becauſe as AE to CD, A — B E. *. — 
ſo is BE to FD, the remainder AB C FD 
is , to the remainder CF, as AL. to —+ b. 19. 5. 


CD. but the ratio of AE to CD is given, th refore the ratio 


of AB to CF is given; that is, CF the exceſs of CD above 
the given magnitude FD has a given ratio to AB. 


Next, Let the exceſs of the magnitude AB above the given 
magnitude BE, that 1s, let AE have a given ratio to the mag- 
| nitude 


LU CL +1; DFE 


nitude CD ; CD together with a given magnitude has a given = 
ratio to AB, tude 
Becauſe the ratio of AE to CD is given, as AE to CD, ſo AC 
make BE to FD; therefore the ratio 4 E B give 
of BE to FD is given, and BE is given, © — I 
a. 2. Dat. wherefore FD is given *, and A a. D F whit 
as AE to CD, ſo is BE to FD, AB is = Rei to I 
c. 12. 5. to CF, as © AE to CD. but the ratio of AE to CO is given, rati 
therefore the ratio of AB to CF is given; that is CF which CB 
is equal to CD together with the given magnitude DF has a AC 
given ratio to AB. N 
B. FAUOF. AY. on 
See N. F a magnitude together with that to which another —— 
magnitude has a given ratio, be given; this other is then 
given together with that to which the firſt magnitude ratic 
has a given ratio, | BC 
Let AB, CD be two magnitudes of which AB together with 2 
BE to which CD has a given ratio, is given; CD is given to- 2 
| | gether with that magnitude to which AB has a given ratio, 1 
Becauſe the ratio of CD to BE is given, as BE to CD, ſo Vs 
i make AE to FD; therefore the ratio of AE to FD is given, ou 
| | a. 8. Dit and AE is ave, wherefore * FD B E. an 
[ is given, and becauſe as BE to CD, . AT AF 
1 b. Cor. 19. 5. ſo is AE to FD; AB is b to FC, E C D x) 
3 as BE to CD. 5 the ratio of BE nen . 
1 to CD is given, wherefgre the ratio of AB to FC is given. 
| | and FD is given, that is CD together with FC to which AB 
|| has a given ratio is given. | F 
|| F PROP. XVI. FF 
[| oo F the exceſs of a magnitude above a given magnitude, the | 
; has a given ratio to another magnitude; the excels of es 
F both together above a given magnitude ſhall have to that if tl 
other a given ratio. and if the exceſs of two magnitudes mag 
together above a given magnitude, has to one of them a the 
given ratio; either the excels of the other above a given Rows 
magnitude hike to that one a given ratio ; or the other 1s * 
given together with the magnitude to which that one has * 


a dluen ratio. 1 158 | 672 AB 3 
Let | 
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Let the exceſs of the magnitude AB above a given magni- 
tude, have a given ratio to the magnitude BC; the exceſs of 
AC, both of them together, above a given magnitude, has a 
given ratio to BC, 

Let AD be the given magnitude, the exceſs of AB above 
which, viz. DB, has a given _ 


to BC. and becauſe DB has a given A. _D B_ 
ven, ratio to BC, the ratio of DC to 
Wick CB is given, and AD is given; therefore DC, the exceſs of a, 7. Das 
9s 2 AC above the given magnitude AD, has a given ratio to BC. 


Next, let the exceſs of two magnitudes AB, BC together, 
- above a given magnitude have to 


one of them BC a given ratio; ei- A D _B E 2 


ther ther the exceſs of the ber of 
er 15 them AB above a given magnitude ſhall have to BC a given 
tude ratio; or AB is given together with the magnitude to which 
BC has a given ratio, 
N Let AD be the given magnitude, and firſt let it be leſs 
wick than AB; and becauſe DC the exceſs of AC above AD has 
* a given ratio to BC, DB has b a given ratio to BC; that is“ — 8 


DB, the exceſs of AB above the given magnitude AD, has a 
given ratio to BC, 
But let the given magnitude be greater than AB, and make 
AE cqual to it; and becauſe EC, the exceſs of AC above 
AE, has to BC a given ratio, BC has © a given ratio to BE; c. 6. Dax 
and becauſe AE is given, AB together with BE to which BC 
has a given ratio, is given. | 


wen. 


h AB PROP. XVI. | 11. 


F the exceſs of a magnitude above a given magnitude $ee N. 
has a given ratio to another magnitude; the exceſs of 


rude, the ſame firſt magnitude above a given magnitude, ſhall 

ets OL have a given ratio to both the magnitudes together. and 

) that if the exceſs of either of two magnitudes above a given 
tudes magnitude has a given ratio to both magnitudes together; K 
une the exceſs of the ſame above a given 8 thall Y 
52 Ap have a given ratio to the other. 9 
Ber 18 Let the 8 of the magnitude AB 1 A given magni- | 


tude have a given ratio to the magnitude BC; the exceſs of =—_ 
$2.) AB above a given magnitude has a given ratio to Acc. 4 
Let A' 2 „ | 


le has 


a, 7. Dat. 


b. 2. 


Co 42. 


Dat. 


5. 


d. 6. Dat. 


@ 19. 


5. 


6. Cor. 6. 


Dat- 


2. 1. Dat. 


14. 
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Let AD be the given magnitude; and becauſe DB, the ex- 
ceſs of AB above AD, has a given ratio to BC; the ratio of 
DC to DB is given *. make the ratio of AD to DE the ſame 


with this ratio; therefore the ratio 
of AD to DE is given. and AD is > — 1. DB | C 


given, wherefore ® DE, and the remainder AE are given. and 


"becauſe as DC to DB, ſo is AD to DE, AC is to EB, as DC 


to DB; and the ratio of DC to DB is given, wherefore the 


ratio of AC to EB is given. and becauſe the ratio of EB to AC 


is given, and that AE is given, therefore EB the exceſs of AB 
above the given magnitude AE, has a given ratio to AC, 

Next, let the exceſs of AB above a given magnitude have 
a given ratio to AB and BC together, that is to AC; the ex- 
ceſs of AB above a given magnitude has a given ratio to BC, 

Let AE be the given magnitude ; and becauſe EB the ex- 
ceſs of AB above AE has to AC a given ratio, as AC to EB, 
ſo make 3 to DE; therefore the ratio of AD to DE is given, 
as alſo * the ratio of AD to AE. and AE is given, where- 
fore b AD is given. and becauſe as the whole AC, to the 
whole EB, ſo is AD to DE; the remainder DC is' to the 
remainder DB, as AC to EB; and the ratio of AC to EB is 
given, wherefore the ratio of DC to DB is given, as alſo the 
ratio of DB to BC. and AD is given, therefore. DB, the 
exceſs of AB above the given magnitude AD, has a given 
ratio to BC. 


PROP. XVIII. 


F to each of two magnitudes, which have a given ra- 
tio to one another, a given magnitude be added; the 
wholes ſhall either have a given ratio to one another, or 
the exceſs of one of them above a given magnitude ſhall 
have a given 1 ratio to the other. 


Let the two magnitudes AB, CD have a given ratio to one 
another, and to AB let the given magnitude BE be added, 
and the given magnitude DF to CD. the wholes AE, CF ei- 


ther have a given ratio to one another, or the exceſs of one 


of them · above a given magnitude has a given ratio to the other* 


Becauſe BE, DF are each of them given, their ratio is given 
F and 


n. and 
as DC 
Dre the 
to AC 
of AB 
XC. 

le have 
the ex- 
to BC. 
he ex- 
to EB, 
given, 
where- 
to the 
to the 
> EB is 
o the 
B, the 
given 


en ra- 
d; the 
ner, or 


> ſhal] 


to one 
added, 
CF ei- 
of one 
 other* 
given. 

and 


and if this ratio be the ſame | 

with the ratio of AB to CD, the ratio A B — E 

of AE to CF, which is the ſame ® C D F be 12 5 
with the given ratio of AB to CD, — — 
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ſhall be given. | 

Bur-if the ratio of BE to DF be not the ſame with the ratio 
of AB to CD; either it is greater than the ratio of AB to 
CD, or, by inverſion, the ratio of DF to BE is greater than 
the ratio of CD to AB. firſt, let the A RB 8 E 
ratio of BE to DF be greater than ———— 4 — 
the ratio of AB to CD; and as AB C D F 
to CD, ſo make BG to DF; there- — 0 
fore the ratio of BG to DF is given; and DF is given, there- 
fore © BG is given. and becauſe BE has a greater ratio to DF +> Det. 
than (AB to CD, that is than) BG to DF, BE is greater“ than“ '** © 
BG. and becauſe as AB to CD, ſo is BG to DF, therefore AG 
is d to CF, as AB to CD. but the ratio of AB to CD is given, 
wherefore the ratio of AG to CF is given; and becauſe BE, 
BG are each of them given, GE is given. therefore AG, the 
exceſs of AE above the given magnitude GE; has a given ratio 
to CF. The other caſe is demonſtrated in the ſame manner, 


PROP. XIX, 15. 


F from each of two magnitudes, which have a given 
ratio to one another, a given magnitude be taken; 
the remainder ſhall either have a given ratio to one ano- 
ther, or the excels of one of them above a given magni- 
rude, ſhall have a given ratio to the other. | 


Let the magnitudes AB, CD have a given ratio to one an- 
other, and from AB let the given magnitude AE be taken, 
and from CD, the given magnitude CF, the remainders EB, 
FD ſhall either have a given ratio to one another, or the ex- 
ceſs of one of them above a given A E | B 
magnitude ſhall have a given ra-—W—W — has 


tio to the other, | C F D 
Becauſe AE, CF are each f — N04 


them given, their ratio is given -; and if this ratio be the « 1. Dat. 


ſame with the ratio of AB to CD, the ratio of the remainder 
| | Aa 2 EB to 


| 
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b. 29. 5. 


C. 2. Dat. 


d. 10. 5. 


16. 


4. 2. Dat. 


* „ 5. 


Lat d 8 
EB to the remainder FD, which is the ſame b with the given 


ratio of AB to CD, ſhall be given. 


But if the ratio of AB to CD be not the ſame with the ratio 
of AE to CF, either it is greater than the ratio of AE to CF, 
or, by inverſion, the ratio of CD to AB is greater than the 
ratio of CF to AE. firſt, let the ratio of AB to CD be greater 
than the ratio of AE to CF, and as AB to CD, ſo make AG 
to CF; therefore the ratio of AG N G RB 
to CF 3 is given, and CF is given, | K TER 

E D 


wherefore © AG is given. and be- C 

cauſe the ratio of AB to CD, 

that is, the ratio of AG to CF, is greater than the ratio of 
AE to CF; AG is greater“ than AE. and AG, AE are 
given, therefore the remainder EG is given. and as AB to 
CD, ſo is AG toCF, and ſo is the remainder GB to the re- 
mainder FD ; and the ratio of AB to CD is given, wherefore 
the ratio of GB to FD is given ; therefore GB, the exceſs of 
EB above the given magnitude EG, has a given ratio to FD. 
In the ſame manner the other caſe is demonſtrated. 


PR. OP. XX. 
F to one of two magnitudes which have a given ratio 
to one another, a given magnitude be added, and 
from the other a given magnitude be taken ; the exceſs 
of the ſum above a given magnitude ſhall have a given 
ratio to the remainder, 


Let the two magnitudes AB, CD have a given ratio to one 
another, and to AB let the given magnitude EA be add- 
cd, and from CD let the given magnitude CF be taken ; 
the exceſs of the ſum EB above a given magnitude has a given 


. ratio to the remainder FD. 


Becauſe the ratio of AB to CD is given, make as AB to 
CD, ſo AG to CF, therefore the ratio of AG to CF is given, 
and CF is given, wherefore a AG 
is given; and EA is given, there- E A * — B 
fore the whole EG is given. and 
becauſe as AB to 3 ſo is AG C — . E. D 
to CF, and ſo is b the remainder GB to the remainder FD; 


'the ratio of GB to FD is given. and EG is given, therefore 
GB, 
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GB, the excefs of the ſum EB above the given magnitude 


EG, has a given ratio to the remainder FD. 


PROP XXI. . 


F two magnitudes have a given ratio to one another, “ x. 
. If a given magnitude be added to one of them, and 

the other be taken from a given magnitude ; the ſum 
together with the magnitude ro which the remainder has 

a given ratio, is given. and the remainder is given toge- 

ther with the magnitude to which the ſum has a given 
ratio, 


Let the two magnitudes AB, CD have a given ratio to one 
another; and to AB let the given magnitude BE be added, 
and let CD be taken from the given magnitude FD. the ſum 
AE is given together with the magnitude to which the re- 


mainder FC has a given ratio. 


Becauſe the ratio of AB to CD is given, make as AB to 
CD, ſo GB to FD. therefore the ratio of GB to FD is given, 
and FD is given, wherefore GB . 
is given“; and BE is given, me AA. 1 B E 
whole GE is therefore given. and F C D 
becauſe as AB to CD, ſo is GB * ha 
to FD, and fois ® GA to FC; the ratio of GA to FC is b. 19. 5. 
given. and AE together with GA is given, becauſe GE is 
given ; therefore the ſum AE together with GA, to which 
the remainder FC has a given ratio, is given. The ſecond part 
is manifeſt from Prop, 1 5. 


2, 2, Dat 


P R O P. XXII. | D. 


F two magnitudes have a given ratio to one another, se x. 
if from one of them a given magnitude be taken, and 

the other be taken from a given magnitude; each of the 

remainders is given together with the magnitude to which 


the other remainder has a given ratio. 


Let the two magnitudes AB, CD have a given ratio to one 


another, and from AB let the given magnitude AE be taken, 


A a 3 | and 


a. 19, 5. 


20 L 1;rD'*8 
and let CD be taken from the given magnitude CF; the re. 
mainder EB is given together with the magnitude to which 
the other remainder DF has a given ratio. 

Becauſe the ratio of AB to CD is given, make as AB to 


Cb, fo AG to CF. the ratio of AG to CF is therefore given, 


and CF is given, wherefore * A\ E B G 
AG 1s given; and -AE 1s hn, r—_—_ 


and therefore the remainder EG C D F 

is given, and becauſe as AB to TIN 

CD, ſo is AG to CF. and ſo is ® the remainder BG to the 
remainder DF; the ratio of BG to DF is given, and EB to- 
gether with BG is given, becauſe EG is given. therefore the 
remainder EB together with BG to which DF the other re- 
mainder has a given ratio is given. The ſecond part is plain 
from this and Prop. 1 5. 


PROP. XXIII. 
F from two given magnitudes there be taken magni- 


tudes which have a given ratio to one another, the 
remainders ſhall either have a given ratio to one another, 
or the exceſs of one of them above a given magnitude 
ſhall have a given ratio to the other. 


Let AB, CD be two given magnitudes, and from them 
let the magnitudes AE, CF which have a given ratio to one 
another be taken; the remainders EB, FD either have a 
given ratio to one another, or the exceſs of one of them a- 
bove a given magnitude has a given ratio to the other. 


Becauſe AB, CD are each of A _ F B 
them given, the ratio of AB — mm 
to CD is given. and if this ra- C F D 
tio be the fame with the ratio x . 


of AE to CF, then the remainder EB has * the ſame given 
ratio to the remainder FD. | 

But if the ratio of AB to CD be not the ſame with the ra- 
tio of AE to CF, it is either greater than it, or, by inverſion, 
the ratio of CDto AB is greater than the ratio of CF to AE. 
firſt, let the ratio of AB to CD be greater than the ratio of 
AE to CF; and as AE to CF, ſo make AG to CD; there- 
fore the ratio of AG to CD is given, becauſe the ratio of 


b. a. Pa AE to CF is given; and CD is given, wherefore þ AG is 


given 
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given 3 and becauſe the ratio of AB to CD is greater than the 


ratio of (AE to CF, that is, than A E GR 
the ratio on) AG to CD; AB * 4 —— 
F D c. 10. 3 


js greater © than AG, and AB, C 
AG are given, therefore the 

remainder BG is given, and becauſe as AE to CF, ſo is AG 
to CD, and fo is EG to FD; the ratio of FG to FD is , 


giyen. and GB is given, therefore EG the exceſs of EB abow 8 
the given magnitude GB, has a given ratio to FD. The other 
caſe is ſhewn in the ſame way. 

PROP. XXIV. 12 


F there be three magnitudes, the firſt of which has a see N. 
given ratio to the ſecond, and the exceſs of the ſe- 

Cond above a given magnitude bas a given ratio to the 

third; the exceſs of the firſt above a given magnitude 

mall alſo have a given ratio to the third. 


Let AB, CD, E, be the three magnirudes, of which AB has 
a given ratio to CD; and the exceſs of CD above a given mag- 
nitude has a given ratio to E. the exceſs of AB above a given 
magnitude has a given ratio to E. 

Let CF be the given magnitude, the exceſs of CD above 
which, viz. FD has a given ratio to E. and becayſe the ratio 
of AB to CD is given, as AB to CD, ſo make Al 
AG to CF; therefore the ratio of AG to 
CF is been! and CF is given, wherefore * AG C 
is given. and becauſe as AB to CD, fois AG god 
to CF, and ſo is? GB to FD; the ratio of Fel. = 
GB to FD is given. and the ratio of FD to E Hs 
given, Wherefore © the ratio of GB to E 1s | WE: 
given. and AG is given, therefore GB the 
exceſs of AB above the given magnitude AGB, D E 
has a "= ratio to E. | 

Cor. 1. And if the firſt has a given ratio to the ſecond, 
and the 3 of the firſt above a given magnitude has a given 
ratio to the third; the exceſs of the ſecond above a given 
magnitude ſhall has e a given ratio to the third. for if the ſe- 


— 


. cond be called the firſt, and the firſt the ſecond, this Corolla- 


ry will be the fame with the Propoſition, 
9a a 4 | Cor, 


376 2 n | 
| Cor. 2, Alſo if the firſt has a given ratio to the ſecond, 
and the exceſs of the third above a given magnitude has alſo 


| a given ratio to the ſecond, the ſame exceſs ſhall have a given 
. ratio to the firſt; as is evident from the gth Dat. 


17. PROP. XXV. 


F there be three magnitudes, the exceſs of the firſt 
whereof above a given magnitude has a given ratio 
to the ſecond; and the exceſs of the third above a given 


( magnitude has a given ratio to the ſame ſecond. the firlt 

| ſhall cither have a given ratio to the third, or the exceſs 
7 of one of them above a given magnitude ſhall have 3 
4 giyen ratio to the other. 


|| Let AB, C, DE be three magnitudes, and let the exceſſes 

| of each of the two AB, DE above given, magnitudes have 

i! given ratios to C; AB, DE either have a given ratio to one 

| another, or the exceſs of one of them above a given page 
tude has a given ratio to the other. 

Let FB the exceſs of AB above the given magnitude AF 

1 have a given ratio to C; and let GE the ex- | 


—_ 


i ceſs of DE above the given magnitude DG D 
&' have a given ratio to C; and becauſe FB, F of 
11 GE have each of them- a given ratio to C, | 5 Al 
| a. 9. Dat. they have a given ratio * to one another. but | ot] 
| l to FB, GE the „ magnitudes AF, DG | | ha 
10 . 18, Dat. are added; therefore ® the whole magnitudes N * | 

1 AB, DE have either a given ratio to one an- ve! 


other, or the exceſs of once of them above a given magnitude ni 
has a given ratio to the other, 


In: 

ra 

. PROP. XXVI. a 
F there be three magnitudes, the exceſſes of one of 2 

which above given magnitudes have given ratios to 9 

the other two magnitudes; theſe two ſhall either have 5 

a given ratio to one another, or the exceſs of one of them 15 
above a given magnitude ſhall have a given ratio to the b 
other. 2 8 ‚ ty 

Let r 


econd, 
as alſo 
given 


2 firſt 
| ratio 
given 
e firſt 
excels 
ve , 


xceſſes 
have 
O One 
nagni- 


e AF 


D 
G+ 


E 


aitude 


therefore DE together with a given magni- 


. 
Let AB, CD, EF be three magnitudes, and let GD the ex- 


| ceſs of one of them CD above the given magnitude CG have 


2 given ratio to AB; and alſo let KD the exceſs of the ſame 
CD above the given magnitude CK have a given ratio to EF, 
either AB has a given ratio to EF, or the exceſs of one of 
them above a given magnitude has a given ratio to the other, 
Becauſe GD has a given ratio to AB, as GD to AB, fo 
make CG to HA; therefore the ratio of CG to HA is given; 
and CG is given, wherefore HA is given. and becauſe as a. 2. Dat, 
GD to AB, ſo is CG to HA, and ſo is CD to HB; the ra- b. 12. 5. 
tio of CD to HB is given. alſo becauſe KD has a given ratio 
to EF, as KD to EF, ſo make CK to LE; HI 
therefore the ratio of CK to LE is given; and 
CK is given, wherefore LE * is given. and A. 
becauſe as KD to EF, ſo is CK to LE, and 
ſo ® is CD to LF; the ratio of CD to LF is 
given, but the ratio of CD to HB is given, Fa 
wherefore © the ratio of HB to LF is given. BI DI F 2 
and from HB, LF the given magnitudes HA, 
LE being taken, the remainders AB, EF ſhall either have a 
given ratio to one another, or the exceſs of one of then a- 
bove a given magnitude has a given ratio to the other 4. 


* Another Demonſtration. 

Let AB, C, DE be three magnitudes, and let the exceſſes 
of one of them C above given magnitudes have given ratios to 
AB and DE. either AB, DE have a given ratio to one an- 
other, or the exceſs of one of them above a given magnitude 
has a given ratio to the other, 

Becauſe the exceſs of C above a given magnitude has a gi- 
ven ratio to AB, therefore a AB together with a given mag- * 4 Dat, 
nitude has a given ratio to C. let this given F 8 
magnitude be AF, wherefore FB has a given | 
ratio to C. alſo, becauſe the exceſs of C above A 19 
a given magnitude has a given ratio to DE, _ 


E. 


= Q 


d. 19. Dat. 


1 
— — 


tude has a given ratio to C. let this given B CI E 
magnitude be DG, wherefore GE has a given ratio to C. and 
FB has a given ratio to C, therefore“ the ratio of FB to GE. g. Da, 
is given, and from FB, GE the given magnitudes AF, DG 
being taken, the remainders AB, DE either have, a given ra- 
tio to one another, or the exceſs of one of them above a given 


magnitude has a given ratio to the other ©,” c. 19. Dat. 


PROP. 


19. 


make GH tq CF; therefore the ratio of GH A 


b. 19. 5. 


c. 9. Dat. 


d. 24. Dat. 
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PROP. XXVII. 


F there be three mapnitudes, the exceſs of the firſt of 
which above a given magnitude has a given ratio to 
the ſecond ; and the exceſs of the ſecond above a given 
magnitude has alſo a given ratio to the third. the exceſs 


of the firſt above a given magnitude ſhall haye a given 
ratio to the third. 


Let AB, CD, E be three magnitudes, the exceſs of the firft 
of which AB above the given magnitude AG, viz. GB, has a 
given rativ to CD; and FD the exceſs of CD above the given 
magnitude CF, has a given ratio to E. the exceſs of AB above 
a given magnitude has a given ratio to E. 


Becauſe the ratio of GB to CD is given, as GB to CD, ſo 


to CF is given; and CF is given, wherefore * 
GH is given; and AG is given, wherefore a C 
the whole AH is given. and becauſe as GBTTI | 
to CD, ſo is GH to CF, and ſo is ® the re- * 
mainder HB to the remainder FB; the ratio | | 
of HB to FD is given. and the ratio of FD Bl! D E! 
to E is given, wherefore © the ratio of HB to 

E is given. and AH is given; therefore HB the exceſs of 
AB above the given magnitude AH has a given ratio to E. 


© Otherwiſe. 


Let AB, C, D be three magnitudes, the exceſs EB of the 
firſt of which AB aboye the given magnitude AE has a given 
ratio to C, and the exceſs of C above a given magnitude has 
a given ratio to D. the exceſs of AB above a 
given magnitude has a given ratio to D. A] 

Becauſe EB has a given ratio to C, and the 
excels of C above a given magnitude has a gi- 
ven ratio to D; therefore © the exceſs of EB 
above a given magniiade has a given ratio to 
D. let this given magnitude be EF, therefore 
FB the exceſs of EB above EF has a given ra- 
tio to D. and AF is given, becauſe AE, EF B CD 

are 


ſt of 
0 to 
iven 
xceſs 
iven 


has 2 
IVEn 
bove 


are 
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are given. therefore FB the exceſs of AB above the given mag- 
nitude AF has a given ratio to D.” 


PROP, XXVIIL 25. 


F two lines given in poſition cut one another, the ge x. 
point or points in which they cut one another are 
given. 


Let two lines AB, CD given in poſition cut one another in 
the point E; the point E is gi- 
ven. C 

Becauſe the lines AB, CD E 
are given in poſition, they have A 
always the ſame ſituation *, and 
therefore the point, or points, 
in which they cut one another E 
have always the ſame ſituation. A 
and becauſe the lines AB, CD 
can be found, the point, or C 
points, in which they cut one another, are likewiſe found; 
and therefore are given in poſition 4. 


a. 4. Def. 


Er . 26. 


F the extremities of a ſtraight line be given in poſition; 
the ſtraight line is given in poſition and magnitude. 


Becauſe the extremities of the ſtraight line are given, they 

can be found a; let theſe be the points A, B, between which * 4 Def. 
a ſtraight line AB can be drawn®*; | „ 
this has an invariable pofition, be- 
cauſe between two given points there 
can be drawn but one ſtraight line. 
and when the ſtraight line AB is drawn, its magnitude is at 
the ſame time exhibited, or given. therefore the ſtraight line 
AB is given in poſition and magnitude, 


——B 
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b. 4. Def. 


A. 31. 1. 


d. 4. Def. 


27. 


28. 
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| PROP, XXX, | 
F one of the extremities of a ſtraight line given in po- 


ſition and magnitude be given; the other extremity 
ſhall alſo be given. | 


Let the point A be given, to wit, one of the extremities of 
a ſtraight line given in magnitude, and which lies in the ſtraight 
line AC given in poſition ; the other extremity is alſo given. 

Becauſe the ſtraight line is given in magnitude, one equal 
to it can be found *; let this be the ſtraight line D. from the 
greater ftraight line AC cut of AB A. B C 
equal to the leſſer D. therefore tage 1 — 
other extremity B of the ſtraight line D 
AB is found. and the point B has al- — , 
ways the ſame ſituation, becauſe any other point in AC, up- 
on the Tame ſide of A, cuts off between it and the point A a 
greater or leſs ſtraight line than AB, that is than D. there- 
fore the point B is given®, and it is plain another ſuch point 


can be found in AC produced upon the other ſide of the 


point A. 
P R O P. XXXI. 


F a ſtraight line be drawn thro” s given point paralle 
to a ſtraight line given in poſition ; thatfſtraight line 
is given in poſition. 


Let A be a given point, and BC a ſtraight line given in 
poſition; the ſtraight line drawn thro' A parallel to BC is gi- 
ven in poſition. | 

Thro' A draw * the ſtraight line 
DAE parallel to BC; the ſtraight —— 


line DAE has always the fame poſi- 
tion, becauſe no other ſtraight line 
can be drawn thro' A parallel to BC. therefore the ſtraight 


line DAE which has been found is given ® in poſition. 


Wa 2 - 


* 
_ PR 
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PR OP. XXII. 4. 


F a ſtraight line be drawn to a piven point in a ſtraight 
line given in poſition, and makes a given angle with 
; that ſtraight line is given in poſition, 


—— = 
Cd 
2 


— > 
C072 


= — 
* 


'S - 2 
ä — - 


Let AB be a ſtraight line given in poſition, and C a given 
point in it, the ſtraight line drawn — 2575 
to C which makes a given angle G F 


E 
with CB, is given in poſition. F 
Becauſe the angle is given, one , — 
equal to it can be found!; let this 8 


L 
* 
7 
9 
N. 
17 
* 4 
* 


be the angle at D, at the given X K B 

point C in the given ſtraight line 51 . 
AB make d the angle ECB equal : 
to the angle at D. therefore the D V3 


ſtraight line EC has always the 

ſame ſituation, becauſe any other ſtraight line FC drawn to 
the point C makes with CB a greater or leſs angle than the 
angle ECB or the angle at D. therefore the ſtraight line EC, 
which has been found, is given in poſition, 

It is to be obſerved that there are two ſtraight lines EC, 
GC upon one fide of AB that make equal angles with it, and 
which make equal angles with it when produced to the other 
fide, | 


P R O P. XXXIII. 30. 


F a ſtraight line be drawn from a given point, to a 
ſtraight line given in poſition, and makes a given 
angle with it; that ſtraight line is given in poſition. 


From the given point A let the ſtraight line AD be drawn 
to the ſtraight line BC given in poſition, and make with it a 


given angle ADC; AD is * in po- 2 

ſition. E A es F 
Thro' the point A draw the ſtraight 5 4 8 K 

line EAF parallel to BC; and becauſe 3 


thro' the given point A the ſtraight line B 
EAF is drawn parallel to BC which is 
given in poſition, EAF is therefore given in poſition b. and i. 31. Dan 


becauſe the ſtraight line AD meets the parallels BC, EF, the 
angle 


— —_> — - 2 
-, _ 
— —— — = 
33 
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4 29.1.) angle EAD is equal © to the angle ADC; and ADC is given, 


' wherefore alſo the angle EAD is given. therefore becauſe the 
ſtraight line DA is drawn to the given point A in the ſtraight 
line EF given in poſition, and makes with it a given angle 


1 32 Pe. FAD; AD is given © in poſition, 


4 28, Dat. ven®; and the point A is given; 
e. 29, Dat, Wherefore AG is given in poſition', B 


PROP, XXXIV. 


31. 
dee N. FF from a given point to a ſtraight line given in poſi. 


tion, a ſtraight line be drawn which is given in mag. 
nitude; the ſame is alſo given in poſition. 


Let A be a given point, and BC a ſtraight line given in 
poſition, a ſtraight line given in magnitude drawn from the 
point A to BC is given in poſition, 

Becauſe the ſtraight line is given in magnitude, one equal 


4 1. Def. to it can be found; let this be the ſtraight line D. from the 


point A draw AE perpendicular to BC; and 
becauſe AE is the ſhorteſt of all the ftraight 
lines which can be drawn from the point A 
to BC, the ſtraight line'D, to which one 
equal is to be drawn from the point A to 
BC, cannot be leſs than AE. If therefore 
D be equal to AE, AE is the ſtraight line given in magni- 
tude drawn from the given point A to BC, and it is evident 


E C 


— —— en 


b. 33. Dat. that AE is given in poſition d becauſe it is drawn from the gt- 


ven point A to BC which is given in poſition, and makes 
with BC the given angle AEC. : 

But if the ſtraight line D be not equal to AE, it muſt be 
greater than it. produce AE, and make AF equal to D; and 
from the center A, at the diſtance AF, deſcribe the circle 
GFH, and join AG, AH. becauſe the circle GFH is given 


& 6. Def. in poſition ©, and the ſtraight line BC is alſo given in poſition; 


therefore their interſection G is gi- 


oy. 


HC 

that is, the ſtraight line AG given 
in magnitude (for it is equal to D) n 
and drawn from the given point A 
to the ſtraight-line BC given in poſition, is alſo given in poſi- 
tion. and in like manner AH is given in poſition. therefore, 
in this caſe there are two ſtraight lines AG, AH of the ſame 

| given 


ſtrai 
ſitio! 
ſo g 
equz 


given, 
uſe the 
ſtraight 
1 angle 


n poſi. 
mag. 


ven in 
om the 


e equal 
om the 
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given magnitude which can be drawn from a given point A to 
a ſtraight line BC given in poſition, 


PROP. XXVV. 32. 


* 


F a ſtraight line be drawn between two parallel ſtraight 
lines given in poſition, and makes given angles with 
them; the ſtraight line is given in magnitude. 


Let the ſtraight line EF be drawn between the parallels 
AB, CD which are given in poſition, and make the given 
angles BEF, EFD; EF is given in magnitude. 

In CD take the given point G, and thro' G draw * GH pa- . 31. 
rallel to EF. and becauſe CD meets the * GH, EF, the 
angle EFD is equal to the angle HG. E H B b. 29, I, 
and EFD is a given angle, e jt. / 


the angle HGD is given. and becauſe - 
HG is drawn to the given point G in 
the ſtraight line CD given in poſition, CG F 6 D 

and makes a given angle HGD; ad 

ſtraight line HG is given in poſition ©, and AB is given in po- c. 32. Dat. 
ſition, therefore the point H is given ©; and the point G is al- d 28. Dat. 
ſo given wherefore GH is given in magnitude 
equal to it; therefore EF is given in magnitude. 


PROP. XXXVI. 33. 


Fa ſtraight line given in magnitude be drawn between S N. 
two parallel ſtraight lines given in poſition; it ſhall 
make given angles with the parallels. 


Let the ſtraight line EF given in magnitude be drawn be- 
tween the parallel ſtraight lines AB, CD 


which are given in poſition ; the angles A. E H B 
AEF, EF C ſhall be given. 

Becauſe EF is given in magnirude, a 
ſtraight line equal to it can be found a;. F K D © 


let this be G. in AB take a given point 8 
H, and from it draw > HK perpendicu- 


b. 12. r. 


lar to CD. therefore the ſtraight line G, that is EF, cannot 


1 


e and EF is e. 29. Dat. 


534 1 
r 


21 — 
"4 — 
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be leſs than HK. and if G be equal to HK, EF alſo is equal 
to it; wherefore EF is at right angles to CD; for if it be not, 
EF would be greater than HK, which is abſurd, therefore 
the angle EFD is a right and conſequently a given angle. 

But if the ſtraight line G be not equal to HK, it muſt be 
greater than it, produce HK, and take HL, equal to G; and 
from the center H, at the diſtance HL, deſcribe the circle 

c. 6, Def. MLN, and join HM, HN. and becauſe the circle? MLN, 
and _ ſtraight line CD are given in = the Grp M, 
d. 28. Dat. N are © given; and the point , 
H is given, wherefore the > 


ſtraight lines HM, HN arc 
e. 29. Dat. given in poſition e. and CD is 
given in poſition; therefore 
the angles HMN, HNM are C F N 2 
f. A. Def. given in poſition f. of the 6 — 
ſtraight lines HM, HN, let HN be that which is not parallel 
to EF, for EF cannot be parallel to both of them; and 
2. 34 1 draw EO parallel to HN. EO therefore is equal ® to HN, 
that is to G; and EF is equal to G, wherefore EO 25 e- 
h. eg. 1. qual to EF, and the angle EFO to the angle EOF, that is ® to 
the given angle HNM, and becauſe the angle HNM which is 
equal to the angle EFO or EFD has been found, therefore 
k. 1. Def. the angle EFD, that is the angle AEF, is given in magnitude k, 
and conſequently the angle EFC. 


E. | P R OP. XXVII. 


* F a ſtraight line given in magnitude be drawn from a 
point to a ſtraight line given in poſition, in a given 
angle; the ſtraight line drawn thro? that point parallel to 

the ſtraight line given in poſition, is given in poſition. 


Bet che ſtraight line AD given in magnitude be drawn from 
the point A to the ſtraight line BC given in A\ H F 


poſition, in the given angle ADC; the — 7 79 


ſtraight line EAF drawn thro' A puraltel to 
BC is given in Poſition. 

In BC take a given point G, and draw B D G C 
GH parallel to AD. and becauſe HG is drawn 


to a given point G in the ſtraight line BC given in odion; 
. | in 


| D 


rallel 

and 
HN, 
is e- 
is b to 
ich is 
*efore 
ude k, 


om a 
given 
el to 


in a given angle HGC, for it is equal“ to the given angle * . 


ADC; HG is given in poſition“; but it is given alſo 6 
magnitude, becauſe it is equal to AD which is given in 
magnitude, therefore becauſe G orie of the extremities of the 
ſtraight line GH given in e and magnitude i is given, che 
other extremity H is given“. and the ſtraight line EAF which « 30. Dat 
is drawn thro' the given point H parallel to BC given in poſi- 


tion, is therefore given d in poſition, d. 31. Dat, 


P R O P. XXXVIII. 34. 


F a ſtraight line be drawn from a given point to two 

parallel ſtraight lines given in poſition; the ratio of 

the ſegments between the given point and. the parallels 
ſhall be given. 


Let the ſtraight line EFG be drawn from the given point 
E to the parallels AB, CD; the ratio of EF to EG is given. 

From the point E draw EHK perpendicular to CD. and 
becauſe from a given point E the ſtraight line EK is drawn to 
CD which is given in poſition, in a given angle EKC, EK is 


7 „ eee 
A F/|/H B e 


G 


geg in poſition,. and AB, CD are given in poſition; there- a. 32. b 


fore o the points H, K are given. and the point E is given, b. 28. Dat. 
wherefore EH, EK are given in magnitude, and the ratio 40 29. Dat. 
of them is therefore given. but as EH to EK, ſo is EF to EG, 8 
becauſe AB, CD are parallels. therefore the ratio of EF to 
EG is ous | 


PROP. XXXIX. | 36. 36, 


F the ratio of the ſogniencs of a ſtraight line Wieweit a See N. 
given point in it and two parallel ſtraight lines, .be 
given; if one of the parallels be given in poſition, the 


ether is alſo given in poſition. 
B b From 


a 33- Dat. given angle AHD; AH is given“ in 


| b. 28. Dat. 
c. 29. Dat. 


d. 2. Dat. 


; e. 30. Dat. 


F. 3r. Dat. 


37. 38. 


See N. 
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From the given point A let the ſtraight line AED be drawn 
to the two parallel ſtraight lines FG, BC, and let the ratio of 
the ſegments AE, AD be given; if one of the parallels BC 
be given in poſition, the other FG is alſo given in poſition, 

From the point A draw AH perpendicular to BC, and let 
it meet FG in K. and becauſe AH is drawn from the given 
point A to the ſtraight line BC given in poſition, and makes a 


A 
K G 


% 


FE K 6 


BD H U H DC 


1A 
poſition, and BC is likewiſe given B 5 D / H Cc 


8 therefore the point H is gi- 


ven ®, the point A is alſo given, | 
wherefore AH is given in magnitude“. 
and, becauſe FG, BC are parallels, — 


as AE to AD, ſo is AK to AH; and F E K 8 
the ratio of AE to AD is given, wherefore the ratio of AK 
to AH is given; but AH is given in magnitude, therefore d 
AK is given in magnitude; and it is alſo given in poſition, and 
the point A is given; wherefore © the point K is given. and 
becauſe the ſtraight line FG is drawn thro” the given point K 
parallel to BC which is given in 3 therefore f FG is 
given in poſition, 0 


| PROP. XL. 
F the ratio of the ſegments of a ſtraight line intowhich 
it is cut by three parallel ſtraight lines, be given ; if 
two of the parallels are given in poſition, the third alſo 


is given in poſition, 


Let AB, CD, HE be three parallel ſtraight lines, of which 
AB, CD are given in poſition; and let the ratio of the ſeg- 
ments 


— x 
W 


drawn 
tio of 
1s BC 
ion. 

nd let 
given 
akes a 


ments GE, GF into which the . line GEF is cut by the 


three parallels, be given; the third parallel HK is given in 
ſition. 
In AB take a given point L, and draw LM perpendicular 
to CD, meeting HK in N. becauſe LM is drawn from the 
given point L to CD which is given in poſition, and makes a 
siven angle LM D; LM is given in poſition *. and CD is gi- a. 33. Dat. 
ven in poſition, whereforn the point M is given“; and the b 28. Da. 
point L is given; LM is therefore given in magnitude ©, and c. 29. Dat. 
becauſe the ratio of GE to GF is given, and as GE to GF, ſo 


7 GN K A E L B 
L BH GN K 


is hs to NM; the ratio of NL to NM is given; and there- 

fore d the ratio of ML to LN is given. but LM is given in (cr 6 
magnitude, wherefore © LN is given in magnitude ; and it is d. 55 5 
alſo given in poſition, and the point L is given; wherefore t 

the point N is given. and becauſe the ſtraight line HK is; © 
drawn thro” the given point N parallel to CD which is given 
in poſition, therefore HK is given in poſition s. 8. 37. Dat. 


2.9.5 > « © SES 


F a ſtraight line meets three parallel ſtraight lines see N. 
which are given in poſition ; the ſegments into - 
which they cut it, have a given ratio. | 


Let the parallel ſtraight lines AB, CD, EF given in pofi- 
tion be cut by the 2 line GH K; the ratio of GH to 
HK is given. | 


In AB take a given point L, and 
draw LM perpendicular to CD, Mag G L_ B 


ing EF in N; therefore“ LM is given C 0 en 
in poſition; and CD, EF are given — 

in poſition, wherefore the points M, v3 

N are given. and the point L is given, — 
therefore * the ſtraight lines LM, MN E K N F b. 29. Dat 


B b 2 are 


i, 85. 1. 


| g. 1. 


c. 1, Def. 


d. 1. Dat. 


23. 1. 


poſition and magnitude, and at the 
points D, E make * the angle EDF 
equal to the angle BAC, and the 
angle DEF equal to ABC; there- ) C E F 


EK UCL I MES 
are given in magnitude; and the ratio of LM to MN is there. 
fore given ©, but as LM to MN, ſo is GH to HK; wherefore 
the ratio of GH to HE is given, 


PROP. XIII. 


F each of the ſides of a triangle be given in magnitude; 
the triangle is given in ſpecies, 


Let each of the ſides of the triangle ABC be given in mag- 
nitude; the triangle ABC is given in ſpecies. 

Make a triangle * DEF the ſides of which are equal, each 
to each, to the given ſtraight lines AB, BC, CA; which can 
be done, becauſe any two of them muſt be greater than the 
third ; and let DE be e- 
qual to AB, EF to BC, A. 5 
and FD to CA. and be- | 
cauſe the two ſides ED, 
DF are equal to the two 
BA, AC, each to each, 
and the baſe EF equal to 


| 


C E F 


the baſe BC; the angle EDF is equalbto the angle BAC. there- 
fore becauſe the angle EDF, which is equal to the angle BAC, 
has been found, the angle BAC is given *, in like manner the 
angles at B, C are given, and becauſe the ſides AB, BC, CA 
are given, their ratios to one another are given 4. therefore 
in 1 8 


the W ABC is given © 


PROP, XLIII. 


F each of the angles of a triangle be given in magni- 
tude ; the triangle is given in ſpecies. 


Let rack of the angles of the triangle ABC be given. in 


magnitude; the triangle ABC is given in ſpecies, 


Take a ſtraight line DE given in A 


2 


fore the other angles EFD, BCA 


are r and each of the _ at the points A, B, C is yi- 


Ven, 


refore 


agni- 


en in 


RG; which therefore is given in ſpecies. 
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ven, w vherefore each of thoſe at the points D, E, — is given. 


and becauſe the ſtraight line FD is drawn to the given point 
D in DE which is given in poſition, making the given angle 
EDF; therefore DF is given in poſitionb. in like manner EF b. 32. Dat. 
alſo is given in poſition; wherefore the point F is given. and 


the points D, E are given; therefore each of the ſtraight lines 


DE, EF, FD is given“ in magnitude, wherefore the triangle © 9. Pat. 


DEF is given in ſpecies *; and it is ſimilar © to the triangle 3 Daz. 
4. 
I 


6. 
Def. 
6. 


PROP. XLIV. 41. 


F one of the angles of a triangle be given, and if 
the ſides about it have a giyen ratio to one another; 
the triangle is given in ſpecies. 


Let the triangle ABC have one of its angles BAC given, 
and let the ſides BA, AC about it have a given ratio to one 
another; the triangle ABC is given in ſpecies, 

Take a ſtraight line DE given in poſition and magnitude, 
and at the point D in the given ſtraight line DE make the 
angle EDF equal to the given angle BAC; wherefore the 


angle EDF. is given. and becauſe the ſtraight line FD is drawn 


to the given point D in ED which is given in poſition, making 
the given angle EDF; therefore FD A 


is given in pode and becauſe 5 
the ratio of BA to AC is given, 
make the ratio of ED to DF the | | 


ſame with it, and join EF. and be- R C E F 
cauſe the ratio of ED to DF is gi- | 
ven, and ED is given, therefore DF is given in magnitude; b. 2. Dat. 
and it is given alſo in 3 and the point D is given, where- 
fore the point F is given ©, and he. points D, E are given, 
wherefore DE, EF,. FD are given * in magnitude; and the 
triangle DEF is therefore given © in ſpecies. and becauſe the 
triangles: ABC, DEF have one angle BAC equal to one angle 
EDF, and the ſides about theſe angles proportionals ; the tri- 
angles are * fimilar, but the triangle DEF is given in ſpecies, 
990 therefore alſo the triangle ABC. 


4. 32, Dat. 


c. 30. Dat. 
d. 29. Dat. 
n 


f. 6. & 


PRO P. 
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42. 


See N. 


6 2. Dat. 


C. 22, I, 


T. 42. Dat. 
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PROP. XLV, 


F the ſides of a triangle have to one another given ra- 

tios ; the triangle is given in ſpecies, 

Let the fides of the triangle ABC have given ratios to one 
another, the triangle ABC is given in ſpecies. 

Take a ſtraight line D given in magnitude; and becauſe the 
ratio of AB to BC is given, make the ratio of D to E the 
ſame with it; and D is given, therefore E is given. and be- 
cauſe the ratio of BC to CA is given, to this make the ratio 
of E to F the ſame; and E is given, and therefore F. and 
becauſe as AB to BC, ſo is D to E, by compoſition AB and 
BC together are to BC, as D 
and E to E; but as BC to CA, 
ſo is E to F; therefore, ex ac- 
quali b, as AB and BC are to 
CA, ſo are D and E to F. and 
AB and BC are greater © than 
CA, therefore D and E. are 
greater * than F. in the ſame 
manner any two of the three D, | 
E, F are greater than the third. make the triangle GHK 
whoſe ſides arc equal to D, E, F, ſo that GH be equal to D, 
HK to E, and KG to F. and becauſe D, E, F are, each of 
them, given, therefore GH, HK, KG are each of them gi- 
ven in magnitude; therefore the trigngle GHK is given * in 
ſpecies. but as AB to BC, ſo is (D to E, that is) GH to HK; 
and as BC to CA, ſo is (E to F, that is) HK to KG; there- 
fore, ex aequali, as AB to AC, lo is GH to GK. Wherefore 
2 the triangle ABC is equiangular and ſimilar to the triangle 


Hk. and the triangle GHK is given in ſpecies; therefore 


alſo the triangle ABC is given in ſpecies, 
Cox. If a triangle is required to be made the ſides of which 


ſhall have the ſame ratios which three given ſtraight lines D, 
E, F have to one another; it is neceſſary that every two of 
chem be grenter than the third. = 


' PROP. 


U ra- 


One 


e the 
, the 
d be- 
ratio 
and 


the diſtance EF deſcribe a cir- 


to the other point in which the circle meets DG is given in 


D A T A. 391 ; ( ” 
PROP, XIV. 244; 


F the ſides of a right angled triangle about one of the 
acute angles have a given ratio to one another; the 
triangle is given in ſpecies, 


Let the fides AB, BC about the acute angle ABC of the tri- 
angle ABC which has a right angle at A, have a given ratio 
to one another; the triangle ABC is given in ſpecies. 

Take a ſtraight line DE given in poſition and magnitude; 
and becauſe the ratio of AB to BC i3 given, make as AB to 
BC, ſo DE to EF; and becauſe DE has a given ratio to EF, 
and DE is given, therefore“ EF is given, and becauſe as AB“ * Da.. 
to BC, ſo is DE to EF, and AB is leſs ® than BC, therefore“ 9. . 
DE is leſs than EF. from the point D draw DG at right angles © A. 4. 
to DE, and from the center Eat 


cle which ſhall meet DG in 
two points, let G be either of 
them, and join EG; there- 
fore the circumference of the 


— n 1 d 
———— n 


circle is given d in poſition. and the Araight line DG is given* © el, i 

in poſition, becauſe it is drawn to the given point D in DE © a 

given in pofition, in a given angle, therefore f the point G bc 1 1 
given, and the points D, E are given, wherefore DE, EG, 1 4 


GD are given“ in magnitude, and the triangle DEG in ſpecies?, h. 42. Dat. 
and becauſe the triangles ABC, DEG have the angle BAC e- 

qual to the angle EDG, and the fides about the angles ABC, 

DEG proportionals, and each of the other angles BCA, EGD 

leſs than a right angle; the triangle ABC is equiangular i and“ 7. * 
ſimilar to the triangle DEG. but DEG is given in ſpecies, 
therefore the triangle ABC is given in ſpecies. and in the ſame 
manner, the triangle made by drawing a ſtraight line from E 


e — 
as 
= * =_ 


= 
40 - ; —— — 


ſpecies. 


B b 4 PROP. 


c. 32. Dat. 


E. 6. Def. . becauſe the circle is given! in po- 


k. 18. 
17. 5 


b. 43. Dat. 


d. 2. Dat. 
e. A. 5. 
from the center D, at the diſtance 


2. 28. Dat. the point F is given 5, and the 


* 
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PROP. XLVII. 


F a triangle has one of its angles which is not a right 

angle given, and if the ſides about another angle have 
a given ratio to one another; the triangle is given in 
ſpecies. 


Let the triangle ABC have one of its angles ABC a given 
but not a right angle, and let the ſides BA, AC about an- 
other angle BAC have a given ratio to one another; the tri- 
angle ABC is given in ſpecies, | 

Firſt, Let the given ratio be the ratio of e- A 


quality, that is, let the ſides BA, AC, and 


conſequently the angles ABC, ACB be equal, 

and becauſe the angie ABC is given, the 

angle ACB, and alſo the remaining“ angle 

BAC is given. therefore the triangle ABC is B C 

given ® in ſpecies, and it is evident that in this 

caſe the given angle ABC muſt be acute. a 
Next, Let the given ratio be the ratio of a leſs to a greater, 

that is, let the ſide AB adjacent to the given angle be leſs 


than the fide AC, take a ſtraight line DE given in poſition 


and magnitude, and make the angle DEF equal to the given 
angle ABC; therefore EF is given © in poſition. and becauſe 
the ratio of BA to AC is given, | 

as BA to AC, ſo make ED to A 

DG; and becauſe the ratio of 

ED to DG is given, and ED is 
given, the ſtraight line DG is gi- 
ven, and BA is leſs than AC, 
therefore ED is leſs© than DG. 


DG deſcribe the circle GF meet- 
ing EF in F, ana join DF. and 


ſition, as alſo the ſtraight line EF, 


points D, E are given, wherefore the ſtraight lines DE, EF, 


k, 29. Dat. FD are given h in magnitude, and the triangle DEF in ſpe- 
1. 42. mw, cies i. and becauſe BA is leſs than, AC, the angle ACB is 
leſs * than the angle ABC, and therefore ACB is leſs! than 


a right 


caſe, 


right 
have 
n in 


given 
It an- 
e tri- 


E 


ater, 
e leſs 
ſition 
given 
cauſe 


'B i is 
than 


right 
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a right angle. in the ſame manner, becauſe ED is leſs than 


DG or DF, the angle DFE is leſs than a right angle. and be- 

cauſe the triangles ABC, DEF have the angle ABC equal to 

the angle DEF, and the ſides about the angles BAC, EDF 
proportionals, and each of the other angles ACB, DFE leſs 

than a right angle ; the triangles ABC, DEF are ® ſimilar, and * 7: . 
DEF is given in ſpecies. wherefore the triangle ABC is alſo 
given in ſpecies, 

Thirdly, Let the given ratio be the ratio of a greater to a 
leſs, that is, let the fide AB adjacent to the given angle be 
greater than AC, and, as in the laſt A 
caſe, take a ſtraight line DE given in | 
poſition and magnitude, and make the 
angle DEF equal to the given angle B C 
ABC; therefore EF is given © in poſi- ; 
tion. alſo draw DG perpendicular to 
EF; therefore if tke ratio of BA to 
AC be the ſame with the ratio of ED 
to the perpendicular DG, the triangles | 
ABC. DEG are fimilar u, becauſe the E G F 
angles ABC, DEG are val, and DGE 
1s a right angle, therefore the Rave. ACB is a right angle, 
and the triangle ABC is given ® in ſpecies. 

But if, in this laſt caſe, the given ratio of BA to AC be 
not the ſame with the ratio of ED to. DG, that is, with the 


b. 43. Dat 


ratio of BA to the perpendicular AM drawn from A to BC; 


the ratio of BA to AC muſt be leſs ' than the ratio of BA o. 8. 5. 
to AM, becauſe AC is greater than AM. make as BA to AC 

ſo ED te DH; therefore the ratio of A 

ED to DH is leſs than the ratio of (BA 

to AM, that is than the ratio of) ED 

to DG; and conſequently DH is great- B 
er? than DG; and becauſe BA is great- 
er than ' AC, ED is greater © than DH. 
from the center D, at the diſtance DH, 
deſcribe the circle KHF which neceſſari— 
ly meets the ſtraight line EF in two EF R 
points, becauſe DH is greater than DG, 

and leſs than DE. let the circle meet 

EF in the points F, K which are given, as was 98851 in the 
precceding caſe; and, DF, DK being joined, the triangles 
DEF, D are given in ſpecies, as was there ſhewn. from the 


center 
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45. 


"mT WE! 
b. 3. 6, 


i. 7. 6. 


8 8 


E UC LI D'S 
center A, at the diſtance AC deſcribe a circle meeting BC a. 
gain in L. and if the angle ACB be leſs than a right angle, 
ALB muſt be greater than a right angle; and on the contrary, 
in the ſame manner, if the angle DFE be leſs than a right 
angle, DKE muſt be greater than one; and on the contrary, 
let each of the angles ACB, DFE be ei- A 
ther leſs oa greater than a right angle ; 
and. becauſe in the triangles ABC, DEF 
the angles ABC, DEF are equal, and 
the fides BA, AC, and ED, DF about 
two of the other angles proportionals, | 
the triangle ABC is ſimilar ® to the tri- 
angle DEF. in the ſame manner, the / 
triangle ABL is ſimilar to DEK. and E S 
the triangles DEF, DEK are given in HM F 
ſpecies, therefore alſo the triangles ABC, | 
ABL are given in ſpecies. and from this it is evident, that, in 
this third caſe, there are always two triangles of a different 
ſpecies to which the things mentioned as given in the Propoſi- 
tion can agree. 


L 2 
D 


PROP, XLVII. 
Fa triangle has one angle given, and if both the ſides 
together about that angle have a given ratio to the 
remaining fide; the triangle is given in ſpecies, 
Let the triangle ABC have the angle BAC given, and let the 


ſides BA, AC together about that angle have a given ratio to 


BC; the triangle ABC is given in ſpecies. 
Biſe&t 2 the angle BAC by the ſtraight line AD ; ore 
the angle BAD is given. and becauſe as BA to AC, ſo is ? 


BD to DC, by permutation, as AB to A. 


BD, ſo is AC to CD; and as BA and 1 
AC together to BC, ſo is '. AB to BD. e 
but the ratio of BA and AC together | | 


to BC is given, wherefore the ratio of AB B D * 
to BD is given, and the angle BAD is | 


d. 47. Dat. given, therefore © the triangle ABD is given in ſpecies. and 
* the angle ABD is therefore given; the angle BAC is alſo 
e, 43. Dat. given, wherefore the triangle ABC is given in ſpecies ©. 


A triangle which ſhall have the things that are mentioned 
in the_Propoſition to be given, can be found in the following 
, manner. 


7 


F 


hat, in 
ferent 


opoſi- 
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o the 
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efore 
y 


0 is 


manner. let EFG be the given angle, and let the ratio of H 

to K be the given ratio which the two ſides about the angle 

EF G muſt have to the third fide of the triangle, therefore 
becauſe two ſides of a triangle are greater than the third fide, 

the ratio of H to K muſt be the ratio of a greater to a leſs, 

biſect * the angle EFG by the ſtraight line FL, and by thea. 5. 1. 
47th Propoſition find a triangle of which EFL is one of the 
angles, and in which the ratio of the ſides about the angle oppo- 
fite to FL is the ſame with the ratio of H to K; to do which, 
take FE given in poſition and magnitude, and draw EL per- 
pendicular to FL. then, if the ratio of H to K be the ſame 
with the ratio of FE to EL, produce EL and let it meet FG 
in P; the triangle FEP is that which was to be found. for 
it has the given angle EFG; H — 
and becauſe this angle is biſect- E — 
ed by FL, the ſides EF, FP 8 
together are to EP, as b FE to 
EL, that is, as H to K. 

But if the ratio of H to K E * O 

be not the ſame with the ratio N 
of FE to EL, it muſt be leſs than it, as was ſhewn in Frop. 

47. and in this caſe there are two triangles each of which has 
the given angle EFL, and the ratio of the ſides about the 
angle oppoſite to FL the ſame with the ratio of H to K. by 
Prop. 47. find theſe triangles EFM, EFN each of which 
has the angle EFL for one of its angles, and the ratio of the 
fide FE to EM or EN the ſame with the ratio of H to K; and 
let the angle EMF be greater, and ENF leſs than a right 
angle, and becauſe H is greater than K, EF is greater than 
EN, and therefore the angle EFN, that is the angle NFG, is 
leſs * than the angle ENF, to each of theſe add the angles f, 18. 1, 
NEF, EFN; therefore the angles NEF, EFG are leſs than 
the angles NEF, EFN, FNE, that is than two right angles; 
therefore the ſtraight lines EN, FG muſt meet together when 
produced; let them meet in O, and produce EM to G. each 
of the triangles EFG, EFO has the things mentioned to be 
given in the Propoſition, for each of them has the given angle 
EFG, and becauſe this angle is biſected by the ſtraight line 
FMN, the ſides EF, FG together have to EG the third fide 
the ratio of FE to EM, thatis of H to K. in like manner, the 


lides EF, FO together have to EO the ratio which H has to K. 
FPR OP. 
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PROP. XILIX. 


F a triangle has one angle given, and if the ſides about 
another angle, both together, have a given ratio to 
the third ſide; the triangle is given in ſpecies. 


Let the triangle ABC have one angle ABC given, and let Fre 
the two ſides BA, AC about another angle BAC have a given ſpecic 
ratio to BC; the triangle ABC is given in ſpecies. ADB 

Suppoſe the angle BAC to be biſected by the ſtraight line Be. 
AD; BA and AC together are to BC, as AB to BD, as was ſpecie 
ſhewn in the preceeding Propoſition. but the ratio of BA angle 
and AC together to BC is given, therefore alſo the ratio of angle 
AB to BD is given. and the angle ABD is given, where- he rt 
fore * the triangle ABD is given in ſpecies ; * conſequent- ratio 


ly the angle BAD, and its double 
the angle BAC are given; and the 
angle ABC is given. therefore the 
triangle ABC is given in ſpecies b. 

A triangle which {ſhall have the 


things mentioned in the Propoſition 


to be given, may be thus found, Let 12 — 1. 
EFG be the given angle, and the ra- N. ABC 
tio of H to K the given ratio; and | To 
by Prop. 44. find the triangle EFL, — . 
which has the angle EFG for one of F L G ny | 
its angles, and the ratio of the ſides nia 
EF, FL about this angle the ſame with the ratio of H to K; * , 
and make the angle LEM equal to the angle FEL. and be- 8 
cauſe the ratio of H to K is the ratio which two ſides of a 8 
triangle have to the third, H muſt be gr eater than K; and Wat 
becauſe EF is to FL, as H to K, therefore EF.i 1s aces than I 
FI., and the angle FEL, that js LEM is therefore leſs than I B f 
the angle ELF. wherefore the angles LFE, FEM are leſs than Rn” 
two right angles, as was ſhewn in the foregoing Propoſition, 1 
and the ſtraight lines FL, EM muſt meet if produced ; let Re 
them meet in G. EFG is the triangle which was to be found; ſpeci 


for EFG is one of its angles, and becauſe the angle FEG is 
biſected by EL, the two fides FE EG together have to the 
third fide 10 the ratio of EF to FL, chat is the given ratio 


of H to K. 
P R 0 P. 
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I fow the vertex, of a triangle given in ſpecies, a 
{traight line be drawn to the 'baſe | in a given angle 3. 
it ſhall have a given ratio to the baſe. 


From the vertex A of the triangle ABC which is given in 
ſpecies, let AD be drawn to the baſe BC in a given angle 
ADB: the ratio of AD to BC is given. 

Becauſe the triangle ABC is given in 
ſpecies, the angle ABD is given, and the 
angle ADB is given; therefore the tri- 
angle ABD is given'in ſpecies ; wherefore 
the ratio of AD to AB is given. and the Te. 
ratio of AB to BC is given; and ere 7 0 
fore ® the ratio of AD to BC is given. 


PROP. LI. | 47. 


R ECTILINEAL figures given in ſpecies, are divided in- 
to triangles which are given in ſpecies. 


Let the rectilineal figure ABCDE be given in ſpecies ; 
ABCDE may be divided into triangles given in ſpecies, 

Join BE, BD, and becauſe ABCDE is given in ſpecies, the 
angle BAE is given “, and the ratio of A 
BA to BE is given *; wherefore the 
triangle BAE is given in ſpecies b, and es | 
the angle AEB is therefore given *, but B E 
the whole angle AED is given, and þ re tp | 
therefore the remaining angle BED is 
given, and the ratio of AE to EB is 
given, as alſo the ratio of AF to ED; therefore the ratio of 
BE to ED is given ©. and the angle BED i is given, wherefore's. 9. Dat. 
the triangle BED is given in ſpecies. in the ſame manner the 
triangle BDC is given in ſpecies. therefore rectilineal figures 
which are given in ſpecies are divided into triangles given in 
ſpecies. 


a. 3. Del 


b. 44- Dat, 


PR OP. 
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PROP. LK. 


48. J* two triangles given in ſpecies be deſcribed upon the _ 
ſame ſtraight line ; ; ey ſhall have a given ratio to ABI 

one another. | > 

| | | ſame 


Let the triangles ABC, ABD given in ſpecies be deſcribed 
upon the ſame ſtraight line-AB ; the ratio of the triangle 
ABC to the triangle ABD is given, 

Þ Thro' the point C draw CE parallel to AB, and let it meet 
DA produced in E, and join BE. becaufe the triangle ABC 
is given in ſpecies, the angle BAC, that is the angle ACE, is 
given ; and becauſe the triangle ABD is given in ſpecies, the 
angle DAB, that is 
the angle AEC is given. 
therefore the triangle 
ACE is given in ſpe- 
cies; wherefore the 
ratio of EA to AC is 

a 3 Dat. given , and the ratio 

of CA to AB is given, : 

b. 9. Dat, às alſo the ratio of BA to AD; thereforedthe ratio of EA to 

« 37. 1. AD is given. and the triangle ACB is equal © to the triangle 

AEB, and as the triangle AEB, or ACB, is to the tri- 

4 1. 6 angle ADB, ſo is d the ſtraight line EA to AD. but the ra- 

| tio of EA to' AD is given, therefore the ratio of the triangle 

ACB to the triangle ADB is given. 
PR O B L E NM. 
To find the ratio of two triangles ABC, ABD given in 
ſpecies, and which are deſcribed upon the ſame ſtraight line AB, 
Take a ſtraight line FG given in poſition and magnitnde, 
and becauſe the angles of the triangles ABC, ABD are given, 
e. 23. 1. at the points F, G of the ſtraight line FG make the angles 
GFH, GFK equal to the angles BAC, BAD; and the angles 


FGH, FGK equal to the angles ABC, ABD, each to each, To 
therefore the triangles ABC, ABD are equiangular to the tri- and d 
angles FGH, FGK, each to each. thro' the point H draw HL 12 
parallel to FG meeting KF produced in L. and becauſe the foeth 
angles BAC, BAD are equal to the angles GFH, GFK, each join ; 
to each; therefore the angles ACE, AEC are equal to FHL, * . 
FLH, each to each, and the triangle AEC equiangular to the angle 


triangle FLH. therefore as EA to AC, ſo is LF to FH ; and 
| | 10 


as CA to AB, fo HF to FG; and as BA to AD, fo is GF 
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to FK; wherefore, ex quali, as EA to AD, ſo is LF to 
FK. but, as was ſhewn, the triangle ABC is to the triangle 
ABD, as the ſtraight line EA to AD, that is as LF to FK. 
the ratio therefore of LF to FK has been found which is the 
ſame with the ratio of the triangle ABC to the triangle ABD. 


PROP. LI. 
F two rectilineal figures given in ſpecies be deſcribed, 
upon the ſame ſtraight line ; they ſhall have a given 
ratio to one another, 


N. 


Let any two rectilineal figures ABC DE, ABFG which are 
given in ſpecies, be deſcribed upon the ſame ſtraight line AB; 
the ratio of them to one another is given. 

Join AC, AD, AF; each of the triangles AED, ADC, 
ACB, AGF, ABF is given in ſpecies. and becauſe R 
angles ADE, ADC given in ſpecies 
are deſcribed upon the ſame ſtraight 
line AD, the ratio of EAD to 
DAC is given; and, by compoſition, 
the ratio of EACD to DAC is 
given ©, and the ratio of DAC to 
CAB is given ®, becauſe they are 
deſcribed upon the ſame ſtraight 
line AC; therefore ** ratio of u E MY O 
EACD to ACB is given 4. and, by compoſition, the ratio of 
ABCDE to ABC is given. in the ſame manner, the ratio of 
ABF G to ABF is gievn. but the ratio of the triangle ABC 
to the triangle ABF is given“; wherefore becauſe the ratio of 
ABCDE to ABC is given, as alſo the ratio of ABC to ABF, 
and the ratio of ABF to ABFG; the ratio of the rectilineal 
ABCDE to the rectilineal ABFG is given . 

PROBLEM. 

To find the ratio of two rectilineal figures given in ſpecies, 
and deſcribed upon the ſame ſtraight line, 

Let ABCDE, ABFG be two rectilineal fgures given in 
ſpecies, and deſcribed upon the ſame ſtraight line AB, and 
Join AC, AD, AF. take a ſtraight line HK given in poſition 
and magnitude, and by the 52. Dat. find the ratio of the tri- 
angle ADE to the triangle ADC, and make the ratio of HE 

| ' als do 


9. Di. 
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to KL the ſame with it. find alſo the ratio of the triangle 


ACD to the triangle ACB. and make the ratio of KL tg T 
LM the ſame. alſo, find the ratio of the triangle ABC to the mila. 
triangle ABF, and make the ratio of LM to MN the ſame a giv 
and laſtly, find the ratio of the triangle AFB to the triangle AB, 
AFG, and make the ratio of MN T 
to NO the ſame, then the ratio of ratio 
ABCDE te ABF is the ſame with ſame 
the ratio of HM to MO. | to K 
Becauſe the triangle EAD is to with 
the triangle DAC, as the ſtraight _ fore 
line HK to KL; and as the triangle 8 is 
1 


DAC to CAB, ſo is the ſtraight 

line KL to LM; 5 RI, MN 0 
compoſition as often as the number of triangles requires, the 
rectilineal ABCDE is to the triangle ABC, as the ſtraight line 
HM to ML. in like manner, becauſe triangle GAF is to 
FAB, as ON to NM, by compoſition, the rectilineal ABFG 
is to the triangle ABF, as MO to MN; and, by inverſion, as 
ABF to ABFG, ſo is NM to MO. and the triangle ABC is to 
ABF, as LM to MN. wherefore becauſe as ABCDE to ABC, 
ſo is HM to ML; and as ABC to ABF, ſo is LM to MN; 
and as ABF to ABFG, ſo is MN to MO; ex zquali, as he 
rectilineal ABCDE to ABFG, ſo is the ſtraightline HMto MO, 


50. | PROP. IIV. 
F two ſtraight lines have a given ratio to one another; 


the ſimilar rectilineal figures deſcribed upon them ſi. 
milarly, ſhall have a given ratio to one another. 


Let the ſtraight lines AB, CD have a given ratio to one 
another, and let the ſimilar and ſimilarly placed rectilineal fi- 
gures E, F be deſcribed upon them ; the ratio of E to F is 


given. 


To AB, CD let G be a third ; — 1 
proportional; therefore as AB to *' | | ſpec 
. CD, ſo is CD to G. and the ratio E | have 


of AB to CD is given, wherefore A "oF 

the ratio of CD to G is given; and A BCD the 
conſequenly the ratio of AB to G is H — . ON t 

bt 2. Car. ac. Alſo given *, but as AB to G, ſo is the figure E to the figure * and 
8 F. therefor: che ratio of E to F is given. ö give 


9 | ; | b ; PR O- 


triangle 
KL tg 
2 tO the 
e ſame, 
trian gle 


C 


ion, as 
C is to 
> ABC, 

MN; 
as the 


to MO. 


other; 
em ſi. 


to one 
neal fi- 
to F is 


. 


PROBLEM. 

To find the ratio of two ſimilar rectilineal figures E, F ſi- 
milarly deſcribed upon ſtraight lines AB, CD which have 
a given ratio to one another, let G be a third proportional to 
AB, CD. 

Take a ſtraight line H given in magnitude ; and becauſe the 
ratio of AB to CD is given, make the ratio of H to K the 
ſame with it; and becauſe H is given, K is given, as H is 
to K, ſo make K to L; then the ratio of E to F is the ſame 
with the ratio of H to L. for AB is to CD, as H to K, where- 
fore CD is to G, as K to L; and, ex æquali, as AB to G, 
ſo is H to L. but the figure E is to ® the figure F, as AB to b. — _ 
G, that is as H to L. 


3 31 
F two ſtraight lines have a given ratio to one another; 
the rectilineal figures given in ſpecies deſcribed upon 


them, ſhall have to one another a given ratio, 


Let AB, CD be two ſtraight lines which have a given ratio 
to one another; the rectilineal figures E, F given in ſpecies 
and deſcribed upon them, have a: given ratio to one another. 

Upon the ſtraight line AB deſcribe the figure AG ſimilar 


and fimilarly placed to the figure F; and becauſe F is 0 in 


ſpecies, AG is alſo given inſpecies. 
therefore ſince the figures E, 
AG-which are given in ſpecies, A 
are deſcribed upon the ſame 
ſtraight line AB, the ratio of | 
E to AG is given *. and becauſe — * 
the ratio of AB to CD is given, and upon them are deſcri- 
bed the ſimilar and ſimilarly placed rectilineal figures AG, F, 
the ratio to AG io F is given b and the ratio of AG to E is, „ Das. 
given; therefore the ratio of E to F is given <. L. 9. Das. 
P R O B L E M. | 

To find the ratio of two rectilineal figures E, F given in 
ſpecies, and deſcribed upon the ſtraight lines AB, CD which 
have a given ratio to one another. 

Take a ſtraight line H given in magnitude ; and becauſe 
the rectilineal figures E, AG given in ſpecies are deſcribed up- 
on the ſame ſtraight line AB, find their ratio by the 53. Dar. 
and make the ratio of H to K the ſame; K is therefore 
given, and becauſe the fimilar rectilineal figures AG, F are 

| C c | deſcribed 


a. 53. Dat. 


402 


AF is given in ſpecies and magnitude, 


. to AF is given“. but the ſquare AF is B 
given in magnitude, therefore Þ alſo the 


the given ſtraight line AB, and by the G HI K 


E UL 
deſcribed upon the ſtraight lines AB, CD which have a given 
ratio. find their ratio by the 54. Dat. and make the ratio of K 
to Lthe ſame. the figure E has to F the ſame ratio which Hhas 
to L. for, by the conſtruction, as E is to AG, ſo is H to K; 
and as AG to F, ſo is K to L; therefore, ex æ quai, as E to 
F, ſo is H to L. a 


PROP LVI. 
TF a rectilineal figure given in ſpecies be deſcribed up. 


on 3 ſtraight line given in magnitude; the figure is 
giv en in magnitude. 


Let the rectilineal figure ABCDE given in ſpecies be de- 
ſcribed upon the ſtraight line AB given in magnitude ; the 
figure AB CDE is given in magnitude. 

Upon AB let the ſquare AF be deforibed; therefore 
and becault the 
rectilineal figures ABCDE, AF given in C 
ſpecies are deſcribed upon the ſame 
ſtraight line AB, the ratio of ABC DE 


figure ABCDE is given in magnitude. 
E. 

To find the magnitude of a rectilineal ROW, 
figure given in ſpecies deſcribed upon a * 
ſtraight line given in magnitude. | hs. 

Take the ſtraight line GH equal to : , 


- 


53 Dat. find the ratio which the ſquare AF upon AB has to 
the figure ABCDE; and make the ratio of GH to HK the 1 
ſame; and upon GH deſcribe the ſquare GL, and complete the! 
the parallclogram LHKM; the figure ABCDE is equal to to C 
LHKM. becauſe AF i is to ABCDE, as the ſtraight line GH the. 
to HK, that is, as the figure GL to BM ; and AF is equal fore 


to GL, therefore ABCDE is equal to HM. and 
r . | whe! 

F two rectilineal figures are given in ſpecies, and if a is gi 
ſide of one of them has a given ratio to a fide of the 'Þ 
other; the ratios of the remaining ſides to the Fmnaining foun 
-lides mal be 3 beca 


Let tio © 


up- 


re 1g 
e de- 
- the 


re tore 
© the 1 


. 


K 


has to 
IK the 
mplete 
ual to 


ne GH 
| equal 


1d if a 
of the 
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Let 


D A. 


Let AC, DF be two rectilineal figures given in ſpecies, 
and let the ratio of the fide AB to the ſide DE be given; 
the ratios of the remaining ſides to the remaining ſides are al- 


ſo given. 


Becauſe the ratio of AB to DE is given, as alſo * 
ratios of AB to BC, and of DE to EF; 


> in the ſame man- 


EF is given 


D 


ner, the ratios of the other ſides 
to the other ſides are given, | 2 
The ratio which BC has to EF B C . | 


may be found thus; take a ſtraight 
line G given in magaitude, and 
becauſe the ratio of BC to BA is 
given, make the ratio of G to 
H the ſame; and becauſe the ratio 


| | 


F 


G H KL 


of AB to DE is given, make the ratio of H to K the ſame; 
and make the ratio of K to L the ſame with the given ratio 


of DE to EF. ſince therefore as BC to BA, fois G to H; and 
as BA to DE, fois H to K; and as DE to EF, fo bs K 16 13 


ex æquali, BC is to EF, as G to L. 


therefore the ratio of G 


to L has been found which is the ſame with the ratio of BC 


to EF. 


P R O P. LVIII. 


39985 ratio to one another. 


F two ſimilar rectilineal figures have a given ratio to se x. 
one another; their homologous ſides have alſo a 


Let the two fimilar rectilineal figu res A, B have a given 
ratio to one another ; their homologous ſides have alſo a given 


ratio. 


Let the ſide CD be homologous to EF, and to CD, EF let 
the ſtraight line G be a third proportional. as therefore CD a. 2 Cor. 


to G, ſo is the figure A to B; and 
the ratio of A to B is given, thare- 
fore the Tatio of CD to G is given ; 


and CD, EF, G are proportionals, C 


wherefore d the ratio of CD to EF 


1 
DE F G 


. -- 0 


is given. 


The ratio of CD to EF may be 


ek - 


L K 


found thus; take a ſtraight line H given in magnitude; and 
becauſe the ratio of the figure A to B is given, make the ra- 
tio of H. to K the ſame with it. and, as the 13. Dat. directs 


3 Ee 2 - 


; 


103 


the a. 3. Def. 
the ratio of BC to 


b. 10. Dat. 


G. 


20. 6. 


b. I;. Dat. 


to 


404 


E = C L'1'D's 
to be done, find a mean proportional L between H and K; the 


ratio of CD to EF is the ſame with that of H to L. 
be a third proportional to CD, EF ; therefore as CD to G, 
ſo is (A to B, and ſo is) H to K. and as CD to EF, 01 is II 


to L, as is ſhewn in the 13. Dat. 
P R OP. LIX. 


let G 


F two rectilineal figures given in ſpecies have a given 


ratio to one ancther ; 
given ratios to one . 


Let the two reCtilineal figures A, B given in ſpecies have a 
their ſides ſhall alſo have given 


given ratio to one another; 
ratios to one another. 


If the figure A be ſimilar to B, their homologous ſides 
ſhall have a given ratio to one another, by the preceeding 
Propoſition ; and becauſe the figures are given in ſpecies, the 
to one another, 


4. 3. Def. fides of each of them have given ratios * 


b. 9. Dat. 


cr 53. Dat. ſpecies, wherefore © the ratio 


a. 58. Dat, gure A to EG is given, and A is ſimilar to EG, 


therefore each fide of one of them has ® to each ſide of the 


other a given ratio. 


But if the figure A be not ſimilar to B, let CD, EF be any 
two of their ſides ; and upon EF conceive the figure EG to be 


E inf 
D ESE/P 


deſcribed ſimilar and fimilarly 
placed to the figure A, ſo that 
CD, EF be homologous ſides; 
threfore EG is given in ſpecies, C. 
and the figure B is given in 


A | 


of B to EG is given; and the MX 
ratio of A to B is given, 


therefore ® the ratio of the ſi- 
the ratio of the fide CD to EF is given; 


given. 


The ratio of CD to EF may be found thus; take à ſtraight 
line H given in magnitude, and becauſe the ratio of the figure 
A to B is given, make the ratio of H to K the fame with it. 
and by the 53. Dat. find the ratio of the figure B to EG, and 
Ferres H and I. 
to EF is the 
ſame with the ratio of H to M. becauſe the i. A is to B, 
as H to K; and as B to EG, fo is K to L; ex quali. as 
. 3 3 


make the ratio of K to L the! ſame; 
find a mean proportional M; che ratio of 


9 
- 
= 


* 


£ ” 


their ſides ſhall likewiſe have 


| 


* 


therefore“ 
and conſequently ® 
the ratios of the remaining fides to the remaining fides are 


A 
to 


to E 


thev 


fore 4 
-ntly b 
es are 


raight 
figure 
ith it. 
3, and 
nd L 
is the 
to B, 
as A 

to 


to EG. fo is H to L. and the figure A, EG are fimilar, and 


rr A. 40g 


M is a mean proportional between H and L; therefore, as was 
ſhewn in the preceeding Propoſition, CD is to EF, as H to M. 


EK 8 F. IX. 33. 
F a rectilineal figure be given in ſpecies and magnitude, 


the ſides of it ſhall be given in magnitude. 


Let the rectilineal figure A be given in ſpecies and magni- 
tude; its fides are given in magnitude. 
Take a ſtraight line BC given in poſition and magnitude; 
and upon BC deſcribe * the figure D fimilar, and ſimilarly 18. 6. 


placed, to the figure A, 
and let EF be the ſide of SN 
the figure A homologous Gi N 1D 
to BC the fide of D; | 8 — ä 
therefore the figure D is E F C| L 
given in ſpecies. and be- n * | | 
cauſe upon the given PH | 
ſtraight line BC the fi- % .\ K 
gure D given in Pe. | 
is deſcribed, D is given ® in magnitude. and the fi igure A is b. 36. Dat, 
given in magnitude, therefore the ratio of A to D is given. 
and the figure A is fimilir to D; therefore the ratio of the 
ſide EF to the homologous fide BC i is given© , and BC is gi- © 58, Dat. 
ven, wherefore © EF. is given, and the ratio of EF to EG is a Dar 
given ©, therefore EG is given, and, in the ſame manner, each e. 3. Def. 
of the other ſides of the ſigure A can be ſhewn. to be given. 
PADODBLEM 

To deſcribe a rectilineal ſigure A ſimilar to a given figure D, 
and equal to another given figure H. It is Prop. 25. B. 6. Elem. 

Becauſe each of the figures D, H is given, their ratio is gi 
ven, which may be found by making * upon the given ſtraight f. Coe. 45. 1. 
line BC the parallelogram BK equal to D, and upon its ſide 
CK making the parallelogram equal to H in the angle 


KCL equal to the angle MBC. therefore the ratio of D to H, 


that is of BK to KL is the ſame with the ratio of BC to CL. 
and becauſe the ügure D, A are ſimilar, and that the ratio of 
D to A, or H, is the ſame with the ratio of BC to CL; by 
the 58. Dat. ther ratio of the homologous ſides BC, EF is the 
ſame with the ratio of BC to the mean proportional between 
BC and CL. find EF the mean proportional; then EF is the 

| Cc 3 . fide 

% „ 
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g. 2. Cre, 
20. 6. 
k. 14. 5, 


57. 
See N. 


a. 1. Def. 


b. Cor. 45. 1. 


ſtraight line EF in an angle equal to 
the given angle BAC. let this be 


* 43. Dat ABE is given“ in ſpecies; therefore 0 | 


E UCL 10. 


fide of the ſigure to be deſcribed, homologous to BC the fide 
of D, and the figure itſelf can be deſcribed by the 18th Prop, 
B. 6. which, by the conſtruction, is ſimilar to D. and bereut 
D is to A, ass BC to CL, that is as the figure BK to KL; 
and that D is equal to BK, therefors” A is equal to KL, 
that is to H, / 
PROP. LXI. 
F a parallelogram given in magnitude has one of its 


ſive; and one of its angles given in magnitude; the 
other fide alſo is given. 
Let the parallelogram ABCD given in magnitude, have the 


fide AB and the angle BAC given in magnitade ; the other 
tide AC is given, 


Take a ſtraight line EF given in poſition and — 
and becauſe the parallelogram AD 
is given in magnitude, a re&ilineal I 
tigure equal to it can be found *. 4 1 
and a parallelogram equal to this Foul 
figure can be applied ® to the given 


the parallel ogram EFGH having es 
the angle FEG equal to the angle G 
BAC. and becauſe the parallelograms AD, EH are 3 and 
have the angles at A and E equal; the ſides about them are 
reciprocally proportional . therefore as AB to EF, ſo is EG 
to BY ; and AB, EF, EG are given, therefore alfo AC is gi- 
Whence the way of finding AC is manifeſt. 93 


PRO P. LXII. 
7 a paraliclogram has a given angle, the rectangle eon- 


tained by the ſides about that angle has a given ratio 


to the parallelogram. 


Let the parallelogram ABCD have the 
given angle ABC ; the rectangle AB, BC 
has a given ratio to the parallelogram AC. 
From the point A draw AE perpendi- Bj 
cular to BC. becauſe the angle ABC is 
given, as alſo the angle AEB; the triangle 


ratio of BA to AE is given. but as BA 


14 


to 


A. 


to AE, fo is® the rectangle AB, BC to the rectangle AE, BC; b. . 6. 


therefore the ratio of the rectangle AB, BC to AE, BC, that 


407 


is © to the parallelogram AC is given. 0. 35. U. 


And it is evident how the ratio of the rectangle to the pa- 
rallelogram may be found, by making the angle FGH equal 
to the given angle ABC, and drawing, from any point F in 
one of its ſides, FK perpendicular to the other GH; for G 
is to FK, as BA to AE, that is, as the * AB, BC, to 
the parallelogram AC. 

Cor, And if a triangle ABC has a given angle ABC, the 
rectangle AB, BC contained by the fides about that angle, 
ſhall have a given ratio to the triangle ABC. 

Complete the parallelogram ABCD; therefore, by this Pro- 
poſition, the rectangle AB, BC has a given ratio to the paral- 
lelogram AC; and AC has a given ratio to its half the trir 


66, 


angle 4 ABC. there firs the rectangle AB, BC has a given © ra- 4 4 7: 


c. 9. Dito 


tio to the triangle ABC. 

And the ratio of the rectangle to the n is found 
thus; make the triangle FGK as was ſhewn in the Propoſition; 
che ratio of GFto the halt of the perpendicular FK is the ſame 
with the ratio of the rectangle AB, BC to the triangle ABC. 
becauſe, as was ſhewn, GF is to FK, as AB, BC to the pa- 
rallelogram AC; and FK is to its half, as AC is to its halt, 
which is the triangle ABC; therefare, ex aequali, GF is to the 


half of FK, as AB, BC reftangle 3 is to the triangle ABC, 


| PROP. LXIII. 
F two parallelograms be equiangular, as a ſide of the 


1 firit to a fide of the ſecond, ſo is the other fide of the 
ſecond to the ſtraight line to which the other ſide of the 


firſt has the ſame ratio which the firſt parallelogram has 
to the ſecond. and conſequently if the ratio of the firſt 


parallellogram to the ſecond be given, the ratio of the 
ther fi de of the firſt to that ſtraight line is given ; and 
if the ratio of the other ſide of the firſt to that ſtraight 


line be given, the ratio o the firſt gallon to the 


ſecond 1s given. "Y - 


Let AC, DF * fs es cell ara as BC a 


5. — ofthe firſt is te EF a fide of the ſecond, fo is DE the o- 


cher Ae ſecond to the ſtraight line to which AB the o- 
I „ 9 (c 4 ' ther 
| 2 8 5 


N * 


EC FIRES l 
ther ſide of the firſt has the ſame ratio which AC has to DF. 
Produce the ſtraight line AB, and make as BC to EF, ſo 


DE to BG, and complete the parallelo- A 

gram BGIIC. therefore becauſe BC, or — 

GH is to EF, as DE to BG, the ſides / / 

about the equal angles BGH, DEF are BY- | C 
a. 14. 6, reciprocaliy proportional; wherefore * G A 


the parallelogram BH is equal to DF. A 
and AB is to BG, as the parallelogram D ad 

AC is to BH, that is to DF, as there- i 

fore BC is to EF, ſo is DE to BG F. F 
which is the ſtraight line towhich AB has the ſame ratio that 
AC has to DF. 

And if the ratio of the parallelogram AC to DF be given, 
then the ratio of the ſtraight line AB to BG is given; and it 
the ratio of AB to the ſtraight line BG be given, the ratio of 
the parallclogram AC to DF is given. 


PROP, LXV. 
Sce N. F two parallelograms have unequal, but given, angles, 


and if as a fide of the firſt to a fide of the ſecond, ſo 
the other fide of the ſecond be made to a certain ſtraight 
line; if the ratio of the firſt parallelogram to the ſecond 
be given, the ratio of the other fide of the fitſt to that 
ſtraight line ſhall be given. and if the ratio of the other 
ſide of the ſirſt to that ſtraight line be given, the ratio of 
the firſt parallelogram to the ſecond ſhall be given. 
Let ABCD, EFGH be two parallelograms which have the 
unequal, but given, angles ABC, EFG; and as BC to FG, ſo 


make EF to the ſtraight line M. if the ratio of the parallelg- 
gram AC-to EG be given, the ratio of AB to Mi is given. 4 


CBK equal to the angle EFG, and complete the parallelogram 
KBCL. and becauſe the ratio of AC to EG is given, and that 
AC is equal * to the parallelogram K therefore the ratio of 
KC tro EG is given; and KC, EG are equiangular; there- 
b. 63. Dit. fore as BC to FG, ſo is* EFto the ſtraight line to which KB 
has a given ratio, viz, the ſame. which the parallelogram 


. . 


2 
1 


At the point B of the ſtraight line BC make the angle 


KC has to EG, but as BC to FG, ſo is, ER to, the ſtraight 
line M; therefore KB has given radio to M. and the ratio 
| N * of 
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And if the ratio of AB to M be given, the ratio of the pa- 
rallelogram AC to EG is given. for ſince the ratio of EB to 
BA is given, as alfo the ratio of AB 
to M, the ratio of KB to M is given d. RA L D 
and becauſe the parallelograms KC, EG 
are equiangular, as BC to FG, ſo is 
» EF to the ſtraight line to which KB E 
has the ſame ratio which the parallelo- ____ 
gram KC has to EG, but as BC to FG, N 8 
ſo is EF to M. therefore KB is to M, 
as the parallelogram KC is to EG. and the ratio of KB to M 
is given, therefore the ratio of the parallelogram KC, chat is 
of AC to EG is given. 

Cor. And if two triangles ABC, EFG have two equal 
angles. or two unequal, but given, angles ABC, EFG, and 
if as BC a fide of the firſt to FG a fide of the ſecond, ſo the 
other fide of the ſecond EF be made to a ſtraight line M; if 
the ratio of the triangles be given, the ratio of the other ſide 
of the firſt to the ſtraight line M is given. 

Complete the parallelograms ABCD, EFGH ; and becauſe 
the ratio of the triangle ABC to the triangle EFG is given, 
the ratio of the parallelogram AC to EG is given e, becauſe 
the parallelograms are double f of the triangles. and becauſe 
BC is to FG, as EF to M, the ratio of AB to M is given by 
the 63. Dat. if the angles ABC, EF G are equal; but if they 
be uncqual, but given N the ratio of AB to M is | given 
by this Propoſition, 

And if the ratio of AB to M A given, the ratio of the pa- 
rallelogram AC to EG is given by the ſame Propoſitions; and 
therefore the ratio of the triangle ABC to EFG is given. 


P R O P. LXV. 
F two equiangular parallelograms have a given ratio 
to one another, and if one ſide has to one ſide a gi- 
ven ratio; the other fide mall alſo have to the other ſide 
a given acio!. | 
Let the two equiangyla parallelograms AB, CD have a 
given ratio to one another, and let the ſide EB have a given 


ratio to the ſide FD; the other fide AE has allo, a given ratio 
to the otheppfidc CF. 


D. 
of Ty * BK is given, becauſe the triangle ABK is given in 
ſpecies *. therefore the ratio of AB to M is given®, © 0 


hg 


e. 15. 5. 
f. 41. I. 


68. 


4 | | Becauſe 
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410 E 
Becauſe the two equiangular parallelograms AB, CD hare WM the rat 
a given ratio to one another; as EB a ſide of the firſt is to FH AC 1s 
*. 3. Du. a fide of the ſecond, ſo is * FC the other fide of the ſecond't ven. a 
the ſtraight line to which AE the other ſide of the firſt has theſis, 
the ſame given ratio which the firſt parallelogram AB hay of KB 
to the other CD. let this ſtraight line be EG; therefore the tio of 
ratio of AE to EG is given, ratio t 
and EB is to FD, as FC to A given, 
EG, therefore the ratio of 1 2 The 
FC to EG is given, becauſe L 2 | B F 'D found 
the ratio of EB to FD is gi- 0 | MN g 
ven. and becauſe the ratio of | tude; 
AE to EG, as alſo the ratio HEL equal 
of FC to EG is given; the ra- and th 
b. 9. Dt, tio of AE to CF is given®, and be 
The ratio of AE to CF may be found thus; take a ſtraight has A 
line H given in magnitude, and becauſe the ratio of the pa- ren; 
rall-logram AB to CD is given, make the ratio of H to K the the ra 
ſame with it. and beeauſe the ratio of FI to EB is given, make AB tc 
the ratio of K to Lethe ſame. the ratio of AE to CF is the the tt 
ſame with the ratio of H to, L. make as EB to FD, ſo FC to ſo is | 
EG, therefore, by inverſion, as FD to EB, ſo is EG to FC. fore, 
and as AE to EG, ſo is“ (the parallelogram AB to CD, and 
ſo is) H to K; but as EG to FC, ſo is (FD to EB, and fo is) 
K to L; therefore, ex acquali, as AE to FC, ſo is H to L. Fy 
69. 6 1 ; bt | * YN V 
| PROP. LXV I, 
F two parallelograms haye unequal, but given, angles, 
and a giv cn ratio to ons another; if one ſide has to 
one fide a given ratio, the other fide has alſo a given ra- 
tio to the other ſide. of ” 
Let the two parallelograms ABCD, EF GH which have the 
given unequal angles ABC, EFG, have a given ratio to one 
another, and let the ratio of BE to FG be given; the ratio 
alſo of AB to EF is given. T 
At the point B of the ſtraight line BC make the angle CBK 
equal to the given angle EFG, and complete the parallelo- 
gramm BK LC. and becauſe el of the angles BAK, ARB is 
4 . Dat; given, the triangle ABR is given * in ſpecies; therefore the 


ratio of AB to BK is given. and becauſe, 4 che eocheg, 
; | the 


CBR 
allelo- 
KB is 
re the 
theſis, 

the 


the ratio of the parallelogram AC to EG is given, and that 


DA F2; | 411 


AC is equal ® to BL; therefore the ratio of BL to EG is gi- b. 35. 1, 
ven, and becauſe BL is equiangular to EG, and by the hypo- 
theſis, the ratio of BC to FG is given; therefore © the ratio © 65. Dat. 
of KB to EF is given. and the ra- 
tio of KB to BA is given; the 
ratio therefored of AB to EF is 
given, | 

The ratio of AB to EF may be 
found thus; take the ſtraight line 
MN given in poſition and magni- 
tude; and make the angle NMO 
equal to the given angle BAK, 
and the angle MNO equal to the given angle EFG or AKB. 
2nd becauſe the parallelogram BL is equiangular to EG, and 
has a given ratio to it, and that the ratio of BC to FG is gi- 
ren; find by the 65. Dat. the ratio of KB to EF; and make 
the ratio of NO to OP the ſame with it. then the ratio of 
AB to EF is the ſame'with the ratio of MO to OP. for ſince 
the trjangle ABK is cquiangular ro MON, as AB to BK, 
ſo is MO to ON; and as KB to EF, ſo is NO to OP; there- 
fore, ex aequali, as AB to EF, ſo is MO to OP. 


A K _D L 


P RD. P.LXVIL.: 9 
F the ſides of two equiangular parallelograms have gi- see 
ven. ratios to one another; the parallelograms ſhall 
have a given ratio to one another. 


Let ABCD, EFGH be two eguiangular parallelograms, and 
let the ratio of AB to EF, as Ad the ratio of BC to FG be 
given; ; the ratio of the parallelogram AC to EG is given. 

Take a ſtraight line K given in magnitude, and becauſe the 
ratio of AB to EF is given, : | 
make the ratio of K to L the, A — D E H 
ſame with it; therefore Li Us Win, 
given. and becauſe the ratio B 
of EC to FG is given, make K — 
the ratio of L to M the ſame, L —-— 
therefore M is given 3;. and _—_— 


+ 


K is given, wherefore * ratio of K to MI is given. but the b 1. pa. 


Fe AC is to the parallelogram EG, ag the ſtraight 
line 


* | 
* 
th 
a * 


* 
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Un : 
line K to the ſtraight line M. as is demonſtrated in the 2, 
Prop. of B. 6. Elem. therefore the ratio of AC to EG is given. 
From this it is plain how the ratio of two equiangular pa. 
rallelograms may be found when the ratios of their ſides are 
given, 


PROP. LXVIII. 


F the fides of two parallelograms which have unequal, 
but given, angles, have given ratios to one another; 


the parallelograms ſhall have a given ratio to one another, 


Let two parallelograms ABCD, EFGH which have the gi 
ven unequal angles ABC, EFG have the ratios of their ſides, 
viz, of AB to EF, and of BC to FG given; the ratio of the 
parallelogram AC to EG is given.“ 

At the point B of the ſtraight line BC make the angle 
CBK equalito the given angle EFG, and complete the paralle- 
logram KBCL. and becauſe each of the angles BAK, BKA is 
given, the triangle ABK is given * in ſpecies. therefore che 
ratio of AB to BK is given; and the ratio of AB to EF is 
given, wherefore ® the ratio of BK to EF is given. and the 


ratio of BC to FG is given; K A LD 
and the angle KBC is equal EH 
to the angle EFG; there- No . 
fore © the ratio of the pa- 


rallelogram KC to EG is gi- * 
ven. but KC. is. equal d to 
AC; therefore the ratio of 0 P N F 
AC to EG is given. 8 

The ratio of the paralleloggam AC to EG may be found 
thus; take the ſtraight line M given in poſition and magni- 
tude, and make the angle MNO equal to the given angle 
KAB, and the angle NMO equal to the given angle AKB or 
FEH. and becauſe the ratio of AB to EF is given, make the 


ratio of NO to P the: fame; alſo make the ratio of P to Q 


the ſame with the given ratio of 2 to FG, che parallelogram 
AC is to EG, as MO to Q. 

Becauſe the angle KAB is ea to the angle MNO, and 
the angle AKB equal to the angle NMO ; the triangle AKB 
is equiangular to NMO, therefore as KB to BA, fo is MO to 
ON; and as BA to "EF, ſo is NO to P; "wherefore, ex ae 
quali as KB to EF, fo is MO to P. nd BC is $0 FG, as 
5 to 
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to Q. and the parallelograms KC, EG are equiangular ; there- 
fore, as was ſhewn in Prop. 67, the parallelogram KC, that 
is AC, is to EG, as MO to Q. 
Cor. 1. If two triangles ABC; DEF have two equal angles, 71. 
or two unequal, but given angles ABC, DEF, and if the ra- 
tios of the fides about theſe angles, A 8 D H 


viz, the ratios of AB to DE, and 7 


of BC to EF be given; the triangles 
CE F 


ſhall have a given ratio to one an- 
other, R 

Complete the Parallelograms BG, 
EH; the ratio of BG to EH is given * 
angles which are the halves 
one another. 

Cor. 2. If the baſes BC, EF of two triangles ABC, DEF have 72. 
2 given ratio to one annther, and if alſo the ſtraight lines AG, 
DH which are drawn to the baſes from the oppoſite angles, 
either in equal angles, or uncqual, but given, angles AGC, 
DHF have a given ratio to ove A L D 
another; the triangles ſhall have 
a given ratio to one another. 

Draw BE, EL parallel to AG, | | 
DH, and complete the paralle- 5 G C E H F 
lograms KC, LF. and becauſe the angles ACC, DHF, or 
their equals the angles KBC, LEF are cither equal, or unequal, 
but given; and that the ratio of AG to DH, that is of KB to 
LE is given, as alſo the ratio of EC to EF; therefore * the © . 90 


— * 


ratio of the parallelogram KC to LF is given. wherefore alſo 
le: 


Aa 


and therefore the tri- * mug 7. or C2, 


of them have a given? ratio to b. 34. 7. 
C. 13. 5 


the ratio of the triangle ABC to DEF is given b. 


P R O MiLxix, 
*. a parallelogram which has a given angle be applied ©! 
to one fide of a rectilineal figure given in ſpecies ; if 
the figure have a given ratio to the parallelogram, the pa. 
rallelogram is given in ſpecies. _ 

Let ABCD be a rectilineal figure given in ſpecies, and to 
one ſide of it AB let the parallelogram ABEF having the gi- 
ven angle ABE be applied; if the figure ABCD has a siven 
ratio to the parallelogram BF, the parallclogram BF is given 
in ſpecies. ' 

Thro' the point A draw AG parallel to BC, and thro' the 
point C draw CG parallel to AB, and produce GA, CB to 

| the 


414 
a. 3. Def. 


b. 53. Dat: 


c. 9. Dat. 
5 


C. 1. 6. 


EB to BA is given ©, and becauſe the angle ABC is given, the 


E CL WEY 
the points H, K. becauſe the angle ABC is given“, and the 
ratio of AB to BC is given, the figure ABCD being given in 
ſpecies; therefore the parallelogram BG is given * in tpecie 
and becauſe upon the fame ſtraight line AB the two re&itiney 
figures BD, BG given in ſpecies are deſcribed, the ratio of 
BD to BG is given“. and, by hypotheſis, the ratio gf 
BD to the parallelogram BF is given; wherefore © the ratio o 
BF, that is 4 of the parallelogram BH, to BG is given, and 
therefore © the ratio of the ſtraight line KB to BC is given, 
and the ratio of BC to BA is given, wherefore the ratio of 
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adjacent angle ABK is given; and the angle ABE is given, 
therefore the remaining angle KBE is given. the angle Ek} 


is alſo given, becauſe it is equal to the angle ABK; therefore Let 
the triangle BKE is given in ſpecies, and conſequently the ra. one a1 
tio of EB to BK is given. and the ratio of KB to BA is given, cies b 
whereforeẽthe ratio of EB P the gi 
to BA is given. and the N the p: 
angle ABE is given, there- C Up 
fore the parallelogram . to be 
BF is given “ in ſpecies. B "| the r: 
A parallelogram ſimi- Pr the fi 

lar to BF may be found = | FD; 
thus; take a itraight hne H Ly K 1E a P Q RI ven“ 
LM given in pcfition and magnitude; and becauſe the angles is gi 
ABR, ABE are given, make the angle NLM equal to ABR. AEB 
and the angle NLO equal to ABE. and becauſe the ratio of ABO 
the : 


BF to BD is given, make the ratio of LM to P the ſame with 
it; and becauſe the ratio of the figure BD to BG is given, find the p 
this ratio by the 53. Dat. an make the ratio of P to Q the il given 
ſame. alſo, becauſe the ratio of CB to BA is given, make the AB « 
ratio of Q to R the ſame. and take LN equal to R, thro” the to A 
point M draw OM parallel to LN, and complete the parallelo- but! 


gram NLOS; then this is ſimilar to the parallelogram EF. A 


Becauſe the angle ABK is equal to NLM, and the angle ſtraiz 
ABE to NLO; the angle KBE is equal to MLO. and the the 1 
angles BKE, LMO are equal, becauſe the angle ABR is e- ſame 
qual to NLM. therefore the triangles BEE, LMoO are equi- AB 
angular to one another, wherefore as BE to BK, ſo is LO to FD 
LM. and becauſe ss the figure BF to BD, fo is the ſtraight AB 
line LM to P; and as BD to BG. ſoisP to Q; ex ae quali with 
as BF, that is 4 BH, to BG, ſo is LM to Q. but BH is to. | 

| . BG 


* 


. 
BG, as KB to Bc; as therefor: KB to BY, ſo is IM to Q. 
and becauſe BE is to BK, as LO to LM; and as BY to BGC, 
ſo is LM to Q; and as BC to BA, ſo Q was made to R; there- 


and the 
given In 


1 Ec) ; 
tin fore, ex aequali, as BE to BA, ſo is LO to R, that is ro LN. 
ratio gf and the angles ABE, NLO are equal; therefore the paralle— 


lram BY is fimilar to LS, | | 
PROP. LXX. 62. 78, 


ratio gf 


ratio of 

en, and F two ſtraight lines have a given ratio to one another, see N. 
is given. and upon onè ot them be deſcribed a rectilineal figure 

ratio of given in ſpecies, and upon the other a parallelogram ha- 


ven, the 
$ given, 
le EKB 
lere fore 
the rx 
s given, 


ving a given angle; if the figure have a given ratio to the 
parallelogram, the parallelogram is given in ſpecies. 


Let the two ſtraight lines AB, CD have a given ratio to 
one another, and upon AB let the figure AEB given in ſpe— 
cies be deſcribed, and upon CD the parallelogram DF having 
the given angle FCD; if the ratio of AEB to DF be giv en, 
the parallelogram DF is given in ſpecics. 

Upon the ſtraight line AB, conceive the Me AE AG 
to be deſeribed fimilar and ſimilarly placed to FD. and becauſe YN 
the ratio of AB to CD is given, and upon them are deſcribed | 


the ſimilar rectilineal figures AG, | 
FD; the ratio of AG to FD is gi- 

ven“. and the ratio of FD to AEB NN 3 a; 54. Dot, 
is given; therefore ® the ratio of * 1 b. 9. Dar. 


AEB to AG is given; and the angle 
ABG is given, becauſe it is equal to Mj—\ 
the angle FCD. becauſe therefore N | 5 | 
the parallelogram AG which has a 1 K L 
given angle ABG is applied toafide 
AB of the figure AEB given in ſpecies, and the ratio of AEB 
to AG is given, the parallelogram AG is given in ſpecies. c. 6. Du. 
but FD is ſimilar to AG; therefore FD is given in ſpecies. 

A parallelogram ſimilar to FD may be found thus; take a 
ſtraight line H given in magnitude; and becaule the ratio of 


: angles 
ABR, 
ratio of 
ne with 
en, find 
Q the 
ake the 
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angle 


nd the the figure AEB to FD is given, make the ratio of H to K the 
K is e- ſame with it. alſo becauſe the ratio of the ſtraight line CD to | 
> Equi- AB is given, find by the 54. Dat. the ratio which the figure 
LO to FD deſcribed upon CD has to the figure AG defcribed upon 


traight AB ſimilar to FD; and make the ratio of K to L the fame 
2quali with this ratio. and becaute the ratios of H to K, and of K 
is to | | | 


BG 


\ N - — . 

nas 0 i —— 

— o „ —. 

— = = — 8 - 
— — 5 DW” " 3 — 2 - * 
— — == I „ — —— — . N * 
ts - . 2 = s 
a 

- TP. = — 2 9 

bo — - T5 - * 7 — 7 =P 

0 2 ng 4 2 —_ ; 
— - 4 d was > 2 Re 2 * — 
— 4 — — — — Pw 22 — = = \ * — * 
own — —= py — 
1 
& 


> Sana \ b 
4 
— * * 2 
— 
— IEA 
* — 
5 4 — — 
- — 1 3 
= OE EIT —m—_—_ —_— — 
* 2 — — 2 
. T * - 


(i, E P ES JED 8 


2 07. Dat. ratio of the rectangle A, C to the rectangle D, F is given“ 
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b. 9. Pat. to L are given, the ratio of H to L is given b. becauſe there. 
fore as AEB to FD, fois H to K; and as FD to AG, (oi; 
K to L; ex aequali, as AEB to AG, ſo is II to L; there- 
fore the ratio of ALB to AG is given. and the figure AT} 
is given in ſpecies, and to its ſide AB the parallelogram AG 
is applied in the giyen angle ABG, therefore by the 69. Dx 
a parallelogam may be found fimilar to AG. let this be th, 
83 MN; MN alſo is ſimilar to FD. for, by th- 
eonſtruction, MN is ſimliar to AG, and AG is ſimilar to FU,; 
therefore the parallelogram FD is ſimilar to MN, 


3r. PROS; LXXT; 


F the extremes of three proportional ſtraight line 
have given ratios to the extremes of other three pro. 
portional ſtraight lines; the means ſhall alſo have a given 
ratio to one another. and if one extreme has-a given r- 
tio to one extreme, and the mean to the mean; likewiſe 
the other extreme ſhal] have to the other a given ratio, 


Let A, B, C be three proportional ſtraight lines, and D, 
E, F three other; and let the ratios of A to D, and of Ct 
F be given. then the ratio of B to E is alſo given. 

Becauſe the ratio of A to D, as alſo of C to F is given, the 


but the ſquare of B is equal to the rectangle A, C; and the 
ſquare of E to the reftangle*D, F. therefore the ratio of the 
- 52. Dat. ſquare of B to the ſquare of E is given; ; wherefore © fo the 
ratio of the ſtraight line B to E is given. | 


b. 17. 6. 


Next, let the ratio of A to D, and of B to E i 
given; then the ratio of C to F is alſo given. 

Becauſe the ratio of B to E is given. = ratio of RR C 
4 54. Dat. the ſquare of B to the ſquare of E is given d. there- D EF 
fore d the ratio of the rectangle A, C to the rec- 
tangle D, F is given. and the ratio of the fide A to 
the fide D is given; therefore the id oß the o- 

e. 65. Dat. ther ſide C to the other F is given“. ; — 

Cor. And if the extremes of four proportionals have te 
the extremes of four other proportionals given ratios, and one 
of the means a given ratio to one of the means; the other 
mean ſhall have a given ratio to the other mean, as may be 
fhewn in the ſame manner as in the foregoing Propoſition. 
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* there: 


P ROF. L&AIE 


re AF} 0 3 | : 
am AC F four ſtraight lines be proportionals ; as the firſt is to 
9. Da. the ſtraight line to Which the ſecond has a given ratio; 


be the 
by the 


to FI 


ſo is the third to the raight line to which the fourth 
has a given ratio. 


Let A, B, C, D be four proportional ſtraight lines, viz. | 
as A to B, ſoCtoD; as A is to the ſtraight line to which 
B has a given ratio, — is Cc to the ſtraight line to which D 


It line: has a given ratio. 


ce pro. Let E be the ſtraight line to which B has a given : 
given ratio, and as B 5 E, ſo make D to F. the ratio of I Tt 
ven to E is given“, and therefore the ratio of D to F. 
kewiſe and becauſe as A to B, ſo is C to D; and as B to F, AB C 

f ſo D to F; therefore, ex acquali, as A to E, ſo is 5 E F 
g. C to F. ad E is. the ſtraight line to which B has a [| 
and D, given ratio, and F that to which D has a given ratio; 
of Co therefore-as A is to the ſtraight line to which B Kos 

a given ratio, ſo is C to that to which D has a given ratio. b 

ven, the | 
given“ P R O P. LXXIII. . 
1nd the | : 82 
er the F four ſtraight lines be proportionals; as the firſt is to 5** x 
Iſo the the ſtraight line to which the {econd has a given ra- 


tio, ſo is the ſtraight line to which the third has a given 


| | ratio to the fourth. . 
RC 
E F Let the ſtraight line A be to „ B, as C to D; as A to the 
ſtraight line to which B has a given ratio, lo is the 
0 | ſtraight line to which C has a given ratio to D. , 
Let E be the ſtraight line to which B has a — 
ratio, and as B to E, ſo make F to C; becauſe the 
Ko ratio of B to E is given; the ratio of c to F is gi- A 1 E 
2 ven. and becauſe A is to B, as C to D; and as FN 
nd one | 
to E, ſo F to C; therefore, ex aequali in propor- 1 ä 
Other 2 
mers tione perturbata®, A is to E, as F to D; that is A a. 23. 3. 
* is to E to which B has a given ratio, as F, to which 
on. 
Or. C has a given ratio is to D. 


—_ OP 


E :U 
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PROP. LXXIv. 
Fa triangle has a given obtuſe angle; the exceſs of the 


ſquare of the fide which ſubtends the obtuſe angle a. 
bove the {quares of the ſides which contain it, ſhall bar 
a given ratio to the triangle. 


Let the triangle ABC have a given obtuſe angle ABC; and 
produce the ſtraight line CB, and from the point A ang 
AD perpendicular to BC. the exceſs of the ſquare of AC x. 
bove the ſquares of AB, BC, that is * the double of the red. 
angle contained by DB, BC, has a given ratio to the triangle 
, ABC, 

Becauſe the angle ABC ; given, the angle ABD is alſo gi 
ven; and the angie ADB is given, wherefore the triangle 
ABD is given ® in ſpecies; and therefore the ratio of AD 90 
DB is given. and as AD to DB, ſo is © the rectangle AD, 
BC to the rectangle DB, BC; wherefore the ratio of the reCtangl: 
AD, BC to the rectangle DB, BC is given, as alſo the ratio of twice 
the rectangle DB, BC to the rectangle AD, 
BC. but the ratio of the rectangle AD, 
BC to the 7 ABC is given, becauſe 
it is double © of the triangle; therefore 
the ratio of twice the rectangle |») e ee — 

to the triangle ABC is given ©, and twice D B C 
the rectangle DB, BC is the exceſs * of the iquaic of AC 
bove the ſquares of AB, BC. therefore this exceſs has a given 
ratio to the triangle ABC. 

And the ratio of this exceſs to the triangle ABC may be 
found thus; take a ſtraight line EF given in poſition and mag: 
nitude; and becauſe the angle ABC is given, at the point! 
of the ſtraight line EF make the angle EFG equal to the angle 
ABC; produce GF, and draw EH perpendicular to FG. then 
the ratio of the exceſs of the ſquare of AC above the ſquare 
of AB, BC to the triangle ABC is the ſame with the ratio of 
quadruple the ſtraight line HF to HE. 

| Becauſe the angle ABD is equal to the angle EFH, and 
the angle ADB to EHF, each being a right angle; the tri 
angle ADB is equiangular to EHF. therefore fas BD to DA, 
-fo FH to HE; and as quadruple of BD to DA, fo is “ qua 
druple of FH to HE. but as twice BD is to DA, fo is © twice 
the rectangle DB, BC to the rectangle AD, BC; and as DA 
to the halt of jt, ſo is b the rectangle AD, BC to its half th: 
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triangle ABC; therefore, ex acquali, as twice BD is to the 
half of DA, that is, as quadruple of BD is to DA, that is, as 
quadruple of FH to HE, ſo is twice the rectangle DB, BC to 
the * ABC. 
P R O P. LXXV. 65. 
Fa triangle has a given acute angle; the ſpace by 
which the ſquare of the ſide ſubtending the acute 
angle is leſs than the ſquares of the ſides which contain 
it, ſhall nave a given ratio to the triangle. 
Let the triangle ABC have a given acute angle ABC, and 
draw AD perpendicular to BC ; the ſpace by which the ſquare 
of AC is leſs than the ſquares of AB, BC, chat is * the dou- a. 3. 
ble of the rectangle contained by CB, BD, has a given ratio 
to the triangle ABC. 
Becauſe the angles ABD, ADB are each of them given, 
the triangle ABD is given in ſpecies; and therefore the ratio 
of BD to DA is given. and as BD to DA, A 
ſo is the rectangle CB, BD to the rectangle | 
CB, AD; therefore the ratio of theſe rect- 
angles is given, as alſo the ratio of twice the 
rectangle CB, BD to the rectangle CB, AD. vi | 
but the rectangle CB, AD has a given ratio B DC 
to its half the triangle ABC, therefore b the ratio of twice che o. ::, 
rectangle CB, BD to the triangle ABC is given. and twice 
the rectangle CB, BD is * the ſpace by which the ſquare of 
AC is leſs than the ſquares of AB, BC; therefore the ratio 
of this ſpace to the triangle ABC is given. and the ratio may 
be found as in the preceeding Propoſition, 
LEMM A, 
F from the vertex A of an Iſoſceles triangle ABC, any 
ſtraight line AD be drawn to the baſe BC; the ſquare ot 
the fide AB is equal to the rectangle BD, DC of the ſegments 
of the baſe together with the ſquare of AD. but if AD be 
drawn to the baſe produced, the ſquare of AD is equal to the 
— BD, DC together with the ſquare of A. 
Cas. 1. Biſect the baſe BC in E, and 
join AE which will be perpendicular * to 
BC; wherefore the ſquare of AB is equal 


bro the ſquares of AE, EB. but the ſquare | b. a 


of EB is equal © to the rectangle BD, DC „ * 
together with the ſquare of DE. chere- D RDE . 
| D d 2 | forc 


4. 5. & 32. 


b. 43. Dat. 


c. 50. Dat. 


„6. 


6. 41. 1. 


f. 37. 1. 


g. 9. Dat. 


i. of them is the half“ of the given angle 


n 
fore the ſquare of AB is equal to the ſquares of AE, Pp, 
that is to ® the ſquare of AD, together with the rectangle BD, 
DC. the other caſe is ſhewn in the ſame way by 6. 2, Elem, 
P R OP. LXXVI. 

J. a triangle have a given angle, the exceſs of the ſquare 

of the ſtraight line which is equal to the two fide; 
that contain the given angle, above the ſquare of the 


third fide, ſhall have a given ratio to the triangle. 

Let the triangle ABC have the given angle BAC, the exceſ; 
of the ſquare of the ſtraight line which is equal to BA, AC 
together above the ſquare of EC, ſhall have a given ratio to 
the triangle ABC. 


Produce BA, and take AD equal to AC, join DC and 
produce it to E, and thro' the point B draw BE parallel to 
AC; join AE, and draw AF perpendicular ts DC. and be— 
cauſe AD is equal to AC, BD is equal to BE; and BC i; 
drawn from the vertex B of the Iſoſceles triangle DBE, there- 
fore, by the Lemma, the ſquare of BD, that is of BA and 
AC together, is equal to the rectangle DC, CE together with 
the ſquare of BC; and therefore the ſquare of BA, AC to- 
gether, that is of BD is greater than D 
the ſquare of BC by the rectangle DC, 

CE: and this rectangle has a given F 

ratio to the triangle ABC. becauſe i C 

the angle BAC is given, the adjacent 

angle CAD is given; and each of the 

angles ADC, DCA is given, for each .. E 

BAC; therefore the triangle ADC is 

given“ in ſpecies; and AF is drawn from its vertex to the baſe 
in a given angle, wherefore the ratio of AF to the baſe CD 
is given e. and as CD to AF, ſo is © the rectangle DC, CE to 
the rectangle AF, CE; and the ratio of the rectangle AF, 
CE to its half © the triangle ACE is given; therefore the ra- 


tio of the rectangle DC, CE to the triangle ACE, that is * to 
the triangle ABC is given &. and the rectangle DC, CE is the 


B 


exceſs of the ſquare of BA, AC together above the ſquare of 


BC; therefore the ratio of this exceſs to the triangle ABC is 
given, 
The ratio which the rectangle DC, CE has to the triangle 


ABC is found thus. take the Lo line GH given in poſi- 
tion 
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tion and magnitude, and at the point G in GH make the angle 
HGK equal to the given angle CAD, and take GK equal to 
GH, join KH, and draw GL perpendicular to it. then the 
ratio of HK to the half of GL is the ſame with the ratio of 
the rectangle DC, CE to the triangle ABC, becauſe the angles 
HGK, DAC at the vertices of the Iſoſceles triangles GHK, 
ADC are equal to one another, theſe triangles are ſimilar, and 
becauſe GL, AF are perpendicular to the baſes HK, DC, as 
HK to GL, ſo is * (DC to AF, and ſo is) the rectangle DC, * 4 
CE to the rectangle AF, CE; but as GL to its half, ſo is the 
rectangle AF, CE to its half which is the triangle ACE, or 
the triangle ABC; therefore, ex acquali, HK is to the half 
of the ſtraight line GL, as the rectangle DC, CE is to the 
triangle ABC. 

Cor, And if a triangle have a given angle, the ſpace by 
which the ſquare of the ſtraight line which is the difference 
of the ſides which contain the given angle is leſs than the 
ſquare of the third ſide, ſhall have a given ratio to the tri- 
angle, this is demonſtrated the ſame way as the precceding 
Propoſition, by help of the ſecond caſe of the Lemma, 


"PQ Þ, © LEXVIL, I. 
8 F the perpendicular drawn from a given angle of a tri- Se N 
o the baſe ; 


angie to the oppoſite ſide, or bale, has a given ratio 
the triangle is given in ſpecies. 
Let the triangle ABC have the given angle BAC, and let 
he perpendicular AD drawn to the baſe BC, have a given ra- 
io to it; the triangle ABC is given in ſpecies. 


K 


A 


B RDC 


E O H M F 


ne of its angles be . the reſt are alſo given; and there - 
re the triangle is given in ſpecies, without the conſideration 
f the ratio of thc perpendicular to the baſe, which in this 
aſe is given by Prop. 50. 

But when ABC is not an Iſoſceles triangle, take any ſtraight 
ne EF given in poſition and magnitude, and upon it deſcribe 
D d 3 the 
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4 6. 
22. 6. 


If ABC be an Ifoſceles triangle, it is ep * that if any a. 5. & 32. 1. 


422 E ˖˙ 'D 


the ſegment of a circle EGF containing an angle equal to the the u 

given angle BAC; draw GH biſecting EF at right angles, and the ar 

join EG, GF. then ſince the angle EGF is equal to the angle NEF 

BAC, and that EGF is an Iſoſceles triangle and ABC is not, be oy 

the angle FEG 1s not equal to the angle CBA. draw EL' ma- its pet 

king the angle FEL equal to the angle CBA, join FL, and or Ne 

draw LM perpendicular to EF. then becauſe the triangles ELF, leſs th 

BAC are equiangular, as alſo are the triangles MLE, DAB, ng de 

as ML to LE, ſo is DA to AB; and as LE toEF,ſo is ABroBc; in che 
wherefore, ex acquali, as LM to EF, fo is AD to BC. and be- 36-25 

cauſe the ratio of AD to BC is given, therefore the ratio of LM with | 

+. +. Dat. to EF is given; and EF is given, wherefore * LM alſo is given. dy 
complete the parallelogram LMFK, and becauſe LM is given, are far 

FK is given in magnitude; it is alſo given in poſition, and Co 

. the point F is given, and conſequently © the point K; and be- if che 
becauſe thro' K the ſtraight line KL is drawn parallel to EF poſite 

© 2 which is given in poſition, therefore © KL is given in poſition; * 
. ARD 

N 2 K is give 

2 ly * th 

NR | theret 

B RDC Co 

E O H M F "wu 

and the circumference ELF is given in policion, therefore the _ 

mo point L is given ©. and becauſe the points L, E, F are given, angles 
Du. the ſtraight lines LE, EF, FL are given f in magnitude; there- baſes 4 

Der, fore the triangle LEF is given in ſpecies*, and the triangle RR 
ABC is ſimilar to LEF, wherefore alſo ABC is given in ſpecies. angles 

Becauſe LM is leſs than GH, the ratio of LM to EF, that "Ji 

is the given ratio of AD to BC muſt be leſs than the ratio of Cdn 

GH to EF, which the ſtraight line, in a ſegment of a circle was 
containing an angle equal to the given angle, that biſects the oiven 

baſe of the ſegment at right angles, has unto the baſe. EF "= 

Cox 1. If two triangles ABC, LEF have one angle BAC ratio 

equal to one angle ELF, and if the perpendicular AD be to th 6 

the baſe BC, as the perpendicular LM to the baſe EF; the conſe 
triangles ABC, LEF are ſimilar. _ 
Deſcribe the circle EGF about the triangle ELF, and draw eic 

LN parallel to EF, join EN, NF, and draw NO perpendicu- WW lar to 

lar to EF, becauſe the angles ENF, ELF are equal, and that EL, 
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the angle EFN is equal to the alternate angle FNL, that is to 
the angle FEL in the ſame ſegment, therefore the triangle 
NEF is ſimilar to LEF. and in the ſegment EGF there can 
be no other triangle upon the baſe EF which has the ratio of 
its perpendicular to that baſe the ſame with the ratio of LM 
or NO to EF, becauſe the perpendicular muſt be greater or 
leſs than LM or NO. but, as has been ſhewn in the preceed- 
ing demonſtration, a triangle ſimilar to ABC can be deſcribed 
in the ſegment EGF upon the baſe EF, and the ratio of its 
perpendicular to the baſe is the ſame, as was there ſhewn, 
with the ratio of AD to BC, that is of LM to EF. therefore 
that triangle muſt be either LEF, or NEF, which therefore 
are ſimilar to the triangle ABC. | 


if the ſtraight line AR drawn from the given angle to the op- 
polite ſide BC, in a given angle ARC, has a given ratio to 
BC; the triangle ABC is given in ſpecies. 

Draw AD perpendicular to BC; therefore the triangle 
ARD is given in ſpecies; wherefore the ratio of AD to AR 
is ond and the ratio of AR to BC is given, and conſequent- 


therefore given in ſpecies “. 

Co k. 3. If two triangles ABC, LEF have one angle BAC 
equal to one angle ELF, and if ſtraight lines drawn from theſe 
angles to the baſes, making with them given and equal angles, 
have the ſame ratio to the baſes, each to each; then the tri- 
angles are ſimilar, for, having drawn perpendiculars to the 
baſes from the equal angles, as one perpendicular is to its baſe, 


angles are ſimilar, 

A triangle ſimilar to ABC may be found thus; having de- 
ſcribed the ſegment EGF and drawn the ſtraight line GH as 
was directed in the Propoſition, find FK which has to EF the 
given ratio of AD to BC; and place FK at right angles to 
EF from the point F. then becauſe, as has been ſhewn, the 
ratio of AD to BC, that is of FK to EF, muſt be leſs than 
the ratio of GH to EF; therefore FK is leſs than GH; and 
conſequently the parallel to EF drawn thro' the point K muſt 
meet the circumference of the ſegment in two points, let L be 


ELF, and that AD is to BC, as KF, that is LM to EF, the 
FI ABC is fimilar to the triangle LEF, by Cor. 1. 
Dd 4 PROP. 


Cor. 2. If a triangle ABC has a given angle BAC, and 


either of them, and join EL, LF, and draw LM perpendicu- 
lar to EF. then becauſe the angle BAC is equal to the angle 


423 


ly the ratio of AD to BC is given; and the triangle ABC is K 9. Dat. 


i, 77. Dat, 


lo is the other to its baſe *, wherefore, by Cor 1. the tris x. n 4 


424 


2. 41. 1. 


b. Cor. 62. 
Dat. 


8G. 9. Dat. 
« 


e. 77. Dat. 


VVV 
PROP. LXXVII. 

F a triangle have one angle given, and if the ratio ot 

the rectangle of the ſides which contain the ven 
angle to the ſquare of the third fide be given; the tri- 
angle is given in ſpecies. | 

Let the triangle ABC have the given angle BAC, and let 
the ratio of the rectangle BA, AC to the ſquare of BC be gi. 
ven; the triangle ABC is given in ſpecies, 

From the point A draw AD perpendicular to BC; the rect. 
angle AD, BC has a given ratio to its half“ the xrigagle ABC, 
and becauſe the angle BAC is given, thezratio of the triangle 
ABC. to the rectangle BA, AC is given®; and, by the hypo- 
theſis, the ratio of the rectangle BA, AC to the ſquare of BC 
is given. therefore © the ratio of the rectangle AD, BC to the 


ſquare of BC, that is © the ratio of the ſtraight line, AD to BC 
is given. wherefore the triangle ABC is given © in fpecies. 
A triangle ſimilar to ABC may be found thus; take a 
ſtraight line EF given in pofition and magnitude, and make 
the angle FEG equal to the given angle BAC, and draw FH 
perpendicular to EG, and BK perpendicular to AC; therefore 
the triangles ABR, EFH M FR 

are ſimilar. and the re&t- A $2 

angle AD, BC, or the 

rectangle BK, AC, which 

is cqual to it, is to the N 
rectangle BA, AC, as the 

ſtraight line BE to BA, B D N 7 F 

that is as FH to FE; let the given ratio of the rectangle BA, 
AC to. the ſquare of BC be the ſame with the ratio of che 
{traight line EF to FL; therefore, ex aequali, the ratio ot 
the rectangle AD, BC to the ſquare of BC, that is the ratio 
of the ſtraight line AD to BC, is the ſame with the ratio of 
RF to FL. and becauſe AD is not greater than the ſtraight 
line MN in the ſegment of the circle deſcribed about the tri- 
angle ABC, which biſccts BC at right angles; the ratio of 
AD to BC, that is of HF to FL, muſt not be greater than the 
ratio of MN to BC. let it be ſo, and by the 77. Dat. find a 
triangle OPQ which has one of its angles POQ equal to the 
given angle BAC, and the ratio of the perpendicular OR, 
drawn from that angle, to the baſe PQ the ſame with the 
ratio of Hr to FL. chen the triangle ABC is ſimilar to 
| | EW 


0 AT: A: 


OPQ, becauſe, as has been ſhewn, the ratio of AD to BC 
is the ſame with the ratio of (HF to FL, that is, by the con- 
ſtruction, with the ratio of) OR to PQ; and the angle BAC 
is que to the angle POQ. therefore the triangle ABC is 
ſimilar * to the triangle POQ. "> "BO 
Otherwiſe, e 
Let the triangle ABC have the given angle BAC, and let 
the ratio of the rectangle BA, AC to the ſquare of BC IT 


given ; the triangle ABC is given in ſpecies, 


Becauſe the angle BAC is given, the exceſs of the machte 
of both the ſides BA, AC together above the ſquare of the 
third ſide BC has a given“ ratio to the triangle ABC. let the, „6. Dar 
figure D be equal to this exceſs; therefore the ratio of D to 
the triangle ABC is given; and the ratio of the triangle ABC 
to the rectangle BA, AC is given® , becauſe BAC is a given b. Cor. 62. 
angle; and the rectangle BA, AC 'S A 1 
a given ratio to the ſquare of BC; l 
wherefore © the ratio of D to the ENG 
ſquare of BC is given. and, by com- B C 
poſition d, the ratio of the ſpace D 
together with the ſquare of BC to the ſquare of BC is given. 
but D together with the ſquare of BC is equal to the ſquare. 
of both BA and AC together; therefore the ratio of the 
iquare of BA, AC together to the ſquare of BC is given - and 
the ratio of BA, AC together to BC is therefore given ©, and e. 59. Pat. 
the angle BAC is given, wherefore f the triangle ABC is 48. Dat. 
given in ſpecies. 
The compoſition of this which depends upon thoſe of the 
76. and 48. Propoſitions is more complex than the preceed 


ing compoſition which depends upon that of Prop. 77. which 
is eaſy, 


c. 10. Dat. 


d. 7. Dat. 


PROP. LXXIX. K. 
F a triangle have a given angle, and if the ſtraight line % x. 
drawn from that angle to the baſe, making a given 
angle with it, divides the baſe into ſegments which have 
a given ratio to one another; the triangle is given in 
ſpecies. 


Let the triangle ABC have the given angle BAC, 8 let 
the ſtraight line AD drawn to the baſe BC making the given 
angle ADB, divide BC into the ſegments BD, DC which have 

2 given 


b. 20. 3. 


6. 44. Dat. are equal to one another; 


f. 47. Det. 


L. 


4 7. Dat. the ratio of CB to BD is given? 
DC is given ; therefore the ratio of EB to BD is given 
« 9. Dat. the angle EBC is given, wherefore the triangle EBD is givene 


a 


given ratio to one another; the triangle ABC is given in ſpecies, 
Deſcribe * the circle BAC about the triangle, and from its 
center E, draw EA, EB, EC, ED. becauſe the angle BAC is 


given, the angle BEC at the center, which is the double 


of it, 


is given. and the ratio of BE to EC is given, becaufe they 


therefore © the triangle BEC is 


given in ſpecies, and the ratio of EB to BC given. alſo 


, becauſe the ratio of BD to 
©, and 


in ſpecies, and the ratio of EB, that is of EA to ED is there- 
fore given. and the angle EDA is given, becauſe each of the 
ang. BDE, BDA is given. therefore the triangle AED is 


given fin ſpecies, and the angle AED 
given; alſo the angle DEC is given, be- 
cauſe cach of the angles BED, BEC is 
given; therefore the angle AEC is given. 
and the ratio of EA to EC, which are 


equal, is given; and the triangle AEC is B 


therefore given © in ſpecies, and the angle 


C 


ECA given. and the angle ECB is given, wherefore the 
angle ACB is given. and the angle BAC is alſo given; there- 
f. 43. Dat» fore ® the triangle ABC is given in ſpecies. 

A triangle ſimilar to ABC may be found, by taking a ſtraight 
line given in poſition and maguitude, and dividing it in the 
given ratio which the ſegments BD, DC are required to have 
to oneanother; then if upon that ſtraight line a ſegment of a 


circle be deſcribed containing an angle equal to the given angle 
BAC, and a ſtraight line be drawn from the point of diviſion in 
an angle equal to the given angle ADB, and from the point 


where it mects the circumference, ſtraight lines be drawn to 


the extremity of the firſt line, theſe together with the firſt line 
ſhall contain a triangle ſimilar to ABC, as may eaſily be ſhewn. 

The Demonſtration may be alſo made in the manner of thar 
of the 77. Prop. and that of the 77. may be made in the 


manner of this, 


EN DP. . 


F the ſides about an angle of a triangle have a given 


ratio to one another, and if the perpendicular 


drawn from that angle to the baſe has a given ratio to the 


| baſe; the triangle is given in ſpecies. 
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Let the fides BA, AC, about the angle BAC of the triangle | 
ABC have a given ratio to one another, and let the perpen- 
dicular AD have a given ratio to the baſe BC; the triangle 
ARC is given in ſpecies. 

Firſt, let the ſides AB, AC be equal to one another, there- 
fore the perpendicular AD, biſects * the baſe A ERC 
BC. and the ratio of AD to BC, and there- 
fore to its half DB 1s given ; and the angle 1 TX. 
ADB is given. wherefore the triangle“ ABD D C * 43. Dat. 
and conſequently the triangle ABC is given b k. A. Date 
in ſpecies, 

But let the ſides be uncqual, and BA be greater than AC 
and make the angle CAE equal to the angle ABC. becauſe 
the angle AEB is common to the triangles AEB, CEA, they 
are ſimilar; therefore as AB to BE, fo is CA to AE, and, by 
permutation, as BA to AC, ſo is BE to EA, and ſo is EA 
ro EC. and the ratio of BA to AC is given, therefore the 
ratio of BE to EA, and the ratio of EA to EC, as alſo the 
ratio of BE to EC is given ©; wherefore the ratio of EB to e. 9. Du. 
BC is given 4, and the ratio of AD to BC NS 


is given by the Hypotheſis, therefore © the 2 
ratio of AD to BE is given; and the ratio 3 
of BE to EA was ſhewn to be given; where- — 


LA 


fore the ratio of AD to AE is given. and B FC E D 
ADE is a right angle, therefore the triangle ADE is given © e. 46. Dat, 
in ſpecies, and the angle AEB given; the ratio of BE to EA 
is likewiſe given, therefore ® the triangle ABE is given in 
ſpecies, and conſequently the angle EAB, as alſo the angle 
ABE, that is the angle CAE is given; therefore the angle 
BAC is given, and the angle ABC being allo given, the tri- 
angle ABC is given * in ſpecies. | 
How to find a triangle which ſhall have the things 
which are mentioned to be given in the Propoſition, is evident 
in the firſt caſe. and to find it the more caſily in the other 
caſe, it is to be obſerved that if the ſtraight line EF equal to 
EA be placed in EB towards B, the poiat F divides the baſe 
BC into the ſegments BF, FC which have to one another the 
ratio of the ſides BA, AC. becauſe BE, EA, or EF, and 
EC were ſhewn to be proportionals, therefore * BF is to FC, 9. 5. 
as BE to EF, or EA, that is as BA to AC. and AE cannot 


be leſs than the altitude of the triangle ABC, but it may be 
equal 


f. 43- Dat. 


D -w ̃ 
equal to it; which if it be, the triangle, in this caſe, as alſo 
the ratio of the ſides, may be thus found. having given the 
ratio of the perpendicular to the baſe, take the ſtraight line 
GH given in poſition and magnitude, for the baſe of the tri- 
angle to be found; and let the given ratio of the perpendicu- 
lar to the baſe be that of the ſtraight line K to GH, that is, 
let K be equal to the perpendicular; and ſuppoſe GLH to be 
the triangle which is to be found, therefore having made the 
angle HLM cqual to LGH, it is required that LM be 
perpendicular to GM and equal to K, and becauſe GM, ML, 
MH are proportionals, as was ſhewn of BE, EA, EC, the 
rectangle GMH is equal to the ſquare of ML. add the com- 
mon ſquare of NH, (having biſected GH in N) and the ſquare 
of NM is equal ® to the ſquares of the given ſtraight lines NH 
and ML, or K. therefore the ſquare of NM, and its ſide 
NM, is given, as alſo the point M, viz, by taking the ſtraight 
line NM the ſquare of which is equal to the ſquares of NH, 
ML. draw ML equal to K, at right angles to GM. and be- 
cauſe ML is given in poſition and magnitude, therefore the 
point L is given; join LG, LH, then the triangle LGH is 
that which was to be found, for the ſquare of NM is equal to 


the ſquares of NH and ML, and taking away the common 
ſquare of NH, the rect- | 


angle GMH is equal © to 
the ſquare of ML; there- 
fore as GM to ML, ſo is 
ML to MH, and the tri- 
angle LGM ish therefore 
equiangular to HLM, and 
the angle HLM equal to 
the angle LG M, and the ſtraight line LM, drawn from the 
vericx of the triangle making the angle HEM equal to LGH, 
is perpendicular to the baſe and equal to the given ſtraight 
line K, as was required, and the ratio of the fides GL, LH 
is the ſame with the ratio of GM to ML, that is, with the 
ratio of the ſtraight line which is made up of GN the half of 
the given baſe and of NM, the ſquare of which is equal to the 
ſquares of GN and K, to the itraight line K. 


And whether this ratio of GM to ML is greater or leſs 


than the ratio of the ſides of any other triangle upon the baſe 
GH, and of which the altitude is equal to the ſtraight line K, 
2, that 
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of P. 


= 6.3. 
that is, the vertex of which is in the parallel to GH drawn 


uſo thro' the point L, may be thus found, Let OGH be any 

the ſuch triangle, and draw OP making the angle HOP equa! to ] 
line che angle OGH; therefore, as before, GP, PO, PH are pro— Bi 
tri- portionals, and PO cannot be equal to LM, becauſe the rect- 4 
CU- angle GPH, would be equal to the rectangle GMH, which is a 
is, impoſſible, for the point P cannot fall upon M, becauſe O 
be would then fall on L; nor can PO be leſs than LM, therefore if 
the it is greater; and conſequently the rectangle GPH is greater 4 
be than the rectangle GMI, and the ſtraight line GP greater 1 
IL, than GM. therefore the ratio of GM to MH i is greater than ; 
the the ratio of GP to PH, and the ratio of the ſquare of GM | 
m- to the ſquare of ML is therefore i greater than the ratio of the; 2. c. 5 
lare ſquare of GP to the ſquare of PO, and the ratio of the 2% 6. 


ſtraight line GM to ML, greater than the ratio of GP to PO. 
but as GM to ML, ſo is GL to LH; and as GP to PO, ſo 
is GO to OH; therefore the ratio of GL to LH is greater 
than the ratio of GO to OH; wherefore the ratio of GL to 
LH is the greateſt of all others; and conſequently the given 
ratio of the greater ſide to the leſs muſt not be greater than 
this ratio. 

But if the ratio of the ſides be not the ſame with this great- 
eſt ratio of GM to ML, it muſt neceſſarily be leſs than it. 
Letany leſs ratio be given, aud the ſame things being ſappo- 
ſed, viz. that GH is the baſe, and K equal to the altitude of 
the triangle, it may be found as follows. Divide GH in the 
point Q , ſo that the ratio of GQ ro QH may be the ſame 
with the given ratio of the fides ; and as Gl) to QH, ſo make 
GP to PO, and fo will f PQ be to PH; wherefore the ſquare f. 9. 4 
of GP is to the ſquare of PQ , as the ſtraight line GP to 
PH. and becauſe GM, ML, MH are proportionals, the ſquare of 
GM is to the ſquare of ML, as the ſtraight line GM to MH. 
but the ratio of GQ.to QH, that is the ratio of GP to PQ, 
is leſs than the ratio of GM to ML; and therefore the ratio 
of the ſquare of GP to the ſquare of PQ is leſs than the ratio 
of the ſquare of GM to that of ML; and conſequently the 
ratio of the ſtraight line GP to PH is leſs than the ratio of 
GM to MH, and, by diviſion, the ratio of GH to HP is leſs 
than that of GH to HM; wherefore * the ſtraight line HP is 
greater than HM, and the rectangle GPH, that is the ſquare 
of PQ, greater than the reQangle GMH, that is than the 

{quare 


k. 10. 5. 


M. 


2» 4. 6. 


ſquare of ML, and the ſtraight line P 
than ML. draw LR parallel to GP, and from P draw PR At 
right angles to GP, becauſe P 
the circle deſcribed froin the center P, at the diſtance PY, 
muſt neceſſarily cut LR in two points; let theſe be O, 8, and 
join OG, OH; 86, 8H; each of the triangles OGH, SGH 
have the things mentioned to be given in the Propoſition, 
join OP, SP; and becauſe as GP to P 
to PH, the triangle OG is cquiangular to HOP; as, there. 
fore, OG to GP, fo is HO to OP, and, by permutation, 2 


perpendicular from that angle to the baſe divides it int 


other; the triangle ABC is given in ſpecies. 


Dr 


is therefore greater 


is greater than ML, or Ph, 


Q, or PO, ſo is 0 


GO to OH, ſo is GP to PO, or PQ, and fo is GQ to QH, 


therefore the triangle OG H has the ratio of its ſides GO, Oi 
the ſame with the given ratio of GQ to QU ; and the perpey. 
dicular has to the baſe the given ratio of K to GH, becaulc 
the perpendicular is equal to LM, or K. the like may bc ſhewn 


in the ſame way of the triangle SGH. | 

This conſtruction by which the triangle OGH is found, is 
ſhorter than that which would be deduced from the Demon. 
{tration of the Datum; by reaſon that the baſe GH is given 
in poſition and magnitude, which was not ſuppoſed in the 
Demonſtration. the ſame thing is to be obſcrved in the next 
Propoſition. 


PROP. LXXXI. 


F the ſides about an angle of a triangle be uncqui 
and have a given ratio to one another, and if the 


ſegments that have a given ratio to one another; the 
triangle is given in ſpecics. 


Let ABC be a triangle, the ſides of which about the an! 
BAC are unequal, and have a given ratio to one another, 
and let the perpendicular AD to the baſe BC divide it int 
the ſegments BD, DC which have a given ratio to one ir 


Let AB be greater than AC, and make the angle CA 
equal to the angle ABC ; and becauſe the angle AEB is cow 
mon to the triangles ABE, CAE, they are“ equiangular t 
one another, therefore as AB to BE, ſo is CA to AE, ans 
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. 
by permutation, as AB to AC, ſv BE to A 
EA, and ſo is EA to EC. but the ratio 
BA to AC is given, therefore the ratio - ACN 
of BE to EA, as alſo the ratio of EA to B D 
EC is given; wherefore d the ratio of M 
BE to EC, as alſo © the ratio of EC to O 
CB is given. and the ratio of BC to CD 
is given 4, becauſe the ratio of BD to 
DC is given; therefore ® the ratio of EC G KLH N 
to CD is given, and conſequently © the ratio of DE to EC. 
and the ratio of EC to EA was ſhewn to be given, therefore b 
the ratio of DE to EA is given. and ADE is a right angle, 
wherefore © the triangle ADE is given in ſpecies, and the 
angle AED given, and the ratio of CE to EA is given, there- 
fore the triangle AEC is given in ſpecies, and conſequently 
the angle ACE is given, as alſo the adjacent angle ACB, in 
the ſame manner, becauſe the ratio of BE to EA is given, the 
triangle BEA is given ia ſpecies, and the angle ABE is there- 
fore given. and the angle ACB is given; wherefore the tri- 
angle ABC is given“ in ſpecies, 

But the ratio of the greater fide BA to the other AC muſt 
be leſs than the ratio of the greater ſegment BD to DC. be- 
cauſe the ſquare of BA is to the ſquare of AC, as the ſquares 
of BD, DA to the ſquares of DC, DA; and the ſquares of 
BD, DA have to the ſquares of DC, DA a leſs ratio than 
the ſquare of BD has to the ſquare of DC + , becauſe the 
ſquare of BD is greater than the ſquare of DC; therefore the 
ſquare of BA has to the ſquare of AC a leſs ratio than the 
ſquare of BD has to that of DC. and conſequently the ratio 
of BA to AC is leſs than the ratio of BD to DC. 

This being premiſed, a triangle which ſhall have the things 
mentioned to be given in the Propoſition, and to which the 
triangle ABC is ſimilar, may be found thus. take a ſtraight 
line GH given in poſition and magnitude, and divide it in K, 
ſo that the ratio of GK to KH may be the ſame with the given 
ratio of BA to AC; divide alſo GH in L, ſo that the ratio 

of 


+ 1f A be greater than B, and C any third as A ls to B, ſo A and C to B and D; and 
magnitude; then A and C together have to B A and C have to B and C a lefs ratio than A 
and C together a leſs ratio than A has to B. and C have to B and D, becauſe C is greater 

Let A be to B as C to D, and becauſe A than D, therefore A and C have to B and C 
is greater than B, C is greater than D. but} a leſs ratio than A to B. 


d. 7. Dat. 


e. 46. Da.. 


f. 44. Day, 


g. 43. Day, 


=> x ps = 
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h. 19. f. 


60. 


tion, as GO to OH, ſo is GN to NO, or NK, 


T 


of GL to LH may be the ſame with the given ratio of BD to 
DC, and draw LM at right angles to GH. and becauſe the 
ratio of the ſides of a triangle is leſs than the ratio of the ſeg- 
ments of the baſe, as has been ſhewn, the ratio of GK to KH 
is leſs than the ratio of GL to LH, whercfore the point I. 
muſt fall betwixt K and H. alſo make as GK to KH, ſo GN 
to NK, and ſo ſhall b NK be to NH. and from the center N, 
at the diſtance NK deſcribe a circle, and let its circumference 
meet LM in O, and join OG, OH; then OGH is the tri. 
angle which was to be deſcribed. de GN is to N, or 
NO, as NO to NH, the triangle OG N is equiangular to HON; 
therefore as OG to GN, ſo is HO to ON, and, by permuta- 
that is as GK 
to KH, that is in the given ratio of the ſides, and, by the con- 
ſtruction, GL, LH have to one another the given ratio of the 
ſegments of the baſe, 


P:K-O-P. LAXAXITE. 


F a parallelogram given in ſpecies and magnitude be 

increaſed, or diminiſhed by a gnomon given in 
magnitude; the ſides of the g — are given in mag- 
nitude. 


Firſt, let the parallelogram AB given in ſpecies and mag- 
nitude be increaſed by the given gnomon ECBDFG; each of 
the ſtraight lines CE, DF is given. 

Becauſe, AB is given in ſpecies and magnitude, and that 
the gnomon ECBDFG is given, therefore the whole ſpace 


5 Def. AG is given in magnitude. but AG is alſo given in ſpecies, 
a. 4 2. and 


24. 6. 
b. 60 Dat. given 


e. K N. 


of the remainders EC, DF is given ©. 


becauſe it is ſimilar * ro AB; therefore the ſides of AG arc 
o, each of the ſtraight lines AE, AF F. 


is therefore given; and each of the ſtraight c 
| I * | 


lines CA, AD is given, therefore each 
FD A 


EE 


Next, let the parallelogram AG given 
in ſpecies and magnitude be diminiſhed by 
the given gnomon ECBDFG ; each of the 
ſtraight lines CE, DF is given. 


Becauſe the parallelogram AG is given, as alſo its guomon 


ECBDFG; the remaining ſpace AB is given in magnitude, 
but 
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but it is alſo given in ſpecies; becauſe it is fimilar* to AG; F *- Def 


therefore“ its ſides CA, AD are given. and each of the ſtraight r. 
lines EA, AF is given; therefore EC, DF are cach of them W 
iven. 

| The gnomon and its fides CE, DF may be found thus in 

the firſt caſe. let H be the given ſpace to which the gnomon 

muſt be made equal, and find 4 a parallelogram ſimilar to AB 4. 25. . 
and equal to the figures AB and H together, and place its 

ſides AE, AF from the point A, upon the ſtraight lines AC, 

AD, and complete the parallelogram AG, which is about the 

ſame diameter © with AB. becauſe therefore AG is equal to , 26. 6. 

both AB and H, take away the common part AB, the re- 
maining gnomon ECBDFG is equal to the remaining figure 

H. therefore a gnomon equal to H, and its fides CE, DF are 

found. and in like manner they may be found in the other 

caſe, in which the given figure H muſt be leſs than the figure 

FE from which it is to be taken, 


PROP. LXXXIII. 


F a parallelogram equal to a given ſpace be applied to 
a given ſtraight line, deficient by a parallelogram 
given in ſpecies; the ſides of the defect are given. 


Let the parallelogram AC equal to a given fpace be applicd 
to the given ſtraight line AB, deficient by the parallelogram 
BDCL given in ſpecies; each of the ſtraight lines CD, DB 
are given. 
Biſect AB in E; therefore EB is given in magnitude. up- 
on EB deſcribe * the parallelogram EF fimilar to DL and ſimi- 1 18. 6. 


larly placed; therefore EF is given in 

ſpecies, and is about the ſame diameter? _ G HF * 4 K 
with DL; let BCG be the diameter, and 

conſtruct the figure. therefore becauſe n; 

the figure EF given in ſpecies is deſcri- 2 " 


bed upon me given ſtraight line EB, A E D B 


EF is given © in magnitude. and the 4 
gnomon ELH is equal d to the given figure AC, therefore ©, 36. and 
ſince EF is diminiſhed by the given gnomon ELH, the fides By 
EK, FH of the gnomon are given, but EK is equal to DC, 
and FH to DB ; wherefore CD, DB are each of them given. 

Ee This 


De 


Draw 


| / This Demonſtration is the Analyſis of the problem in the Dra 
' 28. Prop. of Book 6. the conſtruction and Demonſtration of arudt 
| which Propoſition is the Compoſition of the Analyſis. and be. M BC „ 
cauſe the given ſpace AC or its equal the gnomon ELH is to given 
be taken from the figure EF deſcribed upon the half of AB fore B 
| ſimilar to BC, therefore AC muſt not be greater than EF, «Ml the pa 
| is ſhewn in the 27. Prop. B. 6. tude 1 
| line A 
ram | 
| 59. N 0 Ts LXXXIV. Dr ch 
F a parallelogram equal to a given ſpace be applied to AB is 
| a given ſtraight line, exceeding by a parallelogram IM it has 
| given in ſpecies; the ſides of the exceſs are given. * 
| 0 
| | 
| Let the parallelogram AC equal to a given ſpace be applied ſtraigh 
| to the given ſtraight line AB, excecding by the parallelogram en ip 
| BDCL given in ſpecies; each of the ſtraight lines CD, DB To 
are given, \ AK e 
Biſect AB in E; therefore EB is given in magnitude. upon BK fi 
| a, 16. 6. EB deſcribe a the parallelogram EF fimilar to LD, and ſimilar- and t! 
ly placed; therefore EF is given in ſpecies, and is about the produ- 
| b. 26. 6.) ſame diameter d with LD. let CBG be The 
the diameter, and conſtruct the fi- ven ff 
| gure. therefore becauſe the figure EF , cheref, 
given in ſpecies is deſcribed upon ther AB ii 
j given ſtraight line EB, EF is given in * K LC gram | 
| © £56. Dat, Magnitude © , and the gnomon ELH is | 
| 4. 36. ang equal to the given figure 4 AC; wherefore fince EF is in- IF t 
4. . creaſed by the given gnomon ELH, its ſides EK, FH are m 
. 82, Dat. given © , but EK is equal to CD, and FH to BD; cherefore ſtraig 
| CD, DB are each of them given. : Y oe 
| This Demonſtration is the Analyſis of the Problem in the . de 
| 29. Prop. Book. 6. the conſtruction and Demonſtration of Wes 
j which is the Compoſition of the Analyſis. | Let 
C Cor. If a parallelogram given in ſpecies be applied to af A. 
| given ſtraight line, exceeding by a parallelogram equal to 24 _ " ; 
| given ſpace ; the ſides of the parallelogram are given. at" 
| Let the parallelogram ADCE given in ſpecies be applied to o Af 
| the given ſtraight line AB exceeding by the parallelogram ;, . 
BD CG equal to a given ſpace; the ſides AD, DC of the pa- . 
rallelogram are given. given 
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Draw the diameter DE of the parallelogram AC, and con- 
ſtruct the figure. becauſe the parallelogram AK is equal * to . 
BC which is given, therefore AK is E G C 
given. and BK is ſimilar d to AC, there- 
fore BK is given in ſpecies. and ſince . F 
the parallelogram AK given in magni- II . K 
tude is applied to the given ſtraight 
line AB, exceeding by the parallelo- A B D 
oram BK given in ſpecies, therefore, by this Propoſition, BD, 
DK the fides of the exceſs are given, and the ſtraight line 
AB is given, therefore the whole AD, as alſo DC, to which 
it has a given ratio, is given. 

. | 

To apply a parallelogram fimilar to a given one to a given 
ſtraight line AB, exceeding by a parallelogram equal to a gi- 
ven ſpace. 

To the given ſtraight line AB apply © the parallelogram c. 29. 6. 
AK equal to the given ſpace, exceeding by the parallelogram - 
BK ſimilar to the one given. draw DF the diameter of BK, 
and thro” the point A draw AE parallel to BF meeting DF 
produced in E, and complete the parallelogram AC. 

The parallelogram BC is equal to AK, chat is to the gi- 
ven ſpace ; and the parallelogram AC is fimilar® to BK. 
therefore the parallelogram AC is applied to the ſtraight line 


AB ſimilar to the one given and exceeding by the parallelo- 
gram BC which is equal to the given fpace. 


P R O P. LXXXV. R 
F two ſtraight lines contain a parallelogram given in * 


magnitude, in a given angle; if the difference of the 
ſtraight lines be given, they ſhall each of them be given. 


Let AB, BC contain the parallelogram AC given in mag- 
nitude, in the given angle ABC, and let the exceſs of BC a- 
bove AB be given; each of the ſtraight lines AB, BC is given, 

Let DC. be the given exceſs of BC above 
BA, therefore the remainder BD is equal 
to BA. complete the parallelogram AD, Fl . / 
and becauſe AB is equal to BD, the ratio 
of AB to BD is given. and the angle ABD B 
is given, therefore the parallelogram AD is given in 1 
and becauſe the given parallelogram AC is applied to the 


given ſtraight line DC, exceeding by the parallelogram AD 
1 2 given 


b. 24. 6. 
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a. 84. Dat. given in ſpecies, the ſides of the exceſs are given ; therefore 


8 5. 


2. 83. Dat. AB, BD of the defect are given 


87, 


b. 62, Du, of the ſides AB, BC to the parallelogram ACis given“ 


lelogram AC in the given angle ABC; 


E 


BD is given. and DC is given, wherefore the whole BC is gi. 

ven. and AB is given, therefore AB, BC are each of them given. 
PR O P. LXXXVI. 

two ſtraight lines contain a parallelogram given in 


F 
I magnitude, in a given angle; if both of them toge- 
ther be given, they ſhall each of them be given. | 


Let the two ſtraight lines AB, BC contain the parallelogram 
AC given in magnitude, in the given angle ABC, and let 
AB, BC together be given; each of the ſtraight lines AB, 
BC is given, 

Produce CB and make BD equal to BA, 
parallelogram ABDE. becauſe DB is equal to BA, and the 
angle ABD given, becauſe the adjacent R A 
angle ABC is given ; the parallelogram AD / of 
is given in ſpecies. and becauſe AB,, BC to- / 
gether are given, and AB is equal to BD; 8 
therefore DC is given. and becauſe the gi- B C 
ven parallelogram AC is applied to the given ſtraight line DC, 
deficient by the parallelogram AD given in ſpecies, the ſides 
4. and DC is given, where- 
fore the remainder BC is given; and each of the ſtraight 
lines AB, BC is therefore given, 

P R O P. - . 
F two {traight lines contain a parallelogram given in 


magnitude, in a given angle ; if the excels of the 
ſquare of the greater above the ſquare of the leſſer be gi- 
ven, each of the {traighr lines ſhall be given. 


Tk the two ſtraight lines AB, BC contain the given paral- 
if the exceſs of the 
ſquare of BC above the ſquare of BA be given; AB and BC 
are each of them given, 

Let the given exceſs of the ſquare of BC above the ſquare 
of BA be the rectangle CB, BD; take this from the ſquare 
of BC, the remainder, which is a the re&angle BC, CD is e- 
qual to the ſquare of AB. and becauſe the angle ABC of 
the parallelogram AC is given, the ratio of the N 
- and 
AC is given. therefore the rectangle AB, BC is given; and 
the ng CB, BD is out therefore the ratio of the rect- 
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angle CB, BD to the rectangle AB, BC, that is © the ratio of the“ * 6, 
ſtraight line DB to BA is given; therefore d the wy of the 4 54 Dat? 
ſquare of DB to the ſquare of BA is gi- 

ven, and the ſquare of BA is equal to the 

rectangle BC, CD; wherefore the ratio A N 

of the rectangle BC, CD to the ſquare of 

BD is given, as alſo the ratio of four B PD C 

times the rectangle BC, CD to the ſquare of BD; and, by 
compoſition e, the ratio of four times the rectangle BC, CD © 7: Pat. 
together with the ſquare of BD to the ſquare of BD is given. 

but four times the rectangle BC, CD together with the ſquare 

of BD is equal f to the ſquare of the ſtraight lines BC, CD taken t. 8. . 
together; therefore the ratio of the ſquare of BC, CD toge- 

ther to the ſquare of BD is given; wherefore © the ratio of the g. 58. Da. 
ſtraight line BC together with CD to BD is given. and, by 
compoſition, the ratio of BC together with CD and DB, 

that is, the ratio of twice BC to BD is given; therefore the 

ratio of BC to BD is given, as alſo © the ratio of the ſquare 

of BC to the rectangle CB, BD. but the rectangle CB, BD 

is given, being the given exceſs of the ſquares of BC, BA; 
therefore the ſquare of BC, and the ſtraight line BC is given. 

and the ratio of BC to BD, as alſo of BD to BA has been 

ſhewn to be given ; therefore ® the ratio of BC to BA is gi- 

ven; and BC is given, wherefore BA is given. 

The preceeding Demonſtration is the eb of this Pro- 
blem, viz. 

A parallelogram AC which has a given angle ABC being 
given in magnitude, and the exceſs of the ſquare of BC one 
of its ſides above the ſquare of the other BA being given ; 
to find the ſides, and the Compoſition is as follows, 

Let EFG be the given angle to which the angle ABC is 
required to be equal, and from any point E in FE draw EG 
perpendicular to FG; let the re&t- M 
angle EG, GH be the given ſpace 
to which the parallelogram AC is 
to be made equal; and the rectangle 
HG, GL be the given exceſs of the 
ſquares of BC, BA. 

Take, in the ſtraight line GE, GK equal to FE, and make 
GM double of GK; -join ML, and in GL produced take LN 
equal to LM. biſect GN in O, and between GH, GO find a 
mean proportional BC. as OG to GL, fo make CB to BD; 

Ee 3 ad 
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c. 22, 6. 


10 
and make the angle CBA equal to GFE, and as LG to GR 
ſo make DB to BA; and complete the parallelogram AC. AC 
is equal to the rectangle EG, GH, and the exceſs of the ſquares 
of CB, BA is equal to the rectangle HG, GL. 

Becauſe as CB to BD, ſo is OG to GL, the ſquare of CB 
is to the rectangle CB, BD, as“ the rectangle HG, GO to 
the rectangle HG, GL. and the ſquare of CB is equal to the 
rectangle HG, GO, becauſe GO, BC, GH are proportionals; 
therefore the rectangle CB, BD is equal b to HG, GL. and 
becauſe as CB to BD, ſo is OG to GL, twice CB is to BD, 
as twice OG, that is GN, to GL; and, by diviſion, as BC to- 
gether with CD is to BD, ſo is NL, that is LM, to LG. there: 
fore © the ſquare of BC together with CD is to the ſquare of 
BD, as the ſquare of ML to the ſquare of LG. but the 
ſquare of BC and CD together is equal d ro four times the 


rectangle BC, CD together with the ſquare of BD; therefore 


four times the rectangle BC, CD together with the ſquare of 
BD is to the ſquare of BD, as the ſquare of ML to the ſquare 
of LG. and, by diviſion, four times the rectangle BC, CD is 
to the ſquare of BD, as the ſquare of MG to the ſquare of 
GL; wherefore the rectangle BC, CD is to the ſquare of BD, 
as (the ſquare of KG the half of MG to the ſquare of GL, 
that is as) the ſquare of AB to the ſquare of BD, becauſe as 
LG to GK, ſo DB was made to BA, therefore b the rectangle 
BC, CD is equal to the {ſquare of AB; to each of theſe add 
the rectangle CB, BD, and the ſquare of BC becomes equal 
to the ſquare of AB together with the rectangle CB, BD, 
therefore this rectangle, that is the given rectangle HG, GL 
is the exceſs of the ſquares of BC, AB. from the point A 
draw AP perpendicular to BC, and becauſe the angle ABP 
is equal to the angle EFG, the triangle ABP is equiangular 
to EFG. and DB was made to BA, as LG to GK, therefore 
as the rectangle CB, BD to CB, BA, fo is the rectangle HG, 


AZ 


B PD C 
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GL to HG, GK; and as the rectangle CB, BA to AP, BC, 
ſo is (the ſtraight line BA to AP, and ſo is FE or GK to 
EG, 


equal, 
leſs th 
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EG, and ſo is) the rectangle HG, GK to HG, GE; therefore, 
ex aequali, as the rectangle CB, BD to AP, BC, fo is the 
rectangle HG, GL to EG, GH. and the rectangle CB, BD 


is equal to HG, GL, therefore the rectangle AP, BC, that 


is the parallelogram AC is equal to the given rectangle EG, 
GH. 


TR OP. LXXXVII. 


F two ſtraight lines contain a parallelogram given in 
magnitude, in a given angle; it the ſum of the ſquares 
of its ſides be given, the ſides ſhall cach of them be given. 


Let the two ſtraight lines AB, BC contain the parallelogram 
ABCD given in magnitude in the given angle ABC, and let 
the ſum of the ſquares of AB, BC be given; AB, BC arc 
each of them given, 

Firſt, let ABC be a right angle; and becauſe twice the 
rectangle contained by two equal ſtraight lines is equal to both 
their ſquares ; but if two ſtraight lines are un- A: 
equal, twice the rectangle contained by them is + Wh 
leſs than the ſum of their ſquares, as is evident B C 
from the 7. Prop. B. 2, Elem. therefore twice 
the given ſpace, to which ſpace the rectangle of which the 
ſides are to be found, is equal, muſt not be greater than the 
given ſum of the ſquares of the fides, and if twice that ſpace 
be equal to the given ſum of the ſquares, the ſides of the 
rectangle muſt neceſſarily be equal to one another. therefore 
in this caſe deſcribe a ſquare ABCD equal to the given rect- 
angle, and its fides AB, BC are thoſe which were to be found. 
for the rectangle AC is equal to the given ſpace, and the ſum 
of the ſquares of its ſides AB, BC is equal to twice the rect- 
angle AC, that is, by the hypotheſis, to the given ſpace to 
which the ſum of-the ſquares was required to be equal. 

But if twice the given rectangle be not equal to the given 
ſum of the ſquares of the ſides, it muſt be leſs than it, as has 
been ſhewn. Let ABCD be the rectangle, join AC and 
draw BE perpendicular to it, and complete the rectangle 


AEBF, and deſcribe the circle ABC about the triangle ABC; 


AC is its diameter *, and becauſe the triangle ABC is finti- a. Cor. 3. 4. 


lar b to AEB, as AC to CB, ſo is AB to BE; 
rectangle AC, BE is equal to AB, BC; 


therefore theb. s, 6. 
and the rectangle AB, 
Ee 4 BC 


e. 61. Dat. 


f. 30. Dat. 


g. 31. Dat. 


h. 28. Dat. 
i. 29. Dat. 


E. 1% 3+ 


1. 16. 6. 


m. 34. 1. 


point A; 


C are given; therefore the ſtraight lines AB, BC are given in 


in 
BC is given, wherefore AC, BE is given. and becauſe the ſum 
of the ſquares of AB, BC is given, the ſquare of AC which i; 
equal © to that ſum is given; and AC itſelf is therefore given 
in magnitude. let AC be likewiſe given in poſition, and the 
therefore AF is given %in po- A D 
ſition, and the rectangle AC, BE is "IM 
given, as has been ſhewn, and AC is 
given, wherefore © BE is given in mag- F 0 
nitude, as alſo AF which is equal to it; B 
and AF is alſo given in poſition, and 1 
the point A is given; wherefore f the 
point F is given, and the ſtraight line * * RL 
FB in poſition 5, and the circumference ABC is given in po- 
ſition, wherefore ® the point B is given, and the points A, 


poſition and magnitude, 

The ſides AB, BC of the rectangle may be found thus; let 
the rectangle GH, GK be the given ſpace to which the rect- 
angle AB, BC is equal; and let GH, GL be the given rect- 
angle to which che ſum of the ſquares of AB, BC is equal. 
find * a ſquare equal to the rectangle GH, GL. and let its 
fide AC be given in poſition ; upon AC as a diameter deſcribe 
the ſemicircle ABC, and as AC to GH, ſo make GK-to AF, 
and from the point A place AF at right angles to AC. there- 
fore the rectangle CA, AF is equal to GH, GK ; and, by 
the hy potheſis, twice the rectangle GH, GK is leſs chav GH, 
GL, that is, than the ſquare of AC; wherefore twice the 
rectangle CA, AF is leſs than the er of AC, and the 
rectangle CA, AF itſelf leſs than half the ſquare of AC, that is 
than the rectangle contained by the diameter AC and its half; 
wherefore AF is leſs than the ſemidiameter of the circle, and 
conſequently the ſtraight line drawn thro! the point F parallel 
to AC muſt meet the circumference i in two points. let B be 
either of them, and join AB, BC and complete the rectangle 
ABCD; ABCD is the rectangle which was to be found. draw 
BE 8 to AC; therefore BE is equal ® to AF, 
and becauſe the angle ABCin a ſemicircle is a right angle, the 


rectangle AB, BC is equal to AC, BE, that is to the rect- 


angle CA, AF which is equal to the given rectangle GH, 
GK. and the ſquares of AB, BC are together equal © to the 
ſquare of AC, that is to the given rectangle GH, GL. 
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But if the given angle ABC of the parallelogram AC be not 
a right angle, in this caſe becauſe ABC is a given angle, the 
ratio of the rectangle contained by the ſides AB, BC to the 
parallelogram AC is given“; 
rectangle AB, BC is given. and the ſum of the ſquares of AB, 
BC is given; therefore the ſides AB, BC are given by the pre- 
ceeding caſe, 

The ſides AB, BC and the parallelogram AC may be found 
thus. let EFG be the given angle of the parallelogram, and 
from any point E in FE draw EG perpendicular to FG. and 
let the rectangle EG, FH be the given ſpace to which the pa- 


rallelogram is tq be made equal, and let EF, &- ---:. 
FK be the given rectangle to which the 7 
ſum of the ſquares of the ſides is to be equal. /| | ” 4 
and, by the preceeding caſe, find the ſides R 1 C 
of a rectangle which is equal to the given * 

rectangle EF, FH, and the ſquares of the E 
ſides of which are together equal to the gi- 

yen rectangle EF, FK. therefore, as was 

ſhewn in that caſe, twice the rectangle EF, | 
FH muſt not be greater than the rectangle I— 
EF, FK; let it be fo, and let AB, BC be F HG K 
the ſides of the rectangle joined in the angle ABC equal to 
the given angle EFG; and complete the parallelogram ABCD, 
which will be that which was to be found. draw AL perpen- 
dicular to BC, and becauſe the angle ABL is equal to EFG, 
the triangle ABL is equiangular to EFG. and the parallelo- 
gram AC, that is the rectangle AL, BC is to the rectangle 


AB, BC as (the ſtraight line AL to AB, that is as EG to EF, 
that is as) the rectangle EG, FH to EF, FH. and, by the 


| 


conſtruction, the rectangle AB, BC is equal to EF, FH, there- 


fore the rectangle AL, BC, or, its equal, the parallelogram 
AC is equal to the given rectangle EG, FH. and the ſquares 
of AB, BC are together equal, by conſtruction, to the given 
rectangle EF, FE. 


PROP. 


and AC is given, therefore the * 2: Dat, 


A. 2. 2, 


6. 364 rr 


b. 43. Dat. the triangle ABE is given“ 


n 


P R O P. LXXXIX. 


F two ſtraight lines contain a given parallelogram in a 

given angle, and if the exceſs of the ſquare of one of 

them above a given ſpace has a given ratio to the ſquare 
of the other; each of the ſtraight lines ſhall be given. 


Let the two ſtraight lines AB, BC contain the given paral. 
lelogram AC in the given angle ABC, and let the exceſs of 
the ſquare of BC above a giyen ſpace have a given ratio to the 
ſquare of AB; cach of the ſtraight lines AB, BC is given. 

Becauſe the exceſs of the ſquare of BC above a given ſpace 
has a given ratio to the ſquare of BA, let the rectangle CB, 
BD be the given ſpace; take this from the ſquare of BC, the 
remainder, to wit, the rectangle * BC, CD has a given ratio 
to the ſquare of BA. draw AE perpendicular to BC, and let 
the ſquare of BF be equal to the rectangle BC, 25 then be- 


cauſe the angle ABC, as _ BEA is given, 
2 


in ſpecies, and 
BED C 


the ratio of AE to AB given. and becauſe 
the ratio of the rectangle BC, CD, that is 
of the ſquare of BF to the ſquare of BA is 


. 58. Dat. given, the ratio of the ſtraight line BF to BA is given ©. and 
d. 9. Pat. the ratio of AE to AB is given, wherefore 


d the ratio of AE 
to BF is given, as alſo the ratio of the rectangle AE, BC, that 
is © of the parallelogram AC to the rectangle FB, BC; and 
AC is given, wherefore the rectangle FB, BC is given. 
the exceſs of the ſquare of BC above the ſquare of BF, 
that is above the rectangle BC, CD is given, for it is equal 

to the given rectangle CB, BD. therefore becauſe the rect- 
angle contained by the ſtraight lines FB, BC is given, and al- 
ſo the exceſs of the ſquare of BC above the ſquare of BF, 


. 87. Dat. FB, BC are each of them givenf, and the ratio of FB to BA 


is given; therefore AB, BC are given, 


The Compoſition is as s follows. 


Let GHK be the given angle to which the angle of t the pa- 
rallelogram is to be made equal, and from any point G in 
HG draw GK perpendicular to HK; let GK, HL be the rect. 
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ingle to which the parallelogram is to be N 
made equal, and let LH, HM be the rect- 
angle equal to the given ſpace which is to of 
he taken from the ſquare of one of the — — 
des; and let the ratio of the remainder to HRM L 
the ſquare of the other ſide be the ſame with the ratio of the 
ſquare of the given ſtraight line NH to the ſquare of the given 
traight line HG. | 
By help of the 87. Dat, find two ſtraight lines BC, BF 
which contain a rectangle equal to the given rectangle NH, 
HL, and ſuch that the exceſs of the ſquare 
of BC above the ſquare of BF be equal to Fo d 
the given rectangle LH, HM; and join CB J. 
BF in the angle FBC equal to the given . 1 
angle GHK. and as NH to HG, ſo make BED C 
FB to BA, and complete the parallelogram AC, and draw 
AE perpendicular to BC. then AC is equal to the rectangle 
GK, HL; and if from the ſquare of BC, the given rectangle 
LH, HM be taken, the remainder ſhall have to the ſquare of 
BA the ſame ratio which the ſquare of NH has to the ſquare 
of HG. | 
Becauſe, by the conſtruction, the ſquare of BC is equal to 
the ſquare of BF together with the rectangle LH, HM; if 
from the ſquare of BC there be taken the rectangle LH, HM, 
there remains the ſquare of BF which has to the ſquare of & 22. 6. 
BA the ſame ratio which the ſquare of NH has to the ſquare 
of HG, becauſe as NH to HG, ſo FB was made to BA; but 
as HG to GK, ſo is BA to AE, becauſe the triangle GHE is 
equiangular to ABE; therefore, ex acquali, as NH to GK, 
ſo is FB to AE. wherefore ® the rectangle NH, HL is to the h. 1. 6. 
rectangle GK, HL, as the rectangle FB. DC to AE, BC. 
but, by the conſtruction, the rectangle NH, HL is equal to . 
FB, BC; therefore * the rectangle GK, HL is equal to the k. 14. 5. 
rectangle AE, BC, that is to the parallelogram AC. 
The Analyſis of this Problem might have been made as in 
the 86. Prop. in the Greek, and the compoſition of it may be 
made as that which is in Prop. 87. of this edition, 
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PROP. XC. ſpace \ 
is tO be 


F two ſtraight lines contain a given parallelogram in ¶ I e (1 
given angle, and if the ſquare of one of them be gi. Nor. 

ven together with the ſpace which has a given ratio uh By 

the ſquare of the other; each of the ſtraight lines ſhal uin a 


be given. or 1 
5 
Let the two ſtraight lines AB, BC contain the given ps. * ; 


rallelogram AC in the given angle ABC, and let the ſquat ¶ not be 

of BC be given together with the ſpace which has a given ra. join th 

tio to the ſquare of AB; AB, BC are each of them given, given. 
Let the ſquare of BD be the ſpace which has the given rat nd co 

to the ſquare of AB; therefore. by the hypotheſis, the ſquare | 

of BC together with the ſquare of BD is given. from the 

point A draw AE Per pendicular to BC, and becauſe the angle 


u. 43, Dat. ABE, BEA are given, the triangle ABE is given * in ſpecies; 


b. 38. Dat.” tio of the ſtraight line BD to BA. is given 


« 9. Dat, 


4 88. Dat. 


therefore the ratio of BA to AE is given. and becauſe the rx 
tio of the ſquare of BD to the ſquare of BA is given, the ra 
d. and the ratio of 
BA to AE is given, therefore © the ratio of AE to BD is gi angle 
ven, as alſo the ratio of the rectangle AE, BC, that is of the ſquare 
parallelogram AC to the rectangle DB, BC. and AC is given, WBA t! 
therefore the rectangle DB, BC is given; and the ſquare of GF 


D, Bec 
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yl &; . theref 

| FEES angle 

BE C GH 3 is equ 

BC together with the ſquare of BD is given. therefore * be- MAE, 

cauſe the rectangle contained by the two ſtraight lines DB, angle 

BC is given, and the ſum of their ſquares is given; the ſtraight 

lines DB, BC are each of them given. and the ratio of DB bb 
to BA is given; therefore AB, BC are given. 


The Compoſition 1 is as follows, the it 
Let FGH be the given angle to which the angle of the pa- 


rallelogram is to be made equal, and from any point F in GF NN 

draw FH perpendicular to GH; and let the rectangle FH, . 

GK be that to which the eee is to be made equal; " 
a 


and let the rectangle KG, GL be the ſpace to which the ſquare 
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of one of the ſides of the parallelogram together with the 
ſpace which has a given ratio to the ſquare of the other ſide, 
«to be made equal; and let this given ratio be the ſame which 
the ſquare of the given ſtraight line MG has to the ſquare of 
GF. 

By the 88. Dat. find two ſtraight lines DB, BC which con- 
tain a rectangle equal to the given rectangle MG, GK, and 
ſuch that the ſum of their ſquares is equal to the given rect- 
angle KG, GL. therefore, by the determination of the Pro- 
blem in that Propoſition, twice the rectangle MG, GK muſt 
not be greater than the rectangle KG, GL. let it be ſo, and 
join the ſtraight lines DB, BC in the angle DBC equal to the 
given angle FGH, and as MG to GF, ſo make DB to BA, 
and complete the parallelogram AC. AC is equal to the rect- 


——— 


K L. 


angle FH, GK; and the ſquare of BC together with the 


ſquare of BD, which by the conſtruction, has to the ſquare of 
BA the given ratio which the ſquare of MG has to the ſquare 
of GF, is equal, by the conſtruction, to the given rectangle 

KG, GL. Draw AE perpendicular to BC. 
Becauſe as DB to BA, fo is MG to GF; and as BA to AE, 
ſo GF to FH; ex acquali, as DB to AE, ſo is MG to FH. 
therefore as the rectangle DB, BC to AE, BC, ſo is the rect- 
angle MG, GK to FH, GK. and the rectangle DB, BC 
is equal to the rectangle MG, GK; therefore the rectangle 
AE, BC, that is the parallelogram AC, is equal to the rect- 
angle FH, GK. 
| F.& 0:23. 


1 ſtraight line drawn within a circle given in magni- 
tude cuts off a ſegment which contains a given angle; 
the ſtraight line is given in magnitude. 


In the circle ABC given in magnitude, let the ſtraight line 
AC be drawn,cutting off the ſegment AEC which contains the 
given angle AEC; the ſtraight line AC is given in magnitude, 

Take D the center of the circle“, join AD and produce it ,, 1. 3. 


to 


445 


88. 
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1 | to E, and join EC. the angle ACE being my ecauſe 
| b. 33. a right ® angle is given; and the angle ;n the 
[ c. 45 Dat. 5 AEC is given; therefore © the triangle JC is g 
[ ACE is given in ſpecies, and the ratio of in poſit 
1 EA to AC is therefore given. and EA is A —C 
s « s. Def. given © in magnitude, becauſe the circle is 
! given in magnitude; AC is therefore gi- F fre 
| | | 6. 2. Dat. ven in magnitude, x ck 
| 89. PR O P. XCII. , ofiti01 
[4 F a ſtraight line given in magnitude be drawn within Lett. 
1 a circle given in magnitude; it ſhall cut off a ſegouchin 
1 ment containing a given angle. * 
li! Let the ftraight line AC given in magnitude be drm}, h o 
[| within the circle ABC given in magnitude; it fhall cut off Mirai ght 
| ſegment containing a given angle. BM 
F Take D the center of the circle, join B angle, 
5 AD and produce it to E, and join EC. 3 
| and becauſe each of the ſtraight lines EA, angle 1 


2. 1. Dat. AC is given, their ratio is given“; and ven 4 
the angle ACE is a right angle, therefore NN —— 0 Gen i 
b. 46. Dat. the triangle ACE is given“ in ſpecies, s alſo 
and conſequently the angle AEC is given. ition a 


— * 
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P R OP. XCII. 


F from any point in the circumference of a circle given 
in poſition two ſtraight lines be drawn meeting rhe 


a 
— —— - 


90 


0 a . . . * — a a 

| circumference and containing a giv en angle ; if the poin he ſe 

ö in which one of them meets the circumference again b FER" 

| given, the point in which the other meets it is alſo given 1 
E 


From any point A in the circumference of a circle ABC gifyith or 
ven in poſition, let AB, AC be drawn to the circumferenc ion, «< 
making the given angle BAC; if the | 
point B be given, the point C is alfo giyen. 
Take D the center of the circle, and 


8 join BD, DC. and becauſe each of the 
[ 2. 23. Dat, Points B, D is given, BD is given“ in po- 
1 ſition. and becauſe the angle BAC is gi- 
(| b. 2 3, ven, the angle BDC is given“. therefore 


becault 


. 447 
xecauſe the ſtraight line DC is drawn to the given point D 
in the ſtraight line BD given in poſition in the given angle BDC, 
JC is given © in poſition. and the circumference ABC is given « 32. Dat. 
in poſition, therefore © the point C is given. d. 28. Dat, 


NO rf. . 91. 
F from a given point a ſtraight line be drawn touching 
a circle given in poſition; the ſtraight line is given in 
ofition and magnitude. 


mn with 


ff a ſep 


Let the ſtraight line AB be drawn from the given point A 
ouching the circle BC given in poſition; AB is given in po- 
tion and magnitude, 

Take D the center of the circle, and join DA, DB. becauſe 
ach of the points D, A is given, the 
raight line AD is given“ in em- 
and magnitude, and DBA is a right 
angle, wherefore DA is a diameter © of D A CO $6 
he circle DBA deſcribed about the tri- 
angle DBA; and that circle is therefore 
given “ in poſition, and the circle BC is 
given in poſition, therefore the point B is given ©. the point A © 28. Dat. 
s alſo given; therefore the ſtraight line AB is given a in po- 
tion and magnitude, 


be draw 
cut off a. 29. Dat. 


b. 18. 3. 


d. 6. Def. 


PROP. Xcv. 92. 


F a ſtraight line be drawn from a given point without 
a circle given in poſition; the rectangle contained by 
he ſegments betwixt the point and the circumference of 
he circle is given, 


cle given 
ting the 
he poin 
again b 


o given 2 | 
ABC Let the ſtraight line ABC be drawn from the given point A 
g 


vithout the circle BCD given in poſi- þ 
mferenc 10N, cutting it in B, C; the rectangle | 
A BA, AC is given, 0 i 


From the point A draw * AD touch- RA. 
ng the circle; therefore AD is given 8 | 
in poſition and magnitude, and becauſe b. 94. Dat. 


\D is given, the ſquare of A is given which is equal © tog 36. Dat 
he rectangle BA, AC. therefore the rectangle BA, AC is“ “ * 


given. 


becauſ- PROP. 
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b. 3 1. 3. 


E U C LI D's 
to E, and join EC. the angle ACE being B. 


a right“ angle is given; and the angle 


e. 43. Dat. 4 AEC is given; therefore © the triangle 


d. g. Def. 


6. 2. Dat. 


89. 


a. 1. Dat. 


b. 46. Dat. 


90. 


a. 23. Dat. 


b. 20. 3. 


ACE is given in ſpecies, and the ratio of 
EA to AC is therefore given. and EA is 
given i in magnitude, becauſe the circle is 
given in magnitude; AC is therefore gi- 
ven © in magnitude, 


U 
F a ſtraight line given in magnitude be drawn within 


a circle given in magnitude; it ſhall cut off a ſeg— 
ment containing a given angle. 


3 


Let the ſtraight line AC given in magnitude be drawn 
within the circle ABC given in magnitude; it ſhall cut off a 
ſegment containing a given angle, 

Take D the center of the circle, join B 
AD and produce it to E, and join EC. 
and becauſe each of the ſtraight lines EA, 

AC is given, their ratio is given“; and | 
the angle ACE is a right angle, therefore A C 
the triangle ACE is given“ in ſpecies, — 
and conſequently the angle AEC is given. 


P R OP. XClII. 


F from any point in the circumference of a circle given 
in poſition two ſtraight lines be drawn meeting the 
circumference and containing a given angle; if the point 
in which one of them meets the circumference again be 
given, the point in which the other meets it is alſo given, 


From any point A in the circumference of a circle ABC gi. 
ven in poſition, let AB, AC be drawn to the circumference 
making the given angle BAC; if the 
point B be given, the point C is alſo given. 

Take D the center of the circle, and 
join BD, DC. and becauſe each of the 
points B, D is given, BD is given“ in po- 
ſition. and becauſe the angle BAC is gi- 
ven, the angle BDC is givenꝰ. therefore 


becauſe 


hecauſe 
in the ſt 
DC is £ 
in poſit 
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C 


becauſe 


D 


becauſe the ſtraight line DC is drawn to the given point D 
in the ſtraight line BD given in poſition in the given angle BDC, 
DC is given © in poſition, and the circumference ABC is given « 32. Dat. 
in poſition, therefore * the point C is given, d. 28. Dat, 
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NO. . 91. 


F from a given point a ſtraight line be drawn touching 
a circle given in poſition; the ſtraight line is given in 
poſition and magnitude. 


Let the ſtraight line AB be drawn from the given point A | 
touching the circle BC given in poſition; AB is given in po- 
ſition and magnitude. 

Take D the center of the circle, and join DA, DB. becauſe 
each of the points D, A r given, the 


ſtraight line AD is given“ in poten a. 29. Dat. 
and magnitude, and DBA is a right ® wad... 
angle, wherefore DA is a diameter © of 5 c. Cor. 5. 4+ 
the circle DBA deſcribed about the tri- 

angle DBA; and that circle is therefore - 


given 4 in poſition, and the circle BC is 
given in poſition, therefore the point B is given ©, the point A. © 28. Dat, 
is alſo given; therefore the ſtraight line AB is given à in po- 

fition and magnitude. 


ROF. XXV. 92. 


F a ſtraight line be drawn from a given point without 
| a circle given in poſition ; the rectangle contained by 
the ſegments betwixt the point and the circumference of 
the circle is given, 


Let the ſtraight line ABC be drawn from the given point A 


without the circle BCD given in poſi- 3 


tion, cutting it in B, C; the rectangle 

From the point A draw * AD touch- C RA 3 
ing the circle; therefore AD is given 3 
bin poſition and magnitude. and becauſe 


BA, AC is given. 
b. 94. Dat. 


AD is given, the ſquare of AD is given © which is equal © tO. 56. Dac. 
the rectangle BA, AC. therefore the rectangle BA, AC i ka 


given, 


PROP. 
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a. 29. Dat. 


b. 28. Dat. 


®. 35. 3. 


94. 


— — — 


E 

P R O P. XCVI. | 

F a ſtraight line be drawn thro” a given point within a 

circle given in poſition, the rectangle contained by 

the ſegments betwixt the point and the circumterence of 
the circle is given. 

Let the ſtraight line BAC be drawn thro” the given point 
A within the circle BCE given in poſition; the xectangle BA, 
AC is given, ; 

Take D the center of the circle, join 
AD and produce it to the points E, F. 
becauſe the points A, D are given, the 
ſtraight line AD is given“ in poſition ; A 0 
and the circle BEC is given in poſition; 33 
therefore the points E, F are given b. and F. 
the point A is given, therefore EA, AF 
are each of them given a; and the rectangle EA, AF is there 


fore given; and it is equal © to the rectangle BA, AC which 
conſequently is given, 


P R O P. XCVIL 

F a ſtraight line be drawn within a circle given in 
magnitude cutting off a ſegment containing a given 
angle; if the angle in the ſegment be biſected by x 
ſtraight line produced till it meets the circumference, the 
ſtraight lines which contain the given angle ſhall both of 
them together have a given ratio to the ſtraight line 
which biſects the angle. and the rectangle contained by 
both theſe lines together which contain the given angle, 
and the part of the biſecting line cut off below the baſe 

of the ſegment, ſhall be given. 


Let the ſtraight line BC be drawn within the circle ABC 
given in magnitude cutting off a ſegment containing the given 
angle BAC, and let the angle BAC be F 
biſected by the ſtraight line AD; BA 
together with AC has a given ratio to 
AD; and the rectangle contained by 
BA and AC together, and the ſtraight 
line ED cut off from AD below BC 
the baſe of the ſegment, 1s given, 
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cle ABC 
he given 


Join BD; and becauſe BC is drawn within the circle ABC 
given in magnitude cutting off the unn BAC containing 
the given angle BAC ; BC is given * in magnitude. by the a. 51. Dat, 
ſme reaſon BD is Den therefore b the ratio of BC to BDe. 1. Dat. 
is given, and becauſe the angle BAC is biſected by AD, as 
BA to AC, ſo is BE to EC : : and, Ne permutation, as ABc. 3. 6. 
to BE, ſo is AC to CE; wherefore d as BA aud AC together d. 12. 5. 


toBC, ſois AC to CE. and becauſe the angle BAE is equal 
to EAC, and the angle ACE to F 


ADB; the triangle ACE i Is equiangu- 
lar to the triangle ADB; therefore 
as AC to CE, ſo is AD to DB, but 
as AC to CE, ſo is BA together with 
AC to BC ; as therefore BA 2nd AC 
to BC, ſo is AD to DB; and, by 
permutation, as BA and AC to AD, ſo is BC to BD. and 
the ratio of BC to BD is given, therefore the ratio of BA 
together with AC to AD is given. 

Alſo the rectangle contained by BA and AC together, and 
DE is given. 

Becauſe the triangle BDE is equiangular to the triangle 
ACE, as BD to DE, ſo is AC to CE ; and as AC to CE, ſo 
is BA and AC to BC; therefore as BA and AC to BC, ſo is \ 


©. 61. 3. 


BD to DE. wherefore the rectangle contained by BA and 


AC together, and DE is equal to the rectangle CB, BD, but 15 


CB, BD is given; therefore the rectangle contained by BA 
and AC together, and DE is given, | 
Otherwiſe, 

Produce CA, and make AF equal to AB, and join BF. 
and becauſe the angle BAC is double a of each of the . * 
BFA, BAD, the angle BFC is equal to BAD; and the angle 
BCA. is equal to BDA, therefore the langle FCB is equian- 
gular to ADB. as therefore FC to CB, ſo is AD to DB, 
and, by permutation, as FC, that is BA and AC together to 
AD, fo is CB to BD. and the ratio of CB to BD is given, 
therefore the ratio of BA and AC to AD is given, 

And becauſe the angle BFC is equal to the angle DAC, 
that is to. the angle DBC, and the angle ACB equal to the 
angle ADB; the triangle FCB is equiangular to BDE, as 
therefore F C to CB, ſo is BD to DE; therefore the rectangle 
contained by FC, that is BA and AC together, and DE is e- 


F F qual 
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| qual to the rectangle CB, BD which is given, and thereſore 
J the rectangle contained by BA, AC together, and DE is given, 
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PROP. XCVII 


F a ſtraight line be drawn within a circle given in 
magnitude, cutting off a ſegment containing a given 
angle; if the angle adjacent to the angle in the ſegment 
be biſected by a ſtraight line produced till it meet the 
circumference again and the baſe of the ſegment ; the 
exceſs of the ſtraight lines which contain the given 
angle ſhall have a given ratio to the ſegment of the bi- 
ſecting line which is within the circle; and the rectangle 
contained by the ſame exceſs and the ſegment of the bi- 
| ſecting line betwixt the baſe produced and the point 
4 where it again meets the circumference, ſhall be given. 


Let the ſtraight line BC be drawn within the circle ABC 
F given in magnitude cutting off a ſegment containing the given 
angle BAC, and let the angle CAF adjacent to BAC be bi- 
ſected by the ſtraight line DAE meeting the circumference a- 
4 gain in D, and BC the baſe of the ſegment produced in E; 
13 the exceſs of BA, AC has a given ratio to AD; and the rec: 
| angle which is contained by the ſame exceſs and the ſtraight 
line ED, is given, 

Join BD, and thro' B draw BG parallel to DE meeting 
AC produced in G. and becauſe BC cuts off from the circle 
ABC given in magnitude the ſcg- I 

ment BAC containing a given angle, 
a. 91. Dat. BC is therefore given“ in magni- 5 
tude. by the fame reaſon BD is gi- 
ven, becauſe the angle BAD is e- 
| qual to the given angle EAF ; there- 
. fore the ratio of BC to BD is given. 
| and becauſe the angle CAE is equal 
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1 to EAF, of which CAE is equal to the alternate angle AGB, 
1 and EAF to the interior and oppoſite angle ABG; therefore 
| the angle AGB is equal to ABG, and the ſtraight line AB e- 


qual to AG; ſo that GC is the exceſs of BA, AC. and be- 
cauſe the Aale BGC is 3 to GAE, that is to EAF, or 
the 
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the angle BAD; and that the angle BCG is equal to the op- 
polite interior angle BDA of the quadrilateral BCAD in the 
circle; therefore the triangle BGC is equiangular to BDA. 
therefore as GC to CB, ſo is AD to DB, and, by permuta- 
tion, as GC, which is the exceſs of BA, AC to AD, ſo is 
CB to BD. and the ratio of CB to BD is given ; therefore 
the ratio of the excels of BA, AC to AD is given, 

And becauſe the angle GBC is cqual to the alternate angle 
DEB, and the angle BCG equal to BDE; the triangle BCG 
is equiangular to BDE. therefore as GC to CB, ſo is BD to 
DE, and conſequently the rectangle GC, DE is equal to the 
rectangle CB, BD which is given, becauſe its ſides CB, BD 
are given. therefore the rectangle contained by the exceſs of 
BA, AC and the ſtraight line DE is given. 


NO PF... . 95. 


F from a given point in the diameter of a circle given 
in poſition, or in the diameter produced, a ſtraight 
line be drawn to any point in the circumference, and 


rom that point a ſtraight line be drawn at right angles to 
the firſt, and from the point in which this meets the cir. 


amference again, a ſtraight line be drawn parallel to 
he firſt; the point in which this paralle] meets the 


liameter is given; and the rectangle contained by the 
wo parallels is given- 


In BC the diameter of the circle ABC given in poſition, or 
n BC produced, let the given point D be taken, and from D 
et a ſtraight line DA be drawn to any point A in the cir- 
umference, and let AE be drawn at right angles to DA, and 
rom the paint E where it meets the circumferemce again let 
F be drawn parallel to DA meeting BC in F; the point F is 
given, as alſo the rectangle AD, EF. 

Produce EF to the circumference in G, and join AG, be- 


auſe GEA is a right angle, the ſtraight line AG is * the dia- . Co. 544, 


1eter of the circle ABC; and BC is alſo a diameter of it; 
herefore the point H where they meet is the center of the 
ircle, and conſequently H is given, and the point D is given, 
rherefore DH is given in magnitude. and becauſe AD is pa- 
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rallel to FG, and GH equal to HA; DH is equal b to HF, 
and AD equal to GF. and DH is given, therefore HF is gi- 


A 


G 


ven in magnitude ; and it is alſo given in poſition, and the 
point H is given, therefore © the point F is given. 

And becanſe the ſtraight line EFG is drawn from a given 
point F without or within the circle ABC given in poſition, 
therefore * the rectangle EF, FG is given. and GF is equal 
to AD, wherefore the reftangle AD, EF is given. 


PROP. C. 
F from a given point in a ſtraight line given in poſi- 
I tion, a ſtraight line be drawn to any point in the cir. 
cumference of a circle given in poſition ; and from this 
point a ſtraight line be drawn making with the firſt an 
angle equal to the diflerence of a right angle and che angle 
contained by the ſtraight line given in poſition, and the 
ſtraight line which joins the given point and the center 
of the circle; and from the point in which the ſecond 
line meets the circumference again, a third ſtraight line 
be drawn making with the ſecond an angle equal to that 
which the firſt makes with the ſecond. the point in wb ich 
this third line meets the ſtraight line given in poſition is 
given; as alſo the rectangle contained by the iſt ſtraight 
line and the ſegment of the third betwixt the circumfe- 
rence and the ſtraight line given in poſition, is given. 


Let the ſtraight line CD be drawn from the given point C 
in the ſtraight line AB given in poſition, to the circumference 
of the circle DEF given in poſition of which G is the center ; 
join CG, and from the point D let DF be drawn making the 
angle CDF equal to the difference of a right angle and the 


angle BCG, and from the point F let FE be drawn _— 
the 
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angle DFE equal to CDF, meeting AB in H. the point H is 
given; as alſo the rectangle CD, FH. 
Let CD, FH meet one another in 
the point K, from which draw KL 
perpendicular to DF; and let DC 
mect the circumference again in M, 
and let FH meet the ſame in E, and 1 
join MG, GF, GH, | 
Becauſe the angles MDF, DFE are 
equal to one another, the circumfe- 
rences MF, DE are equal a; and add- 
ing or taking away the common part 


Ly 


ME, the circumference DM is equal 
to EF; therefore the ſtraight line DM 
is equal to the ſtraight line EF, and 
the angle GMD to the angle“ GFE; 
and the angles GMC, GFH are equal ; 
2.1 


to one another, becauſe they are ei- 
ther the ſame with the angles GMD, 
GFE, or adjacent to them. and be- 
cauſe the angles KDL, LKD are toge- 
ther equal © to a right angle, that is, A C HB 
by the hypotheſis, to the angles KDL, GCB; the angle 
GCB or GCH is equal to the angle (LK, that is to the angle)“ 3* * 
LEF or GK H. therefore the points C, K, H, G are in the 
circumference of a circle; and the angle GCK is therefore 
equal to the angle GHF ; and the angle GMC is equal to 
GFH, and the ſtraight line GM to GF; therefore 4 CG is 
equal to GH, and CM to HF. and becauſe CG is equal to 
GH, the angle GCH is equal to GHC ; but the angle GCH “. 46. *- 
is given, therefore GHC is given, and conſequently the angle 
CGH is given. and CG is given in poſition, and the point G ; 
therefore © GH is given in poſition; and CB is alſo given in 
poſition, wherefore the point H is given. 

And becauſe HF is equal to CM, the rectangle DC, FH is e. 32. Dat, 
equal to DC, CM. but DC, CM is given * , becauſe the point 
C is given; therefore the rectangle DC, FH is given 


* f. 95. or 96. 
Dat. 
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HIS is made more explicit than in the Greck text, to 
prevent a miſtake which the Author of the ſecond De- 
monſtration of the 24th Propoſition in the Greek Edition has 
fallen into, of thinking that a ratio is given to which another 
ratio is thewn to be equal, tho” this other be not exhibited in 
given magnitudes, See the Notes on that Propoſition, which 
is the 19th in this Edition, Betides by this Definition, as it is 
now given, ſome Propoſitions are demonſtrated, which in the 
Greek are not ſo well done by help of Prop. 2, 


DE: F.::1v; 

In the Greek text, Def. 4. is thus : © Points, lines, ſpaces 
* and angles are ſaid to be given in poſition which have al- 
% ways the ſame ſituation.” but this is imperfect and uſeleſs, 
becauſe there are innumerable caſes in which things may be gi- 
ven according to this Definition, and yet their poſition cannot 
be found. for inſtance, let the triangle ABC be given in po- 
ſition, and let it be propoſed to draw a ſtraight line BD from 


the angle at B to the oppoſite ſide AC A 

which ſhall cut of the aagle DEC | 

which ſhall be the ſeventh part of the 1 
angle ABC. ſuppoſe this is done, there- F : C 


fore the ſtraight line BD is invariable in 

its poſition, that is, has always the ſame ſituation; "ip any 
other ſtraight line drawn from the point B on either fide of 
BD cuts off an angle greater or leſſer than the ſeventh part 
of the angle ABC; therefore, according to this Definition, 


the ſtraight line BD is given in poſition, as alſo * the point n 


in which it meets the ſtraight line AC which is given in poſi- 

tion, but from the things here given, neither the ſtraight 

line BD nor the poiat D can be found 5 the | REP of Euclid's 
; Elements 


b. 44. Dat. 
c. 2. Dat. 


NOTES ON 


Elements only, by which every thing in his Data is ſuppoſed 
may be found, this Definition is therefore of no uſe, we have 
amended it by adding“ and which are either actually exhibited 
* or can be found;” for nothing is to be reckoned given, 
which cannot be found, or is not actually exhibited, 

The Definition of an angle given by poſition is taken out 
of the 4th, and given more diſtinctly by itſelf in the Defini- 
tion marked A. 

DEF. XI. XII. XIII. XIV. XV. 
The 11th and 12th are omitted, becauſe they cannot be gi- 


ven in Engliſh fo as to have any tolerable ſenſe ; and therefore 


wherever the terms defined occur, the words which expreſs 
their meaning are made uſe of in their place, 

The 13. 14. 15, are omitted, as being of no uſe, 

It is to be obſerved in general of the Data in this book, 
that they are to be underſtood to be given Geometrically, not 
always Arithmetically, that is, they cannot always be exhibi- 
ted in numbers; for inſtance, if the fide of a ſquare be gi- 
ven, the ratio of it to it's diameter is given“ geometrically, 
but not in numbers; and the diameter is given ©; but tho' 
the number of any equal parts in the fide be given, for ex- 
ample 10, the number of them in the diameter cannot be gi- 
ven. and the like holds in many other caſes, 


FARAOFUS TIED NT. 
In this it is ſhewn that A is to B, as C to D, from this, 
that A is to C, as B to D, and then by permutation ; but 
it follows directly, without theſe two ſteps, from 7. 5. 


TSF 0 

The limitation added at the end of this Propoſition between 
the inverted commas is quite neceſſary, becauſe without it the 
Propoſition cannot always be demonſtrated. for the Author 
having ſaid“ © becauſe A is given, a magnitude equal to it 
* can be found “, let this be C; and becauſe the ratio of A 
* to B is given, a ratio which is the ſame to it can be found l 
adds, let it be found, and let it be the ratio of C to 4.” 
Now from the ſecond Definition nothing more follows 
than that ſome ratio, ſuppoſe the ratio of E to Z, can be 
found, which is the ſame with the ratio of A to B; aud 
when the Auther ſuppoſes that the ratio of C to 4, which is 


alſo 
„ See Dr Gregory's Edition of the Data. 
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EUCLID DATA. 


iſo the ſame with the ratio of A to B, can be found, he ne- 
eſſarily ſuppoſes that to the three magnitudes E, Z, Ca 
fourth proportional A may be found; but this cannot always 
de done by the Elements of Euclid; from which it is plain 
Euclid muſt have underſtood the Propoſition under the limi- 
ation which is now added to his text. An Example will make 


his clear; let A be a given angle, A 

ind B another angle to which A has | 

given ratio, for inſtance, the ratio | 

f the given ſtraight line E to the gi- | 
„5 


cn one Z, then, having found an 
ngle C equal to A, how can the 
ingle A be found to which C has the 
ame ratio that E has to Z? certain- 
no way, until it be ſhewn how to 
ind an angle to which a given angle has a given ratio, which 
annot be done by Euclid's Elements, nor probably by any 
eometry known in his time. Therefore in all the Propo- 
itions of this book which depend upon this ſecond, the above 
nentioned limitation muſt be underſtood, tho? it be not ex- 
licitly mentioned, | 


. 


The order of the Propoſitiens in the Greek text between 
rop. 4. and Prop. 25. is now changed into annother which 
s more natural, by placing thoſe which are more ſimple be- 
ore thoſe which are more complex; and by placing together 
hoſe which are of the ſame kind, ſome of which were mixed 
imong others of a different kind. thus Prop. 1 2. in the Greek 
s now made the 5. and thoſe which were the 22. and 23. 
we made the 11. and 12, as they are more ſimple than the 
ropoſitions concerning magnitudes, the exceſs of one of 
hich above a given magnitude has a given ratio to the other, 
fter which theſe two were placed; and the 24. in the Greek 
ext is, for the ſame reaſon, made the 13. 


PROP. VI. VI. 


Theſe are univerſally true, tho' in the Greek text they are 
lemonſtrated by Prop. 2. which has a limitation; they are 
1crefore now ſhewn without it, 


PROP 
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| nitude 
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magnit 
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hus; 
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In the 23. Prop. in the Greek text, which here is the 12 
the words, * wu} TY auvre; di,” are wrong tranſlated b 
Claud. Hardy, in his Edition of Euclid's Data, printed at Pa 
ris, Ann. 1625, which was the firſt Edition of the Greek 
text; and Dr Gregory follows him in tranſlating them by the 
words, ** etft non caidem,” as if the Greek had been a 
un ruc are as in Prop. 9, of the Greek text. Euclid 
meaning is, that the ratios mentioned in the Propoſition muſt 
not be the ſame; for if they were, the Propoſition would not 
be true. whatever ratio the whole has to the whole, if the ra 
tios of the parts of the firſt to the parts of the other be the 
ſame with this ratio, one part. of the firſt 'may be double, tri 
ple, &c. of the other part of it, or have any other ratio t 
it, and conſequently cannot have a given ratio to it. where 
fore theſe words muſt be rendered by“ nom autem eaſdem, 
but not the ſame ratios, as Zambertus has tranſlated them i 
his Edition, 


PROP, XII. 191 
eſs of 
Some very ignorant Editor has given a ſecond Demonſtraſter a 
tion of this Propoſition in the Greek text, which has been Mand B 
ignorantly kept in it by Claud. Hardy and Dr Gregory, anqratio; 
has been retained in the tranſlations of Zambertus and othersKYnanne 
Carolus Renaldinus gives it only. the author of it has though agnit 
that a ratio was given if another ratio could be ſhewn to be 
the ſame to it, tho' this laſt ratio be not found. but this 1 
altogether abſurd, becauſe from it would be deduced that the 
ratio of the ſides of any two ſquares is given, and the ratio off In t 
he 16 


the diameters of any two circles, &c. and it is to be obſerve 


that the moderns frequently take given ratios. and ratios thagphewn 
are always the ſame for one and the ſame thing; and Sir IfaaFÞhe rat 
Newton has fallen into this miſtake in the 19th Lemma offput th. 
his Principia, Ed. 1713. and in other places. but this ſhoulQpnly b 
be carefully avoided, as it may lead into other errors. rſt pa 
: he 17 

PRO FP. MV. KV; of DC 

ſition. 


Euclid in this book has ſeveral Propoſitions concernin! he ſec 
magnitudes, the exceſs of one of which above a given mag 
a | nitud: 


EU CL19%5 DAT: A. 


nitude has a given ratio to the other; but he has given none 
concerning magnitudes whereof one together with a given 
magnitude has a given ratio to the other; tho” theſe laſt oc- 
cur as frequently in the ſolution of Problems as the firſt. the 
reaſon of which is, that the laſt may be all demonſtrated by 
help of the firſt; for if a magnitude together with a given 
magnitude has a given ratio to another magnitude; the exceſs 
of this other above a given magnitude ſhall have a given ra- 
tio to the firſt, and on the contrary; as we have demonſtrated 
in Prop. 14. and for a like reaſon Prop. 15. has been added 
to the Data. one example will make the thing clear; ſuppoſe 
it were to be demonſtrated, That if a magnitude A together 
with a given magnitude has a given ratio to another magni- 
tude B, that the two magnitudes A and B, together with a 
given magnitude have a given ratio to that other magnitude 
B; which is the ſame Propoſition with reſpect to the laft kind 
of magnitudes above mentioned, that the firſt part of Prop. 
16. in this Edition is in reſpect of the firſt kind, this is ſhewn 
hus; from the hypotheſis, and by the firſt part of Prop. 14. 
he exceſs of B above a given magnitude has unto A a given 
atio; and therefore, by the firſt part of Prop. 17. the ex- 
els of B above a given magnitude has unto B and A toge- 
her a given ratio; and by the ſecond part of Prop. 14. A 
and B together with a given magnitude has unto B a given 
ratio; which is the thing that was to be demonftrated. in like 
manner the other Propoſitions concerning the laſt kind of 
magnitudes may be ſhewn, 
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In the third part of Prop. 10. in the Greek text, which is 
he 16. in this Edition, after the ratio of EC to CB has been 
ſhewn to be given; from this, by inverſion and converſion, 
| Sir IfaaFhe ratio of BC to BE is demonſtrated to be given; but, with- 
emma out theſe two ſteps, the concluſion ſhould have been made 
nis ſhoulSonly by citing the 6. Propoſition, and in like manner, in the 
8. firſt part of Prop. 11. in the Greek, which in this Edition is 
he 17. from the ratio of DB to BC being given, the ratio 
of DC to DB is ſhewn to be given, by inverſion and Compo- 
ſition. inſtead of citing Prop. 7. and the ſame fault occurs in 


ncernSe ſecond part of the ſame Prop. 11. 


ven mag 
nitud: 
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PROP. XXI. XXII. 

Theſe are now added, as being wanting to complete the Thi 
ſubject treated of in the four procceding Propoſitions, on Of 

PROP. XXIII. i are ſ 

This which is Prop. 20. in the Greek text, was ſeparated 
1 from Prop. 14. 15. 16. in that text, after which it ſhould 
5 have been immediately placed, as being of the ſame kind. it 
is now put into its proper place. but Prop. 21. in the Greek 
is left out, as being the ſame with Prop. 14. in that text, 
which is here Prop. 18. 

arr. 

This, which is Prop. 13. in the Greek, is now put into its 
proper place, having been disjoined from the three following 
it in this Edition, which are of the ſame kind. 

PR OP. XXVIIL Ero 

This which in the Greek text is Prop. 25. and ſeveral of f Pre 
the following Propoſitions, are there deduced from Def. 4. Bon. 


3 = 
5 — 


1 

| which is not ſufficient, as has been mentioned in the Note on | 
that Definition; they are therefore now ſhewn more expli-fiſ| Thi 
8 citly. ained 
1 3 PR O P. XXXIV. XXXVI. propos 


Each of theſe has a Determination, which is now added, his 58 

which occaſions a change in their Demonſtrations. pecies 
PROP, XXXVII. XXXIX. XL. XLI. Ge 

The 35. and 36. Propoſitions in the Greek text are joined 
into one, which makes the 39. in this Edition, becauſe the 
ſame Enunciation and Demonſtration ſerves both. and for 
the ſame reaſon Prop, 37, 38. in the Greek are joined into 
one which here is the 40. 

Prop. 37. is added to the Data, as it frequently occurs in 
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the ſolution of Problems. and Prop. 41. is added to complete and is 
| the reſt. p ot m 
PROP. XLIL LrOP, 

| This is Prop. 39. in the Greek text, where the whole con- : 
| ſtruction of Prop. 22. of Book 1. of the Elements is put Thi 
| without need into the Demonſtration, but is now only cited, he fir! 
PROP. XLV. chich 
This is Prop 42. in the Greek, where the three ſtraightF* ther 

| lines made uſe of in the conſtruction are ſaid, but not ſhewn, br 


| to be ſuch that any two of them is greater than the third, 
| Which is now done, 
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PN: 0 FP; ALY 
This is Prop. 44. in the Greek text; but the Demonſtra- 
jon of it is changed into another wherein the ſeveral caſes of 
it are ſhewn, which, tho' neceſſary, is not done in the Greek. 
PROP. XLVIII. 

There are two caſes in this Propoſition, ariſing from the 
ro caſes of the 3d part of Prop. 47. on which the 48. de- 
pends. and in the Compoſition theſe two caſes are explicitly 
given. 

NOF. U. 

The Conſtruction and Demonſtration of this which is Prop. 
18. in the Greek, are made ſomething ſhorter than in that 
ext. 


„„ 

Prop. 63. in the Greek text is omitted, being only a caſe 
pf Prop. 49. in that text, which is Prop. 5 3. in this Edi- 
on. 

P R O P. LVIII. 

This is not in the Greek text, but its Demonſtration is con- 
ained in that of the firſt part of Prop. 54. in that text; which 
Propoſition is concerning figures that are given in ſpecies; 
his 58. is true of ſimilar figures, tho' they be not given in 
ſpecies, and as it frequently occurs, it was neceffary to add 
. 

aon, . 

This is the 54. in the Greek; and the 77. in the Greek, 

deing the very ſame with it, is left out. and a ſhorter De- 


monſtration is given of Prop. 61, 
PROP. LXII. 


This, which is moſt frequently uſeful, is not in the Greek, 


and is neceſſary to Prop. 87. 88. in this Edition, as alſo, tho? 
ot mentioned, to Prop. 86. 87. in the former Editions. 
Prop. 66. in the Greek text is made a Corollary to it. 
P.A O P. LV.” 


This contains both Prop. 74. and 73. in the Greek text; 


he firſt caſe of the 74. is a repetition of Prop. 56. from 


hich it is ſeparated in that text by many Propoſitions; and 
is there is no order in theſe Propoſitions, as they ſtand in 
he Greek, they are now put into the order which ſeemed 


noſt convenient and natural. 
The 
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NOTES ON 

The Demonſtration of the firſt part of Prop. 73. in the 
Greek is groſsly vitiated, Dr Gregory ſays that the ſenten 
ces he has incloſed betwixt two ſtars are ſuperfluous and ought 
to be cancelled; but he has not obſerved that what follow 
them is abſurd, being to prove that the ratio [ See his figure] 
of AT to TK is given, which by the Hypotheſis at, the be 
ginning of the Propoſition is expreſly given; ſo that the 
whole of this part was to be altered, which is done in thi 
Prop. 64. 

P R OP. LXVII. LXVIII. 

Prop. 70. in the Greek text is divided into theſe two, fo 
the ſake of diſtinctneſs; and the Demonſtration of the 67. 
rendered ſhorter than that of the firſt part of Prop. 70. it 
the Greek by means of Prop. 23. of Book 6. of the Ele 
ments, 

FR DF, LK 

This is Prop. 62. in the Greek text; Prop. 78. in tha 
text is only a particular caſe of it, and is therefore omitted. 

Dr Gregory, in the Demonſtration of Prop. 62. cites tht 
49. Prop. Dat. to prove that the ratio of the figure AEB te 
the parallelogram AH is given; whereas this was ſhewn 
few lines before; and beſides the 49. Prop. is not applicabl: 
to theſe two figures, becauſe AH is not given in ſpecies, but 
is, by the ſtep for which the citation is brought, proved tc 
be given in ſpecies, 


NOF. aL 


Prop. 83. in the Greek text is neither well enuntiated no 
demonſtrated.” the 73. which in this Edition is put in place ot 
It, is really the ſame, as will appear by conſidering [See D 
Gregory's Edition] that A, B, T, E in the Greek text arc 
four proportionale. and that the Propoſition is to ſhew that 
A, which has a given ratio to E, is to T, as B is to the 
ſtraight line to which A has a given ratio; or, by inverſion 
that T is to 5, as the ſtraight line to which A has a given 
ratio is to B; that is, if the proportionals be placed in thi: 
order, viz. T, E, A, B, that the firſt T is to & to which the 


ſecond E has a given ratio, as the ſtraight line to which the 


third A has a given ratio is to the fourth B; which is the 
Enunciation of this 73. and was thus changed that it migh 


be made like to that of Prop. 72. in this Edition, which 1 
the 
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e 8 2. in the Greek text, and the Demonſtration of Prop, 
3. is the ſame with that of Prop. 72. only making uſe of 
rop. 23. inſtead of Prop. 22. of Book 5. of the Elements, 


PROP. LXXVII. 
This is put in place of Prop. 79. in the Greek text, which 


not a Datum, but a Theorem premiſed as a Lemma to 
rop. 80. in that text, and Prop. 79. is made Cor. 1. to 
op. 77. in this Edition. 
ata takes notice, that, in Prop. 80. of the Greek text, the 
arallel KL in the figure of Prop. 77. in this Edition muſt 
ect the circumference, but does not demonſtrate it, which 


Cl. Hardy in his Edition of the 


done here at the end of Cor, 3. of Prop. 77. in the Con- 


ruction for finding a triangle ſimilar to ABC. 


PROP. LXXVIII. i 
The Demonſtration of this, which is Prop. 80. in the Greek, 
rendered a good deal ſhorter by help of Prop. 77. 


PROP. LXXIX. LXXX. LXXXI. 
Theſe arc added to Euclid's Data, as Propoſitions which 
c often uſeful in the ſolution of Problems. 


ROF. LIES, 
This, which is Prop. 60. in the Greek text, is placed before 
e 83, and 84. which in the Greek are the 58. and 59. be- 
uſe the Demonſtration of theſe two in this Edition is dedu- 
d from that of Prop. 82. from which they naturally follow. 


PROP. LXXXVIII. XC. 
Dr Gregory in his preface to Euclid's Works, which he 
bliſhed at Oxford in 1703, after having told that he had 
pplied the defects of the Greek text of the Data in innu- 
crable places from ſeveral Manuſcripts, and corrected Cl. 
ardy's tranſlation by Mr Bernard's, adds, that the 86. The- 
em *© or Propoſition,” ſeemed to be remarkably vitiated, 


it which could not be reſtored by help of the Manuſcripts ; 


en he gives three different tranſlations of it in Latin, ac- 
rding to which he thinks it may be read; the two. firſt have 
diſtinct meaning, and the third which ke ſays is the beſt, 
o it contains a true Propoſition, which is the 90. in this E- 

| dition, 


NOTES ON 


dition, has no connexion in the leaſt with the Greek text. 
and it is ſtrange that Dr Gregory did not obſerve, that if 
Prop. 86. was changed into this, the Demonſtration of the 
86. muſt be cancelled, and another put in its place. but, the 
truth is, both the Enunciation and the Demonſtration of 
Prop. 86. are quite entire and right, only Prop. 87. which 
is more ſimple, ought to have been placed before it; and the 
deficiency which the Doctor juſtly obſerves to be in this part 
of Euclid's Data, and which no doubt is owing to the care- 
leſſneſs and ignorance of the Greek Editors, ſhould have 
been ſupplied, not by changing Prop. 86. which 1s both en- 
tire and neceſſary, but by adding the two Propoſitions which 
are the 88, and 90. in this Edition. 


P R © FP. - ACVIIL C. 

Theſe were communicated to me by two excellent Geome- 
ters, the firſt of them by the Right Honourable the Earl 
Stanhope, and the other by Dr Matthew Stewart ; to which 
I have added the Demonſtrations. 
| Tho” the order of the Propoſitions has been in many pla. 
ces changed from that in former Editions, yet this will be of 
little difadvantage, as the ancient Geometers never cite the 
Data, and the Moderns very rarely. 


\ S that part of the Compoſition of a Problem which is 

its Conſtruction may not be ſo readily deduced from 

the Analyſis by beginners; for their ſake the following Ex 

ample is given in which the derivation of the ſeveral parts of 

the Conſtruction from the Analyſis is particularly thewn, that 
they may be aſſiſted to do the like in other Problems, 


ERM N 

Having given the magnitude of a parallelogram, the angle 
of which ABC is given, and alſo the exceſs of the ſquare of 
its fide BC above the ſquare of the fide AB; To find its 
ſides and deſcribe it. 

The Analyſis of this is the ſame with the Demonſtration 
of the 87. Prop. of the Data. and the Conſtruction that is 
given of the Problem at the end of that Propoſition. is thus 
derived from the Analyſis. 

Let 
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Let 
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Let EFG be equal to the given angle ABC, and becauſe 
in the Analyſis it is ſaid that the ratio of the rectangle AB, 
BC to the parallelogram AC is given by the 62 Prop. Dat. 
therefore from a point in FE, the perpendicular EG is drawn 
to FG, as the ratio of FE to EG is the ratio of the rectangle 


M 


YG 


B PD C FG LO HN 
AB, BC to the parallelogram AC by what is ſhewn at the end 
of Prop. 62. Next the magnitude of AC is exhibited by 
making the rectangle EG, GH equal to it, and the given ex- 
ceſs of the ſquare of BC above the ſquare of BA, to which 
exceſs the rectangle CB, BD is equal, is exhibited by the rect- 
angle HG, GL. then in the Analyſis the rectangle AB, BC 
is ſaid to be given, and this is equal to the rectangle FE, GH, 
becauſe the rectangle AB, BC is to the parallelogram AC, as 
(FE to EG, that is as the rectangle) FE, GH to EG, GH; 
and the parallelogram AC is equal to the rectangle EG, GH, 
therefore the rectangle AB, BC is equal to FE, GH. and 
conſcquently the ratio of the rectangle CB, BD, that is of the 
rectangle HG, GL, to AB, BC, that is of the ſtraight line 
DB to BA, is the ſame with the ratio (of the rectangle GL, 
GH to FE, GH, that is) of the ſtraight line GL to FE, which 
ratio of DB to BA is the next thing ſaid to be given in the 
Analyſis, from this it is plain that the ſquare of FE is to the 
ſquare of GL, as the ſquare of BA which is equal to the 
rectangle BC, CD is to the ſquare of BD, the ratio of which 
ſpaces is the next thing ſaid to be given. and from this it fol- 
lows that four times the ſquare of FE is to the ſquare of GL, 
as four times the rectangle BC, CD is to the ſquare of BD; 
and, by Compoſition, four times the ſquare of FE together 
with the ſquare of GL, is to the ſquare of GL, as four times 
the rectangle BC, CD together with the ſquare of BD, is to 
the ſquare of BD, that is [L 8. 6. J as the ſquare of the 
ſtraight lines BC, CD taken together is to the ſquare of BD, 
which ratio is the next thing ſaid to be given in the Analyſis. 
and becauſe four times the ſquare of FE and the ſquare of 
GL are to be added together. therefore in the perpendicular 
| G g 5 | EG 
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firſt and third is given. 
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EG there is taken KG equal to FE, and MG equal to the 
double of it, becauſe thereby the ſquares of MG, GL, that 
is, joining ML, the ſquare of ME is equal to four times the 
the ſquare of FE and to the ſquare of GL. and becauſe the 
ſquare of ML is to the ſquare of GL, as the ſquare of the 
ſtraight line made up of BC and CD is to the ſquare of BD, 
therefore [22.6.] ML 1s to LG, as BC together with CD is 
to BD, and, by compoſition, ML and LG together, that is, 
producing GL to N, ſo that ML be equal to LN, the ſtraight 
line NG is to GL, as twice BC is to BD; and by taking GO 
equal to the half of NG, GO is to GL, as BC to BD, the ra- 
tio of which is ſaid to be given in the Analyſis. and from this 
it follows, that the rectangle HG, GO is to HG, GL, as 
the ſquare of BC is to the rectangle CB, BD which is equal to 
the rectangle HG, GL, and therefore the ſquare. of BC is 
equal to the rectangle HG, GO, and BC is conſequently 


found by taking a mean proportional betwixt HG and GO, Let 
as is ſaid in the conſtruction, and becauſe it was ſhewn that ¶ quired 
GO is to GL, as BC to BD, and that now the three firſt are MW which 
found, the fourth BD is found by 12. 6. it was likewiſe e KN 


ſhewn that LG is to FE, or GK, as DB to BA, and the 
three firſt are now found, and thereby the fourth BA. 
make the angle. ABC equal to EFG, and complete the paral- 
lelogram of which the ſides are AB, BC, and the conſtruc- 
tion is finiſhed ; the reſt of the Compoſition contains the 
Demonſtration. 


8 the Propoſition from the 13. to the 28. may be thought 
by beginners to be leſs uſeful than the reſt, becauſe they 
cannot ſo readily ſee how they are to be made uſe of in the 
ſolution of Problems; on this account the two following 
Problems are added, to ſhew that they are equally uſeful with 
the other Propoſitions, and from which it may edfily be jud- 
ged that many other Problems depend upon theſe Propoſi- 
tions. f 


PROBLEM TI. = 

F* find three ſtraight lines ſuch, that the ratio of the 
firſt to the ſecond is given; and if a given ſtraight 

line be taken from the ſecond, the ratio of the remainder 
to the third is given; alſo the rectangle contained by the 


Let 
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Let AB be the firſt ſtraight line, CD the ſecond, and FF 


al to the | 
'L, that che third. and becauſe the ratio of AB to CD is given, and 
imes the chat if a given ſtraight line be taken from CD, the ratio of 
wſe the che remainder to EF is given; therefore * the exceſs of the «. 24 Dar. 
© of the firſt AB above a given ſtraight line has a given ratio to the 
of BD, third EF, Let BH be that given ftraight line, therefore AH 
h CD is Mike exceſs of AB above it __ a given ratio A H BB 
that is, Mio EF; and conſequently ® the rectangle — 1 þ 
ſtraight BA, AH has a given ratio to the rectangle (- 2 D 
ing G0 AB. EF, which laſt K is given by — 3 
the ra- the Hypotheſis; therefore * the rectangle E F F 
om thi. BA, AH is given, and BH the exceſs of its 
GL = ſides is Wega wherefore the ſides AB, AH * _NML 2 
qual to Ire given d. and becauſe the ratios a AB to CD, and of AH & #5. Das 
f BC i; EF are given, CD and EF are © given. 
quently The Compoſition. 
d GO, Let the given ratio of KL to KM be that which AB is re- 
n that ¶ quired to have to CD; and let DG be the given ſtraight line 
rſt are MW which is to be taken From CD, and let the given ratio of KM 
ikewiſe W to KN be that which the remainder muſt have to EF; alſo, let 
nd the che given rectangle NK, KO be that to which the rectangle 
BA. MAB, EF is required to be equal. find the given ſtraight line 
paral- BH which is to be taken from AB, which is done, as plainly 
1ſtruc- ¶ appears from Prop. 24. Dat. by making as KM to KL, to GD 
is the FW to HB. to the given ſtraight line BH apply © a rectangle equal © & 
to LK, KO exceeding by a fquare, and let BA, AH be its 
ſides. then is AB the firſt of the ſtraight lines required to be 
ought found, and by making as LK to KM, ſo AB to DC, DC will 
they de the ſecond. and laſtly, make as Ru to KN, ſo CG to EF, 
n the and EF is the third, 
wing For as AB to CD, ſo is HB to GD, each of theſe ratios 
with being the ſame with the ratio of LK to KM ; therefore * AH , * 6 
- jud- is to CG, as (AB to CD, that is, as) LK to KM; and as 
poſi- CG to EF, ſo is KM to KN; wherefore, ex acquati, as AH 
to EF, ſo is LK to KN. and as the rectangle BA, AH to 
I the rectangle BA, EF, fo is © the rectangle LK, KO tothe , „ 6. 
the rectangle KN, KO. and, by the nen, the rectangle BA, , ,, 5 
ight AH. is equal to LK, KO. therefore d the rectangle AB, EF 
oy 5 is equal to the given rectangle NK, KO. and AB has to CD 
the given ratio of KL to KM; and from CD the given ſtraight 
the une GD being taken, the remainder CG has to EF the given 
ratio of KM to KN. Q. E. D. | 
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PROB. 1. AS 
O find three ſtraight lines ſuch, that the ratio of th 


firſt to the ſecond is given ; and if a given ſtraigh 
line be taken from the ſecond, the ratio of the remainde 


to the third is given; alſo the ſum of the ſquares of thy 
fir{t and third is given. 


Let AB be the firſt ſtraight line, BC the ſecond; and BY 
the third. and becauſe the ratio of AB to BC is given, and 
that if a given ſtraight line be taken from BC, the ratio d 
the remainder to BD is given; therefore * the exceſs of th 
firſt AB above a given ſtraight line has a given ratio to the 
third BD. let AE be that given ſtraight line, therefore the 
remainder EB has a given ratio to BD. let BD be placed 2 
right angles to EB, and join DE, then the triangle EBD is) 


which is given in magnitude be given alſo in potition,. as alſo nich 
the point E, and the ſtraight line ED will be given © in poli ha: 
tion. join Ald, and becauſe the ſum of the ſquares of AB, 
BD, that is d, the ſquare of AD is given, therefore the C hich! 
ſtraight line AD is given in magnitude; and it is alſo given I be 
in poſition, becauſe from the given point A it is drawn to the ng Co 
ſtraight line ED given in poſition. therefore the point D in 
which the two ſtraight lines AD, ED given in poſition cut 
one another is given * , and the ftraight line DB which is at 
right angles to AB is given “ in poſition, and AB is given in 
poſition, therefore *.the point B is given. and the points A, 
D are given, wherefore * the ſtraight lines AB, BD are given, 
and the ratio of AB to BC is given, and therefore i BC is 
given, 
The Compoſition, 

Let the given ratio of FG to GH be that which AB i is re- 
quired to have to BC, and let HK be the given ſtraight line 
which is to be on ſrom BC, and ler the ratio which the re- 
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mainder is required to have to BD be the - ratio of HG 
to GL, and place GL at right * to FH, and join LF, LH. 
Next 
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Next 


nd make the angle NED equal to the angle GFL. from the 


traight lines that were to be found. 
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ext, as HG is to GF, ſo make HK to AE; produce AE to 
\ ſo that AN be the ſtraight line to the ſquare of which 
ie ſum of the ſquares of AB, BD is required to be equal; 


enter A at the diſtance AN deſcribe a circle, and let its cir- 
mference meet ED in D, and draw DB perpendicular to 
N, and DM making the angle BDM equal to the angle 
LH. laſtly, produce BM to C, ſo that MC be equal to HE. 
en is AB the firſt, BC the ſecond, and BD the third of the 


For the triangles EBD, FGL, as alſo DBM, LGH being 
quiangular, as EB to BD, ſo is FG to GL; and as DB to 
3M, ſo is LG to GH; therefore, ex acquali, as EB to BM, 
o is (FG to GH, and ſo is) AE to HK or MC; wherefore 
AB is to BC, as AE to HK, that is, as FG to GH, that is, “ 2. 5 
n the given ratio. and from the ſtraight line BC taking MC 
rhich is equal to the given ſtraight line HK, the remainder 
M has to BD the given ratio of HG to GL. and the ſum of 
he ſquares of AB, BD is equal © to the ſquare of AD or AN 
hich is the given ſpace. Q E. D. 

I believe it would be in vain to try to deduce the preceed- 
ng Conſtruction from an Algebraical Solution of the Pro- 
lem, ; f 
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RIGONOMETR v is commonly taught, 
next after the ELEMENTS of EUCLID; 
and on this account the following Treatiſe is 


annexed to this edition. It contains only the 


Elementary Part, and is much the ſame as the 
common Treatiſes, excepting that the Demon- 
ſtrations of ſeveral of the Propoſitions are 
changed into others that were thought better, 
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PLAIN TRIGONOMETRY. 


L E M M A I. Fic. 1. 


ET ABC be a rectilineal angle, if about the point B as 
1 a center, and any diſtance BA a circle be deſcribed, 
meeting BA, BC, the ſtraight lines including the angle 
ABC in A, C; the angle ABC will be to four right angles, 


as the arch AC to the whole circumference. 


Produce AB till it meet the circle again in F, and thro' B 
draw DE perpendicular to AB, meeting the circle in D, E. 

By 33. 6. Elem. the angle ABC is to a right angle ABD, as 
the arch AC to the arch AD; and quadrupling the conſe- 
quents, the angle ABC will be to four right angles, as the 
arch AC to four times the arck AD, or to the whole cir- 


| cumference. 


L EMMA ie. 


ET ABC be a plane rectilineal angle as before; about B 

as a center with any two diſtances BD, BA let two cir- 

cles be deſcribed meeting BA, BC in D, E, A, C. the arch AC 

will be to the whole circumference of which it is an arch, as 

the arch DE is to the whole circumference of which it is an 
arch. 

By Lemma 1. the arch AC is to the whole circumference 
of which it is an arch, as the angle ABC is to four right 
angles; and by the ſame Lemma 1. the arch DE is to the 
whole circumference of which it is an arch, as the angle ABC 
is to four right angles; therefore the arch AC is to the whole 
circumference of which it is an arch, as the arch DE to the 
whole circumference of which it is an arch, 


DEFINITIONS. Fic. z. 


I. 
ET ABC be a plane rectilineal angle; if about B as a cen- 
ter with BA any diſtance, a circle ACF be deſcribed 


meeting BA, BC, in A, C; the arch AC is called the 


meaſure of the angle ABC. 
II. 
The  ciooumference of a circle is ſuppoſed to be divided into 


# 


360 1 
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360 equal parts called degrees, and each degree into 60 e- 
qual parts called minutes, and each minute into 60 equal 
parts called ſeconds, :&c, and as many degrees, minutes, 
ſeconds, &c, as are contained in any arch; of ſo many de- 
grees, minutes, ſeconds, &c, is the angle, of which that 
arch is the meaſure, ſaid to be. | 
Cor. Whatever be the radius of the circle of which the mea- 
-ſure-of a given angle is an arch, that arch will contain the 
ſame number of degrees, minutes, ſeconds, &c. as is ma- 
nifeſt from Lem. 2. 
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III. | 

Lct AB be produced till it meet the circle again in F, the 

angle CBF, which, together with ABC, is equal to two 

right angles, is called the ſupplement of the angle ABC. 
IV. 

A ſtraight line CD drawn thro' C, one of the extremities of 

the arch AC, perpendicular upon the diameter paſſing thro? 

the other extremity A, is called the Sine of the arch AC, or 

of the angle ABC, of which it is the meaſure, 

Cor. The Sine of a quadrant, or of a right angle, is equal 

to the radius, 
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6 F V. 
The ſegment DA of the diameter paſſing thro' A one extrer 
mity of the arch AC between the fine CD; and that cxtre- 
mity is called the ved Sine, of the arch AC, or angle 
ABC. 
VI. 

A ſtraight line AE touching the circle at A, one extremity of 
the arch AC, and meeting the diameter BC paſling thro' 
the other extremity C in E, is called the Tangent of the arch 
AC or of the angle ABC. 

VII. 
The ſtraight line BE between the center and the extremity of 
the tangent AE, is called the Secant of the arch AC or 


angle ABC, 


any angle ABC, are likewiſe the Sine, We and Se- 
cant of its Supplement CBE, 


CBF. let CB be produced till it meet the circle again in G; 
and it is manifeſt that AE is the Tangent, and BE the Se- 
cant of the angle ABG or EBF, from Def. 6. 7 


Cor. to Def. 4. 6. 7. The Sine, Tangent, and Secant of 


It is manifeſt from Def. 4. that CD is the Sine of the angle 
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Secant, of any arch which is the meaſure of any given angle 
ABC, is to the Sine, verſed Sine, Tangent, and Secant, 
of any other arch which is the meaſure of the ſame 
angle, as the radius of the * is to the radius of the ſe- 
cond. 


Let AC, MN be meaſures of the angle ABC, according to 
Def. 1. CD the Sine, DA the verſed Sine, AE the Tangent, 


and BE the Secant of the arch AC, according to Def. 4. 5. 
6. 7. and NO the Sine, OM the verſed Sine, MP the Tan- 
ent and BP the Secant of the arch MN, according to the 


| Wt definitions, Since CD, NO, AE, MP, are parallel, 


CD is to NO as the radius CB to the radius NB, and AE 


to MP as AB to BM, and BC or BA to BD as BN or BM 


to BO; and, by converſion, DA to MO as AB to MB, 
Hence the Corollary is manifeſt; therefore if the radius 


be ſuppoſed to be divided into any given number of 
equal parts, the Sine, verſed Sine, Tangent, and Secant 


of any given angle, will each contain a given number of 


theſe parts; and by Trigonometrical Tables, the length 


of the Sine, verſed Sine, 'Tangent, and Secant of any angle 
may be found in parts of which the radius contains a given 
number; and, vice verſa, a number expreſſing the length of 
the Sine, verſed Sine, Tangent, and Secant being given, the 
angle of which it is the Sine, verſed Sine, Tangent, and Se- 


cant may be found. 


VIII. 


cular to AB, the angle CBH will be the complement of 
the angle ABC or of CBF. 


IX. 


Let HE be the Tangent, CL or DB, which is equal to it, the 


Sine, and BK the Secant of CBH, the complement of ABC, 
according to Def, 4. 6. 7. HK is called the Co-tangent, 
BD the Co-ſine, and BK the Co-ſecant of the angle ABC. 


Cor. 1. The radius is a mean proportional between the Tan- 
gent and Co-tangent. 
For ſince HK, BA are parallel, the angles HKB, ABC will 


be — and the angles KHB, BAE are 3 ; therefore 
the 
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Cor. to Def. 4. 5, 6. 7. the Sine, verſed Sine, Tangent, and Fs. + 


The difference of an angle from a right angle is called the Fig. 3. 
complement of that angle. Thus, if BH be drawn perpendi- 


PLAIN TRIGONOMETRY, 

| the triangles BAE, KHz are fimilar, and therefore AE is 
to AB, as BH or BA to HK. 

Cor. 2. The radius is a mean proportional between the Co- 
ſine and Secant of any angle ABC. 

Since CD, AE are parallel, BD i is to BC or BA, as BA to 
BE. 


PROP. EL Fs, 5. 


N a right angled plane triangle, if the hypothenuſe be 
made radius, the ſides become the fines of the angles 
oppoſite to them; and if either ſide be made radius, the 
remaining ide is the Tangent of the angle oppoſite to it, 
and the hypothenuſe the Secant of the ſame angle. 


Let ABC be a right angled triangle; if the hypothenuſe 
BC be made radius, either of the ſides AC will be the Sine of 
the angle ABC oppoſite to it; and if either fide BA be made 
radius, the other fide AC will be the Tangent of the angle 
ABC oppoſite to it, and the hypothenuſe BC the Secant of the 
ſame angle. 

About B as a center, with BC, BA for diſtances, let two 
circles CD, EA be deſcribed, meeting BA, BC in DE. ſince 
CAB is a right angle, BC being radius, AC is the Sine of the 
angle ABC by Def. 4. and BA being radius AC is the Tan- 
gent, and BC the Secant of the angle ABC, by Det. 6. 7. 

Cor. 1. Of the hypothenuſe a fide and an angle of a right 
angled triangle, any two being given, the third is alſo given. 

Cor. 2. Of the two ſides and an angle of a right angled 
triangle, any two being given, the third is alſo given. 


PROP. IL. Fic, 6. 7. 


HE files of a plane triangle are to one another, as 
the Sines of the angles oppoſite to them. 


In right angled triangles this Prop. is manifeſt from Prop. 1. 
for if the hypothenuſe be made radius, the ſides are the Sines 
of the angles oppoſite to them, and the radius is the Sine of 
a right angle (Cor. to Def. 4.) which is oppoſite wo the Foe! a 
thenuſe, 
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In any oblique angled triangle ABC, any two fides AB, 
AC will be to one another as the Sines of the angles ACB, 
ABC which are oppoſite to them. 

From CB draw CE, BD perpendicular upon the oppoſite 
fides AB, AC produced, if need be. Since CEB, CDB are 
right angles, BC being radius, CE is the Sine of the angle 
CBA, and BD the Sine of the angle ACB. but the two tri- 
angles CAE, DAB have each a right angle at D and E; and 
likewiſe the common angle CAB; therefore they are amian 
and conſequently CA is to AB, as CE to DB; that is, the 
ſides are as the Sines of the angles oppoſite to them. 

Cor. Hence of two fides, and two angles oppoſite to them, 
in a plane triangle, any three being given, the fourth is alſo gi- 
ven, | 


PROP, III. Fi. 8. 


I. a plane triangle the ſum of any two ſides is to their 
difference, as the Tangent of half the ſum of the 


angles at the baſe, to the Tangent of half their difference. 


Let ABC be 4 plane triangle, the ſum of any two fides AB, 


AC will be to their difference as the Tangent of half the ſum. 


of the angles at the baſe ABC, AC; to the Tangent of hull 
their difference. about A as a center, with AB the greater 
fide for a diſtance, let a circle. be deferibed, meeting AC pro- 
duced in E, F, and BC in D. join DA, DE, EB, FB; and 
draw FG parallel to BC, meeting EB in G. 
The angle EAB (32. 1.) is equal to the ſum of the angles 
at the baſe, 'and alſo to the angles ABF, AFB, that is, ſince 
che triangle ABF is iſuſceles to twice AFB, therefore AFB is 
half the ſum of the angles at the baſe. but the angle ACB 
(32. 1.) is equal to the angles CAD and ADC, or ABC to- 
gether; therefore FAD is the difference of the angles at the 
baſe, and FBD at the circumference, or BFG, on account of 
the parallels FG, BD, is the half of that difference. hut fince 
the angle EBF in a ſemicircle is a right angle. (1. of this.) FB 
being radius, BE, BG, are the Tangents of the angles EFB, 
BFG. but it is manifeſt that EC is the ſum of the ſides BA, 
on and CF their difference; and ſince BC, FG are parallel 
(2. 6.) EC is to CF, as EB to BG; that is, the ſum of the 
| ſides 


PLAIN TRIGONOMETRY. 
fides is to their difference, as the Tangent of half the ſum of 
the angles at the baſe to the Tangent of halt their difference, 


PROP. IV. Fic. 9. and 10. 


N any triangle twice the rectangle contained by any 

two ſides is to the difference of the ſum of the ſquares 
of theſe two ſides, and the ſquare of the baſe, as the ra- 
dius is to the Co- ſine of the angle included by the two 
ſides. | | 


Let ABC be a plane triangle twice the rectangle ABC con- 
tained by any two ſides BA, BC is to the difference of the 
ſum of the ſquares of BA, BC, and the ſquare of the baſe 
AC, as the radius to the Co- ſine of the angle ABC. 

From A draw AD perpendicular upon the oppoſite ſide 
BC; then (by 12. and 13. 2. El.) the difference of the ſum 
of the ſquares of AB, BC, and the ſquare of the baſe AC, is 
equal to twice the rectangle CBD ; but twice the rectangle CBA 
is to twice the rectangle CBD ; that is, to the difference of 


the ſum of the ſquares of AB, BC, and the ſquare of AC, 


(1. 6.) as AB to BD; that is by Prop. 1. as radius to the 
Sine of BAD, which is the complement of the angle ABC; 
that is as radius to the Co-ſine of ABC. 


PROP. V. Fis. 11; 


N any triangle ABC, whoſe two ſides are AB, AC, 
and baſe BC; the rectangle contained by half the pe. 
rimeter, and the exceſs of it above the baſe BC, is to the 
rectangle contained by the itraight lines, by which the 
half of the perimeter excceds the other two ſides AB, 
AC, as the {quare of the radius is to the ſquare of- the 
tangent of half the angle BAC oppoſite to the baſe. 


Let the angles BAC, ABC be biſected by the ſtraight lines 
AG, BG, and, producing the fide AB, let the exterior angle 
CBH be biſected by the ſtraight line BE, meeting AG in K, 
and from the point GK, let there be drawn perpendicular 
upon the fid-s the ſtraight lines GD, GE, GF, KH, KL, 


RM. ſince therefore (4. 4.) G is the center of the circle in- 
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{ſcribed in the triangle ABC, GD, GF, GE will be equal, 
and AD will be equal to AE, BD to BF, and CE to CF. in 
like manner KH, KL, KM, will be equal, and BH will be c- 
qual to BM, and AH to AL, becauſe the angles HBM, HAE 
are biſected by the ſtraight lines BK, KA. and becaule in the 
triangles KCL, KCM, the ſides LK, KM are cqual, KC is 
common, and KLC, KMC are right angles, CL will be equal 
to CM. fince therefore BM is equal to BH, and CM to CL; 
BC will be equal to BH and CL together ; and, adding AB 
and AC together, AB, AC, and BC. will together be equal 
to AH, and AL together, but AH, AL are cqual, where- 
fore each of them 1s equal to half the perimeter of the triangle 
ABC. but fince AD, AE are equal, and BD, BF, and alſo 
CE, CF. AB together with FC will be equal to half the peri- 
meter of the triangle to which AH or AL was ſhewn to be 
equal, taking away therefore the common AB, the remainder 
FC will be equal to the remainder BH, In the ſame manner 
is it demonſtrated, that BF is equal to CL. and ſince the points 
B, D, G. F are in a circle, the angle DGF will be equal to 
e exterior and oppoſite angle FBH, (22. 3.) wherefore their 
halves BGD, HBK will be equal to one another. the right 
angled triangles BGD, HBK will therefore be equiangular, 
and GD will be to BD, as BH to HE, and the rectangle con- 
ained by GD, HE will be equal to the rectangle DBH or 
BFC. but fince AH is to HK, as AD to DG, the rectangle 
HAD (22. 6.) will be to the rectangle contained by HK, DG 
dr the rectangle BFC, (as the ſquare of AD is to the ſquare 
df DG, that is) as the ſquare of the radius to the ſquare of 
he tangent: of the angle DAG, that is the half of BAC. but 
A is half the perimeter of the triangle ABC, and AD is the 
xceſs of the ſame above HD, that is above the baſe BC; but 
F or CL is the exceſs of HA or AL above the fide AC, 
d FC or HB. is the exceſs of the fame HA. above the fide 
B; therefore the rectangle contained by half the perimeter, 
ad the exceſs of the ſame above the baſe, viz. the rectangle 
IAD, is to the rectangle contained by the ſtraight lines by 
hich the half of the perimeter exceeds the other two ſides, 
at is the rectangle BFC, as the ſquare of the radius is to the 
uare of the tangent of half the angle BAC oppoſite to the 
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> PROP. VI 

] N a plane triangle, the baſe is to the ſum of the ſides, 

as the diſſerence of the ſides is to the ſum or difference 

or the ſegments of the baſe made by the perpendicular 

upon it from the vertex, according as the ſquare of the 


greater ſide is greater or leſs than the ſum of the ſquares 
of the lefſer fide and rhe baſe, 


Fic. 12. and 13. 


Let APC be a plane triangle; if from A the vertex be drawn 

a ſtraight line AD perpendicular upon the bafe BC, the baſe 
BC will be to the ſum of the ſides BA; AC, as the difference 
of the ſame ſides is to the ſum or difference of the ſegmenu 
"CD, Bp, according as the ſquare of AC the greater fide 
is grtarer or leſs than the ſam 4 the ſquares of the leſſer ſide 
AB, or the baſe BC. 

About A as a center, with AC the iter ſide for a di- 
ſtance, let a gircle be deſcribed meeting AB produced in E, F. 
and CBin G. it is manifeſt that FB is the ſum, and BE the 
difference of the ſides; and ſince AD is perpendicular to GC, 
GD, CD will be equal; conſequently GB will be equal to the 
ſum or difference of the ſegments CD, BD; according as the 
perpendicular AD meets the baſe, or the baſe produced; that 
is, (by Cor. 12. and 13. 2.) according as the ſquare of AC is 


greater or leſs than the ſum of the ſquares of AB, BC. but 


(wy 35. 3.) the rectangle CBG is equal to the rectangle EBF; 
that is, (16. 6.) BC is to BF, as BE is to BG. that is, the 
baſe is to the ſum of the ſides, as the difference of the ſides is 
to the ſum or difference of the ſegments of the baſe made by 
the perpendicular from the vertex, according as the ſquare ot 
the greater ſide is greater or leſs than the ſum of the ſquare 
of the leſſer fide and the baſe. Q. E. D. 
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PLAIN TRIGONOMETRY. 


be the greater, and half the difference 5 half 
the ſum, will be the leſs. f 

For let AB be the given ſum, AC the greater, 74 BO 
the leſs. let AD be half the given ſum; and to AD, DB 
which are equal, let DC be added, then AC will be equal to 
BD, and DC together ; ; that is, to BC, and twice DC, con- 
ſequently twice DC is the difference, and DC half that dit- 
ference. but AC the greater is equal to AD, De; that is, 
to half the ſum added to half the difference, and BC the leſs 
is equal to the exceſs of BD, half the ſum above DC half the 
difference, Q. E. F. 
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SOLUTION of the Cass of right-angledf 


TRIANGLES. 


GENERAL PROPOSITION, 


N a right angled triangle of the three ſides and three 
angles, any two being given beſides the right angle, 
the other three may be found, except when the two a. 
cute angles are given, in which cafe the ratios of the 
ſides are only given, being the ſame with the ratios of 
the ſines of the angles oppolite to them. 


It is manifeſt from 47. 1. that of the two fides and hypo 
thenuſe any two be given the third may alſo be found. It is 
alſo manifeſt from 32. 1. that if one of the acute angles of a 
right-angled triangle be given, the other is alſo given, for it 
is the complement of the former to a right angle. 

If two angles of any triangle be given, the third is alſo gi. 
ven, being the fupplement of the two given angles to twe 
right angles. 


The other caſes may be reſolved by help of the preceeding 


propofitions, as in the following table. 


| Glen. Soug ur. 


— 
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1 Two fides AB, | The angles AB: A:: N:. of| 
AC. B, C. | which C is the complement. | 


* * — 4 N 


| AB, BC, a fide [4 The angles BC? BA:: R: 8, C. of 
and the bypothe-| B, C. which B is the complement. 


nuſe. 


. 
— — 
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— — 


3 ö AB, B, a ſide The other _ ; p 
and an angle. fide AC, R: T, B:“: BA: AC. 


1 * — 
* 


—— —V —— 
** 


1 AB and B, a The hypo- 1 N 
ſide and an angle. | thenuſ: BG. S, O: R: : BA: BC. 


 W— 111 
* 1 8 


5 BC and B, the The ſide NR 28, B:: Be: CA. 
hypothenuſe and | Ac. | 


an angle, 


Theſe five caſes are reſolved by Prop. 1. 
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OLUTION of the Casxs of oblique-angled 
TRIANGLES. 
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GENERAL PROPOSITION. 


N an oblique-angled triangle of the three fides, and 
three angles, any three being given, the other three 
ay be found, except when the three angles are given, 
which caſe the ratios of the ſides are only given, be- 
o the ſame with the ratios of the ſines of the angles 
polite to them, 2 
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AB. AC, and B. The angles AC: AB:: 8, B: 8, C. 
wo ſides and an A and C. (2.) This caſe admits of two 
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Given. © S@UGHT. | 
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2 1 * CB: ACg + CBy 
I-CBy be greater than ABg. 
Fig. 16. 

AB, BC, CA. the A, B, c, the CBg : : R: Cos, C. If An, 
6 greater than ACg ＋ CBy. 


Fig. 17. (4.) 
\ GY . 
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| Otherwiſe. 
Let AD be perpendicular to 
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SPHERICAL TRIGONOMET RI. 


DEFINITIONS, 
. 
HE pole of a circle of the ſphere, is a point in the fu- 
perficics of the ſphere, from which all ſtraight lines 
drawn to the circumference of the circle are equal. 
| II. 4 
A great circle of the ſphere, is any whoſe plane paſſes thro! 


the center of the ſphere, and whoſe center therefore is the 
ſame with that of the ſphere, | 


| III. 

A ſpherical triangle is a figure upon the ſuperficies of a ſphere, 
comprehended by three arches of three great circles, each 
of which is leſs than a ſemicircle, 

IV. 

A ſpherical angle is that which on the ſuperficies of a ſphere 
is contained by two arches of great circles, and is the ſame 
with the inclination of the plancs of theſe great cipcles, 


P R O P. J. 
( REAT circles biſect one another. 


As they have a common center, their common ſection will 
be a diameter of each which will biſect them. 


„ 


HE arch of a great circle betwixt the pole and. cir- 
cumference of another is a quadrant. 


Let ABC be a great circle, and D its pole; if a great cir- 
cle DC paſs thro' D, and meet ABC in C, the arch DC will 
be a quadrant. 


Let the great circle CD meet ABC again in A, and let 
AC be che common ſection of the great circles, which will 
paſs 
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paſs thro' E the center of the ſphere. join DE, DA, DC. 


by Def. 1. DA, DC are equal, and AE, EC are alſo equal, 
and DE is common; therefore (8. 1.) the angles DEA, DEC 
are equal; wherefore the arches DA, DC are equal, and con- 
ſequently each of them is a quadrant, Q E. P 


PROP. IM. Fic. 2. 


F a great circle be deſcribed meeting two great circles 

AB, AC paſſing thro” its pole A in B, C, the angle 

at the center of the ſphere upon the circumference BC, 

is the ſame with the ſpherical angle BAC, and the arch 
BC is called e meaſure of the ſpherical angle BAC. 


Let the planes of the great circles AB, AC interſect one 
another in the ſtraight line AD paſſing thro' D their common 
center; join DB, DC. 

Since A is the pole of BC, AB, AC will be quadrants, 
and the angles ADB, ADC right angles; therefore (Def. 3. 
11.) the angle CDB is the inclination of the planes of the 


| circles AB, AC; that is, (Def. 4.) the ſpherical angle BAC. 


Q. E. D. 

Cor. If thro' the point A two quadrants AB, AC be 
drawn, the point A will be the pole ef the great circle BC, 
paſling thro” their extremities B, C. 

Join AC, and draw AE a ſtraight line to any other point 
E in BC; join DE. fince AC, AB are quadrants, the angles 
ADB, ADC are right angles, and AD will be perpendicular 
to the plane of BC. therefore the angle ADE is a right angle, 
and AD, DC are equal to AD, DE each to each; therefore 
AE, AC are equal, and A. is the pole of BC, by Def. 1. 


Q. E. v. 


or. . 3. 


I Iſoſceles ſpherical triangles the angles at the baſe 


are cqual. 


Let ABC be an Iſoſceles triangle, and AC, CB the equal 
fides; the angles BAC, ABC at the baſe AB are equal. | 


Let 


qual 


Let 
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Let D be the center of the ſphere, and join DA, DB, 
DC; in DA take any point E from which draw in the plane 
ADC, the ſtraight line EF at right angles to ED meeting CD 
in F, and draw in the plane ADB, EG at right angles to the 
ſame ED; therefore the rectilineal angle FEG is (6. Def. 11.) 
the inclination of the planes ADC, ADB, and therefore is 
the ſame with the ſpherical angle BAC. from F draw FH 
perpendicular to DB, and from H draw in the plane ADB, 
the ſtraight line HG at right angles to HD, meeting EG in 
G, and join GF, becauſe DE is at right angles to EF and 
EG, it is perpendicular to the plane FEG, (4. 11.) and there- 
fore the plane FEG is perpendicular to the plane ADB, in 
which DE is. (18. 11.) in the ſame manner the plane FHG 
is perpeadicular to the plane ADB; and therefore GF the 
common ſection of the planes FEG, FHG is perpendicular 
to the plane ADB; (19. 11.) and becaule the angle FHG is 
the inclination of the planes BDC, BDA, it is the ſame with 
the ſpherical angle ABC; and the fides AC, CB of the ſphe- 
rical triangle being equal, the angles EDF, HDF, which 
ſtand upon them at the center of the ſphere are equal; and 
in the triangles EBF, HDF the ſide DF is common, and the 
angles DEF, DHF are right angles, therefore EF, FH are e- 
qual; and in the triangles FEG, FHG the fide AF is com- 
mon, and the ſides EG, GH will be equal by the 47, 1. and 
therefore the angle FEG is equal to FHG; (8. 1.) that is, 
the ſpherical angle BAC is equal to the ſpherical angle ABC, 


„„ F662; 


F in a ſpherical triangle ABC, two of the angles BAC, 


ABC be equal, the ſides BC, AC oppolite to them, 
are equal. 


Read the conſtruction and demonſtration of the preceed- 
ing propoſition, unto the words, and the ſides AC, CB, 
* &c.” and the reſt of the demonſtration will be as follows, 
VIZ, 

And the ſpherical angles BAC, ABC being equal, the 
rectilineal angles FEG, FHG which are the ſame with them 
are equal; and in the triangles FGE, FGH the angles at G 
are right angles, and the fide FG oppoſite to two of the equal 

angles 
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angles is common, therefore (26. 1.) EF is equal to FH; and 
in the right-angled triangles DEF, DHF the fide DF is com- 
mon, wherefore (47. 1,) ED is equal to DH, and the angles 
EDF, HDF are therefore equal, (4. 1.) and conſequently the 
fides AC, BC of ** ſpherical triangle are equal. 


or. N.. 


NY two ſides of a ſpherical triangle are greater 
than the third. | 


FIG. 4. 


tt ABC be a ſpherical triangle any two fides AB, BC 
will be greater than the other fide AC. 

Let D be the center of the ſphere; join DA, DB, DC. 

The ſolid angle at D is contained by three plane angles 
ADB, ADC, BDC; and by 20. 11. any two of them ADB, 
BDC is greater than the third ADC; that is, any two ſides 
AB, BC of the ſpherical triangle ABC. are greater than the 
third AC. 


PROP. VII. Fic. 4. 


HE three ſides of a ſpherical triangle are leſs than a 
circle. 


Let ABC be a ſpherical triangle as before, the three ſides 
AB, BC, AC are leſs than a ſemicircle. 

Let D be the center of the ſphere, the ſolid angle at D is 
contained by three plane angles BDA, BDC, ADC, which 
together are leſs than four right angles, (21. 11.) therefore 


the ſides AB. BC, AC together, will be leſs than four qua- 


drants; that is, leſs than a circle. 


PROP. VIIL Fic. 5. , 


N a ſpherical triangle the greater angle is oppoſite to 
the greater ſide, | 


Let ABC be a ſpherical triangle, the greater angle A is op- 
poſed to the greater fide BC. 
Let the angle BAD be made equal to the angle B, and 


few BD, DA will be equal, (5. of this) and therefore AD, 
DC 
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SPHERICAL TRIGONOMETR x. 
DC are equal to BC; but AD, DC are greater than AC, 
(6. of this.) therefore BC is greater than AC, that is the 


greater angle A is oppoſite to the greater ſide BC, Q. 
E. D. | 


PROP. IX. Fic. 6. 


N any ſpherical triangle ABC, if the ſum of the ſides 

AB, BC be greater, equal, or lefs than a femicircle, 

the internal angle at the baſe AC will be greater, equal, 

or leſs than the external and oppoſite BCD; and there- 

fore the ſum of the angles A and ACB will be greater, 
equal, or leſs than tworight angles, 


Let AC, AB produced meet in D. 

1. If AB, BC be equal to a ſemicircle, that is to AD, 
BC, BD will be equal, that is (4. of this) the angle D, or 
the angle A will be equal to the angle BCD. 

2, If AB, BC together be greater than a ſemicircle, that 
is greater than ABD, BC will be greater than BD, and 
therefore (8. of this) the angle D, that is the angle A, is 
greater than the angle BCD. In the ſame manner, is it 
ſhewn, 3. That if AB, BC together be leſs than a ſemi- 
circle, the angle A is leſs than the angle BCD. And fince 
the angles BCD, BCA are cqual to two right angles, if the 
angle A be greater than BCD, A and ACB together will 
be greater than two right angle, If A be equal to BCD, 
A and ACB together will be equal to two right angles; and 
if A be leſs than BCD, A and ACB will be leſs than two 
right angles. Q. E. D. 


. 


| F the angular points A, B, C of the ſpherical triangle 
L ABC be the poles of three great circles, theſe great 
ircles by their interſections will form another triangle 
DE, which is called ſupplemental to the former; that 
s, the ſides FD, DE, EF are the ſupplements of the 
| meaſures 
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SPHERICAL TRIGONOMETRY, 
meaſures of the oppoſite angles C, B, A, of the triangle 
ABC, and the meaſure of the angles F, D, E of the tri. 
angle FDE, will be the ſupplements of the ſides AC, BC, 
BA, in the triangle ABC. 


Let AB produced meet DE, EF in GM, and AC meet 
FD, FE in K, L, and BC meet FD, DE in N, H. 

Since A is the pole of FE, and the circle AC paſſes thro' 
A, EF will paſs thro” the pole of AC, (13. 15. 1. Th.) and 
ſince AC paſſes thro' C, the pole of FD, FD vill paſs thro' 
the pole of AC, therefore the pole of AC is in the point 
F, in which the arches DF, EF interſect each other. In 
the ſame manner, D is the pole of BC, and D the pole 
of AB. 

And ſince F, E are the poles of AL, AM, FL and EM are 
quadrants, and FL, EM together, that is FE and ML to- 
gether, are equal to a ſemicircle, But ſince A is the pole of 
ML, ML is the meaſure of the angle BAC, conſequently FE 
is the ſupplement of the meaſure of the angle BAC. In the 
ſame manner, ED, DF are the ſupplements of the meaſures of 
the angles ABC, BCA. 

Since likewiſe CN, BH are quadrants, CN, BH together, 
that is NH, BC together, are equal to a ſemicircle ; and 
fince D is the pole of NH, NH is the meaſure of the angle 
FDE, therefore the meaſure of the angle FDE is the ſupple- 
ment of the fide BC. In the ſame manner, it is ſhewn that 
the meaſures of the angles DEF, EFD are the ſupplements of 
the ſides AB, AC, in the triangles ABC, Q, E D, 


PROP. XI. FIG. 7. 


H E. three angles of a ſpherical triangle are greater 
than two right angles, and leſs than fix right 
angles. | 


The meaſures of the angles A, B, C, in the triangle ABC, 
together with the three ſides of the ſupplemental triangle 
DEF, are (10. of this) equal to three ſemicircles. but the 

three ſides of the triangle FDE, are (7. of this) leſs than two 
| ſemicircles, 
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SPHERICAL TRIGONOMETRY. 


ſemicircles, therefore the meaſures of the angles A, B, C are 
oreater than a ſemicircle, and hence the angles A, B, C are 
greater than two right angles, 

All the external and internal angles of any triangle are e- 
qual to ſix right angles, therefore all the internal angles are 
&s than fix right angles. 


PROP. XII. Fic.8. 


F from any point C, which is not the pole of the 
great circle ABD, there be drawn arches of great 
circles CA, CD, CE, CF, &c. the greateſt of theſe is 
CA, which paſles thro” H the pole of ABD, and CB the 
remainder of ACB is the lcaſt, and of any others CD, 
CE, CF, &c. CD, which is nearer to CA, is greater than 
CE, which is more remote, 


Let the common ſection of the planes of the great circles 
ACB, ADB be AB; and from C draw CG perpendicular to 
AB, which will alſo be perpendicular to the plane ADB. 
(4. Def. 11.) join GD, GE, GF. CD, CE, CF, CA, CB. 

Or all the ſtraight lines drawn from G to the circumference 
ADB, GA is the greateſt, and GB the leaſt; (7. 3.) and 
GD which is nearer GB is greater than GE, which is more 
remote. The triangles CGA, CGD are right angled at G, 
and they have the common fide CG, therefore the ſquares of 
CG, GA together, that is, the ſquare of CA is greater than 
the ſquares of CG, GD together, that is, the ſquare of CD, 
and CA is greater than CD, and therefore the arch CA is 
greater than CD, In the ſame manner, ſince GD is greater 
than GE, and GE than GF, &c. it is ſhewn that CD is 
greater than CE, and CE than CF, &c, and conſequently the 
arch CD greater than the arch CE, and the arch CE greater 
than the arch CF, &c, and ſince GA is the greateſt, and 
GB the leaſt of all the ſtraight lines, drawn from G to the cir- 
cumference ADB, it is manifeſt that CA is the greateſt, and 
CB the leaſt of all the ſtraight lines drawn from C to that cir- 
cumference, and therefore the arch CA is the greateſt, and 
CB the leaſt of all the circles drawn through C, meeting 

„ PROB. 
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PROP. XIII. Fic 9. 


N a right angled ſpherical triangle the fides are of the 
1 ſame affection with the oppoſite angles; that is, i 
the ſides be greater or leſs than quadrants, the oppo 
ſite angles will be greater or leſs than right angles. 


Let ABC be a ſpherical triangle right-angled at A, an 
ſide AB will be of the ſame affection with the oppoſite angle 
ACP. | 

Caſe 1. Let AB be leſs than a quadrant, let AE be 
quadrant, and let EC be a great circle paſling thro? E, C. 
Since A. 1s a right angle, and AE a quadrant, E is the pol 
of the great circle AC, and ECA a right angle, but ECA 
is greater than BCA, therefore BCA is leſs than a right 
angle, Q. E D. 

Caſe 2, Let AB be greater than a quadrant, make ALE 1 
quadrant, and let a great circle paſs thro' C, E. ECA is a 
right angle as before, and BCA is greater than ECA, that is 
greater than a right angle. Q. E. D. 


E 2 Wo Fe ©: 


F the two ſides of a right-angled ſpherical triangle be 

of the ſame affection, the hypothenuſe will be leſs 

than a quadrant; and if they be of different affection, the 
hy pothenuſe will be greater than a quadrant, 


Let ABC be a right-angled ſpherical triangle, if the two 
ſides AB, AC be of the ſame, or of different affection, the 
hypothenuſe BC will be leſs or greater than a quadrant. 

Caie 1ſt, Let AB, AC be each leſs than a quadrant. let 
AE, AG be quadrants, G will be the pole of AB, and E the 
pole of AC, and EC a quadrant, but, by Prop. 12. CE is 
greater than CB, fince CB is farther off from CGD than CE; 
in the-ſame manner it is ſhewn that CB in the triangle CBD, 
where the two fides CD, BN are each greater than a qua- 


drant, is leſs than CE, that is leſs than a quadrant, Q. 
E. D. 
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Caſe 2. Let AC be leſs, and AB greater than a quadrant; Fig. tv. 


then the hypothenuſe BC will be greater than a quadrant, 
for let AE be a quadrant, then E is the pole of AC, and EC 
will be a quadrant, But CPB is greater than CE by Prop, 12. 
ſince AC paſles thro” the pole of ABG. Q. E. D. 


N 
1. the hypothenuſe of a right- angled triangle be great- 


or the ſame affection. 


This is the converſe of the prece eding, and demonſtrated in 
the ſame manner. 


PROF, AVI. 


N any ſpherica! triangle ABC, if the perpendicular 
AD from A upon the baſe BC fall within the triangle, 
the angles B and C at the baſe will be of the ſame affec- 
tion; and if the perpendicular fall without the triangle, 
the angles B and C will be of different affection. 


1. Let AD fall within the triangle; then (13. of this) 
fince ADB, ADC are right-angled ſpherical triangles, the 
angles B, C muſt each be of the ſame affection as AD. 

2. Let AD fall without the triangle, then (13, of this) 
the angle B is of the ſame affection as AD; and by the ſame, 
the angle AC is of the ſame affection as. AD, therefore the 
angle ACB and AD are of different affection, and the angles 
B and ACB of different affection, 

Cor. Hence it the angles B and C be of the ſame affection, 
the perpendicular will fall within the baſe. for if it did not, 
(16. of this) B and C would be of different affection. And 
if the angles B and C be of oppoſite affection, the perpendi- 
cular will fall without the triangle ; for if it did not (16 of 
this) the angles B and C would be of the ſame affeftion, con- 
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PROP. XVII. FI G. 13. 


N right - angled ſpherical triangles the fine of either of 

the ſides about the right angle, is to the radius of 

the ſphere, as the tangent of the remaining ſide is to the 
tangent of the angle oppoſite to that ſide. 


Let ABC be a triangle, having the right angle at A; and 
let AB be either of the ſides, the ſine of the fide AB will be 


to the radius, as the tangent of the other fide AC to the tan- 


gent of the angle ABC, oppoſite to AC, Let D be the cen- 
ter of the ſphere; join AD, BD, CD, and let AE be drawn 
perpendicular to BD, which therefore will be the fine of the 
arch AB; and from the point E let there be drawn in the 
plane BDC the ſtraight line EF at right angles to BD, meeting 
DC in F, and let AF be joined. Since therefore the ſtraight 
line DE is at right angles to both EA and EF, it will alſo be 
at right angles to the plane AEF, (4. 11.) wherefore the plane 
ABD, which paſſes thro' DE, is perpendicular to the plane 
AEF, (18. 11,)and the plane AEF perpendicular to ABD. the 
plane ACD or AFD is alſo perpendicular to the ſame ABD, 
therefore the common ſection, viz. the ſtraight line AF is at 
right angles to the plane ABD. (19. 11.) and FAE, FAD are 
right angles; (3. Def. 11.) therefore AF is the tangent of 
the arch AC; and in the rectilineal triangle AEF, having a 
right angle at A, AE will be to the radius as AF to the tan- 
gent of the angle AEF, (I. Pl. Tr.) but AE is the fine of 
the arch AB, and AF the tangent of the arch AC, and the 
angle AEF is the inclination of the planes CBD, ABD, (6. 
Def. 11.) or the ſpherical angle ABC. therefore, the fine of the 
arch AB is to the radius as the tangent of the arch AC, to 
the tangent of the oppoſite angle ABC. 

Cox. 1. If therefore of the two ſides, and an angle op- 
polite to one of them, any two be given, the third will alſo 
be given. 

Cor. 2. And ſince by this propoſition the fine of the fide 
AB is to the radius, as the tangent of the other ſide AC 
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the tangent of the angle ABC oppoſite to that fide; and as 
the radius is to the co-tangent of the angle ABC, ſo is the tan- 
gent of the ſame angle ABC to the radius, (Cor. 2. Def. Pl. 
Tr.) by equality, the fine of the fide AB is to the co-tangent 
of the angle ABC adjacent to it, as the tangent of the other 
fide AC to the radius. 


R OP. XVIII. Fic. 13. 


N right-angled ſpherical triangles the fine of the hy- 
pothenuſe is to the radius, as the ſine of either ſide is 
to the ſine of the angle oppoſite to that ſide. 


Let the triangle ABC be right-angled at A, and let AC 
be either of the ſides; the finc of the hypothenuſe BC will be 
to the radius as the ſine of the arch AC is to the ſine of the 
angle ABC. 

Let D be the center of the ſphere, and let CG be drawn 
perpendicular to DB, which will therefore be the ſine of the 
hypothenuſe BC; and from the point G let there be drawn 
in the plane ABD the ſtraight line GH perpendicular to DB, 
and let CH be joined, CH will be at right angles to the plane 
ABD, as was ſhewn in the prececding Propoſition of the 
ſtraight line FA. wherefore CHD, CHG are right angles, 
and CH is the fine of the arch AC; and in the triangle 
CHG, having the right angle CHG, CG is to the radius as 
CH to the fine of the angle CGH. (1. Pl. Tr.) but ſince CG, 
HG are at right angles to DGB, which is the common ſec- 
tion of the planes CBD, ABD, the angle CGH will be equal 
to the inclination of theſe planes; (6. Def. 11.) that is, to 
the ſpherical angle ABC. The ſine, therefore, of the hypo- 
thenuſe CB is to the radius as the fine. of the ſide AC is to 
the ſine of the oppoſite angle ABC. Q. E. D. 

Cor. Of theſe three, viz. the hypothenuſe, a ſide, and the 
angle oppoſite to that ſide, any two being Prom. the third 1s 
alſo given, by Prop. 2, 
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P R 0 P. XX. FIG. 14. the 1 


N right-angled ſpherical triangles, the co. ſine of the 
hypothenuſe is to the radius as the co- tangent of ei. 
ther of the angles to the tangent of the remaining angle. I 


Let ABC be a ſpherical triangle, having a right angle at 
A, the co-fine of the hypothenuſe BC will be to the radius 
as the co-tangent of the angle ABC to the tangent of the nuſe 
angle ACB. 

Deſcribe the circle DE, of which B is the pole, and let it T1 
meet AC in F, and the circle BC in E; and fince the circle (17 . 
BD paſſes thro” the pole B of the circle DF, DF will alſo pa ſ range 
thro' the pole of BD. (13. 18. 1. Theor) and fince AC i CFE 
perpendicular to BD, AC will alſo paſs thro' the pole of of th 
BD; wherefore the pole of the circle BD will be found in the ¶ hypo 
point where the circles AC, DE meet, that is in the point F. to A 
the arches FA, FD are therefore quadrants, and likewiſe the the h 
arches BD, BE. in the triangle CEF, right-angled at the point proc: 
E, CE is the complement of the hypothenuſe BC of the tri- PL. J 
angle ABC, EF is the complement of the arch ED, which is Ce 
the meaſure of the angle ABC, and FC the hypothenuſe ol angle 
the triangle CEF, is the complement of AC, and the arch 
AD, which is the meaſure of the angle CFE, is the com- 
plement of AB. 

But (17. of this) in the triangle CEF, the fine of the fide 
CE is to the radius, as the tangent of the other ſide, is to the 
tangent of the angle ECF oppoſite to it, that is in the triangle 
ABC, the co-ſine of the hypothenuſe BC is to the radius, as 
the co-tangent of the angle ABC is to the tangent of the angle 
ACB., C E. D. 

Cor. 1. Of theſe three, viz. the bypothenuſe and the two 
angles, any two being given, the third will alfo be given. p 

Cor. 2. And fince by this Propofition the co-ſine of the 
hypothenuſe BC is to the radius as the co-tangent of the 
angle ABC to the tangent of the angle ACB. but as the ra- 
dius is to the co-tangent of the angle ACB, ſo is the tangent de C 
of the ſame to the radius; (Cor. 2. Def. Pl. Tr.) and, ex What is 
æquo, the co- ſine of the hypothenuſe BC is to the co-tangentthe ra 
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of the angle ACB, ſo is the co-tangent of the angle ABC to 
the radius. 


PN O P. XX. Fist. 14 


1 right angled ſpherical triangles, the co-ſine of an 

angle is to the radius, as the tangent of the ſide ad- 
jacent to that angle is to be tangent of the hypothe- 
nuſe. 


The ſame conſtruction remaining; in the triangle CEF, 
(17. of this) the ſine of the fide EF is to the radius; as the 
tangent of the other ſide CE is to the tangent of the angle 
CFE oppoſite to it, that is in the triangle ABC, the co- ſine 
of the angle ABC is to the radius as (the co-tangent of the 
hypothenuſe BC to the co-tangent of the fide AB, adjacent 
to ABC, or as) the tangent of the fide AB to the tangent of 
the hypothenuſe, ſince the tangent: of two arches are reci- 
procally proportional to their co-tangents, (Cor. 1. Def. 
Pl. Tr.) 

Cor. And fince by this Propoſition the co- ſine of the 
angle ABC is to the radius, as the tangent of the fide AB is 
to the tangent of the hypothenuſe BC; and as the radius is to 
the co-tangent of BC, ſo is the tangent of BC to the radius; 
by equality, the co-ſine of the angle ABC will be to the co- 
tangent,of the hypothenuſe BC, as the tangent of the fide AB 
adjacent to the angle ABC to the radjus. 


PROP, XXI. Fr G. 14. 


N right angled ſpherical triangles the co- ſine of either 
of the ſides is to the radius, as the co-ſine of the hy- 


pothenuſe is to the ro-ſine of the other ſide. 


he ſame conſtruction remaining; in the triangle CEF, the 


ſine of the hypothenuſe CF is to the radius, as the ſine of the 


de CE to the ſine of the oppoſite angle CFE. (18. of this) 
hat is in the triangle ABC the co-ſfine of the fide CA is to 


he radius, as the co-fine of the hypothenuſe BC to the co- 
ne of the other fide BA. Q. E. D 
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SPHERICAL TRIGONOMETRY.. 
PROP. XXII. Fic. 14. 


1 N right angled ſpherical triangles, the co-fine of 
either of the ſides is to the radius, as the co-ſine of 


the angle oppoſite to > that ſide is to the tine of the other 
angle. | 


The fame conſtruction remaining; ; In the triangle CET, 
the ſine of the hypothenuſe CF is to the radius as the fine of 
the fide EF is to the ſine of the angle ECF oppoſite to it; 
that is in the triangle ABC, the co- ſine of the fide CA is to 
the radius, as the co-fine of the angle ABC oppoſite to it, 1s 
to the ſine of the other angle. Q. E. D. 
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= Of the CIRCULAR PARTS. 


ne of 
other 


N any right angled ſpherical triangle ABC, the comple- F. 13. 
ment of the hypothenuſe, the complement of the angles, 
and the two ſides, are called The circular parts of the triangle, 


CEF, as if it were following cach other in a circular order, from 
ine of whatever part we begin, thus if we begin at the complement 
to it 3 of the hypothenuſe, and proceed towards the fide BA, the 
X is to parts following in order will be the complement of the hy- 
it, 15 pothnuſe, the complement of the angle B, the fide BA, the 


ide AC, (for the right angle at A is not reckoned among the 
parts,) and laſtly, the complement of the angle C. And 
thus at whatever part we begin, if any three of theſe five be 
taken, they either wil! be all contiguous er adjacent, or one 
of them will not be contiguous to either of the other two. 
In the firſt oaſe, the part which is between the other two is 
called the Middle Part, and the other two are called Adja- 
cent Extremes, In the ſecond caſe, the part which is not 
contiguous to either of the other two is called the Middle 
Part, and the other two Oppejite Extremes, For example, if 
| the three parts be the complement of the hypothenuſe BC, 
Of WU the complement of the angle B, and the fide BA; fince theſe 
BB three are contiguous to each other, the complement of the 
angle B will be the middle part, and the complement of the 
hypothenuſe BC, and the fide BA will be adjacent ex- 
tremes. but if the complement of the hypothenuſe BC, and 
the ſides BA, AC be taken; ſince the complement of the hy- 
pothenuſe is not adjacent to either of the ſides, viz. on account 
of the complements of the two angles B and C interveening 
between it and the ſides; the complement of the hypothenuſe 
BC will be the middle part and the ſides, BA, AC oppoſite 
extremes, The moſt acute and ingenious Baron Napier, 
the inventor of Logarithms, contrived the two following 
rules concerning theſe parts, by means of which all the caſes 
of right-angled ſpherical triangles are reſolved with the great- 
eſt caſe, 
R U L E I. 
The rectangle contained by the radius and the fine of the 
11 2 middle 
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middle part, is equal to the rectangle contained by the tan- 
gents of the adjacen? parts. ; 
R U L E. IL 

The rectangle contained by the radius, and the fine of the 
middle part is equal to the rectangle contained by the co- 
ſines of the oppoſite parts, 
Theſe rules are demonſtrated in the following manner. 
Firſt, Let either of the ſides, as BA, be the middle part, 


and therefore the complement of the angle B, and the {ide 


AC will be adjacent extremes. And by Cor. 2. Prop. 17. of 
this, S, BA is to the Co-T, B, as T, AC is to the radius, and 
therefore R X 8, BA = Co T, BX, T. AC. 

The ſame ſide BA being the middle part, the complement 
of the hypothenuſe, and the complement of the angle C, are 
oppoſite extremes; and by Prop. 18. 8, BC is to the radius 
as 8, BA to 8, C; therefore RX S, BA = 8, BC. X 8, C. 

Secondly, Let the complement of one of the angles, as 
B, be the middle part, and the complement of the hypothe- 
nuſe, and the fide BA will be adjacent extremes. and by Cor. 
Prop 20. Co 8, Bis to Co T, BC, as T, BA is to the radius, 
and therefore R X Co 8, B Co T, BC X T, BA. 

Again, Let the complement of the angle B be che middle 


part, and the complement of the angle C, and the fide AC 


will be oppoſite extremes. And by Prop. 22. Co 8, AC is to 
the radius, as Co 8, Bis to 8, C. and therefore R X Co 8, 
B = Co 8, AC X 8, C. | 

Thirdly, Let the complement of the hypothenuſe be the 
middle part, and the complements of the angles B, C, will 
be adjacent extremes. but by Cor. 2. Prop. 19. Co 8, BC is 
to Co T, Cas Co T. B to the radius. therefore R X Co 8, 
BC= Co T. B X Co T. C. 

Again, Let the complement of the hypothenuſe be the 
middle part, and the ſides AB, AC will be oppoſite extremes. 
but by Prop. 21. Co 8, AC is to the radius, as Co 8, BC to 
Co 8, BA; therefore RX Co 8, BC = Co S, BA X Co 8, 
AC. Q. E. D. | | 
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SOLUTION of the Sinteon CASES 5 


E 1 


right-angled Spherical triangles. 


In the following Table the Solutions are derived from the 


preceeding Propoſitions, 


It is obvious that the ſame So- 


lutions may be derived from Baron Napier's two rules above 
demonſtrated, which, as they are calily remembred, arc 
commonly uſed in practice. 


Caſe 


—  — 


4 


| 


: m 


Given 


Sought 
'B es, AC: Ces. .32 1 
of the ſame ſpecies with CA, by 22. and 13. | 
Te 5 [1 
C Co 8, AC: R:; Co 8, B: 8, C. by zz, 
ae IS. C: Co 8, B:: R: Co 8, AC. by 25, and 
| AC is of the ſame ſpecies with B. 13. 
— TVT 
R: Cos, BA: : Cos, AC: Cos, BC. 21. and if 
BC | both BA, AC be greater or leſs than a quadrant, | 
BC will be leſs than a quadrant. But if they | 
be of different affection, BC will be greater 
than a quaarant. 4. 5 
Co 8, BA: R:: Co 8, BC: Co S. AC. 21. 
AC and if BC be greater or leſs than a quadrant, 
BA, AC will be of different or the ſame af- 
fection. by 15. 
8 S, BA: R:: T, CA: T, B. 17. and z is 


of the ſame afſeRion with AC, 13. 


— a 


Caſe 


SPHERICAL TRIGONOMETRY. 
Caſe} Given [ought | 
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R: 8, BA:: T, B: T, A. 17. and AC is 
7 | BA,B AC | of the ſame affection with B. 13. 


— — — N — — — — — 8 


1 ee. ce ca. ret 


| 8 Ac, BBA T, B: R:: T, CA: 8, BA. 14. 
1 | 2 x 
| | | Re COS 25.23.98: To CA. $6. RC bet | 
els or greater then a quadrant, C and B will 
| 9 Bc. C | AC be of the ſame or different affection. 15, ſine: 

B 13. 

ah as aan me — — 5 — = — 2 F 
Co S,C:R::T, AC: F. hc. ae. and BC is _ 
els or greater than a quadrant, according as C nuſe 
| 10 AC, C BC and AC or C and B are of the ſame or dif- as t 
| terent affectiops. 14. 15 i | 1 
3 RC: R:: T. CA: Co Ss. e., $0. If * 
I BC. cal © BC be leſs or greater than a quadrant, CA ; N 
3 p and AB; and therefore CA and C are of the 0 


ſame or different affection. 1 5. 


4 oF. 


; RE . 
| 

| R:S,BC:: 8, B: 8, AC. 18. and AC is 
of the ſame affection with B. 


AC 


\ MIN. Os. ? K- — 
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BC 8, B: 8, AC:: R: 8, BC: 18. 


— — „ 


ö | 
B 8, BO: R:: 8, AC: 8, B: 18. and B is of 
I the ſame affection with AC. | | 


| —|——- - al 

{ . C: R: Co T, B: Co 8, BC. 19. and 
Bo | according as the angles B and C are of dif- 

1 ferent or the ſame affection, BC will be great : 
er or leſs chan a quadrant. 14. | 
R: co 8, BC: : F. C: Co T. B. M. It BC. < 

B be leſs or greater than a quadrant, C and B 1 


will be of the ſame or different affection. 1 5. 
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SPHERICAL TRIGONOMET RT. 
The ſecond, eight, and thirteenth caſes, which are com- 
monly called ambiguous, admit of two ſolutions. for in theſe 
it is not determined whether the arch or angle ſought he 
greater or leſs than a quadrant. 


P R O P. XXIII. FI G. 16. 


IN ſpherical triangles, whether right · angled or oblique 
angled, the ſines of the ſides are W to the 
ſines of the angles oppo ſite to them. 


Firſt, Let ABC be a right-angled triangle, having a right 
angle at A; therefore by Prop. 18. the fine of the hypothe- 
nuſe BC is to the radius (or the ſine of the right angle at A) 
as the ſine of the fide AC to the fine of the angle B. And, 
in like manner, the ſine of BC is to the fine of the angle A, 
as the fine of AB to the fine of the angle C; wherefore (11. 
5.) the ſine of the ſide AC is to the ſine of the angle B, as 


the ſine of AB to the ſine of the angle C. 


Secondly, Let BCD be an oblique-angled triangle, the fine 
of either of the ſides BC, will be to the ſine of either of 
the other two C, D, as the fine of the angle D oppaſite to 
BC is to the fine of the angle B oppoſite to the ſide CD. 
Through the point C let there be drawn an arch of a great 
circle CA perpendicular upon BD; and in the right-angled 
triangle ABC (18. of this) the ſine of BC is to the radius, as 
the fine of AC to the ſine of the angle B; and in the triangle 
ADC (by 18. of this.) and, by inverſion, the radius is to the 
ſine of DC as the (ine of the angle D to the fiae of AC, 
therefore, ex acquo perturbato, the ſine of BC is to the 


fine of DC, as the ſine of the angle D to the ſine of the 


angle B. Q. E. D. 


PROP. XXIV. Fic. 17. 18, 


Þ oblique-angled ſpherical triangles, having drawn E 


perpendicular arch from any of the angles upon the 
oppoſite fide, the co: ſines of the angles at the baſe are 
proportional to the ſines of the vertical angles. 


Let 
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Let BCD be a triangle, and the arch CA perpendicular to 
the baſe BD; the co-line of the angle B will be to the co-Gne 
of the angle D, asthe fine of the angle BCA to the fine of 
the angle DCA. 

For by 22. the co-fine of the angle B is to the ſine of the 


angle BCA as (the co-ſine of the fide AC is to the radius; Fo 
that is, by Prop. 22. as) the co-fine of the angle D to the radiu 
fine of the angle DCA; and, by permutation, the co- ſine of the f. 
the angle B is to the co- ſine of the angle D, as the fine of the fine « 
angle BCA to the fine of the angle DCA. Q. E. D. of C 
1 4 | angle 
of D. 
PROP: AAV.:; Fa6;:29,;:208 
T* ſame things remaining, the co- ſines of the ſides 

BC, CD, are proportionals to the coſines of the IN 

baſes BA, AD. 1 
F | . eithe 

For by 21. the co: ſine of BC is to the co-fine of BA, * 
as (the co- ſine of AC to the radius; that is, by 21, as) the adjac 
co- ſine of CD is to the co- ſine af AN. wherefore, by permu- and e 
tation, the co- ſines of the ſides BC, CD are proportional to angle 
the co-fines of the baſes BA, AD. Q. E. D. . 
| be to 
} ne PR OP: XXVI. Fre. 17. * 
HE ſame conſtruction remaining, the ſines os the get 


| baſes BA, AD reciprocally, are proportional to D th, 


| the rangents of the angles B and D at the baſe. Bc DEW) 
+ Yes 3 . | F let 

| For by 17, the fine of BA is to the radius, as the tangent made 
8 of AC to the tangent of the angle B; and by 17. and inver- fine o 
| | fion, the radius is to the fine of AD, as the tangent of D to becau 
1 the tangent of AC. therefore, ex æquo perturbato, the ſine is to 
| of BA is to the ling of AD, as the tangent of D to the tan- the r: 
q gent of B. EDF 
yerſec 

| PROP. 
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P R O P. XXVII. Fic. 17. 18. 


HE co-ſines of the vertical angles are reciprocally 
proportional to the tangents of the ſides. 


For by Prop. 20. the co- ſine of the angle BCA, is to the 
radius as the tangent of CA is to the tangent of BC; and by 
the ſame Prop. 20. and by inverſion, the radius is to the co- 
fine of the angle DCA, as the tangent of DC to the tangent 
of CA. therefore ex æquo perturbato, the co- ſine of the 
angle BCA is to the co- ſine of the angle DCA, as the tangent 
of DC is to the tangent of BE, Q. E. D). 


LEMMA, Fic. 19. 20. 


N right-angled plain triangles, the hypothenufe is to 
the radius, as the exceſs of the hypothenuſe above 


either of the ſides to the verſed fine of the acute angle 


adjacent to that fide, or as the ſum of the hypothenuſe, 
and either of the tides to the verſed ſine of the exterior 
angle of the triangle. 

Ket the taiangle ABC have a right angle at B; AC will 


be to the radius as the exceſs of AC above AB, to the verſed 
as the ſum of AC, 
AB to the verſed ſine of the exterior angle CAK. 

With any radius DE let a circle be deſcribed, and from 
D the center let DF be drawn to the circumference, making 


the angle EDF equal to the angle BAC, and from the point 


F let FG be drawn perpendicular to DE. let AH, AK be 


made equal to AC, and DL to DE. DG therefore is the co- 


fine of the' angle EDF or BAC, and GE its verſed fine. and 


becauſe of the equiangular triangles ACB, DFG, AC or AH 


is to DF or DE, as AB to DG. therefore (19. 5.) AC is to 
the radius DE as BH to GE, the verſed ſine of the angles 
EDF or BAC. and ſince AH is to DE, as AB to DG, (12. 
5.) AHor AC will be to the radius DE, as KB to LG, the 
yerſed ſine of the angle LDF or KAC. Q. E. D. 


PROP. 
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PROP. XXVIII. 


N any ſpherical triangle the rectangle contained by the 
ſines of two ſides, is to,the ſquare of the radius as 
the exceſs of the verſed ſines, of the third fide or baſe, 
and the arch, which is the exceſs of the ſides, is to the 
verſed fine of the angle oppoſite to the baſe. 


Let ABC be a ſpherical triangle, the rectangle contained 
by the fines of AB, BC, will be to the ſquare of the radius, 
as the exceſs of the verſed fines of the baſe AC, and of the 
arch, which is the exceſs of AB, BC to the verſed fine of 
the angle ABC oppoſite to the baſe. 

Let D be the center of the ſphere, and let AD, BD, CD 
be joined, and let the fines AE, CF, CG of the arches AB, 
BC, AC be drawn. let the ſide BC be greater than BA, and 
let BH be made equal to BC, AH will therefore be the ex- 
ceſs of the fides BC, BA; let HK be drawn perdendicular to 
AD, and fince AG is the verſed fine of the baſe AC, and 
AK the verſed fine of the arch AH, KG is the exceſs of the 
verſed fines of the baſe AC, and of the arch AH, which is 
the exceſs of the ſides BC, BA, let GL likewiſe be drawn 
parallel to KH, and let it meet FH in L, let CL, DH be 
joined, and let AD, FH meet each other in M. 

Since therefore in the trjangles CDF, HDF, DC, DH 
are equal, DF is common, and the angle FDC equal to the 
angle 'FDH, becauſe of the equal arches BC, BH; the baſe 
HF will be equal to the baſe FC, and the angle HFD equal 
to the right angle CFD. the ſtraight line DF therefore (4. 
11.) is at right angles to the plane CFH. wherefore the plane 
CFH is at right angles to the plane BDH, which paſſes thro” 
DF. (18. 11.) In like manner ſince DG is at right angles to 
both GC and. GL, DG will be perpendicular to the plane 
CGL; therefore the plane CG is at right angles to the plane 
BDH, which paſſes thro' DG. and it was ſhewn that the 
plane CFH or CFL, was perpendicular to the ſame plane 
BDH; therefore the common ſection of the planes CFL, 
CGL, viz. the ſtraight line CL is perpendicular to the plane 
BDA, (19. 11.) and therefore CLF is a right angle. in the 
triangle CFL having the right angle CLF, by the Lemma CF 
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is to the radius as LH, the exceſs, viz. of CF or FH above 
FL, is to the verſed fine of the angle CFL. but the angle 
CFL is the inclination of the planes BCD, BAD, fince FC, 
FL are drawn in them at right angles to the common ſec- 
tion BF, the ſpherical angle ABC is therefore the ſame 
with the angle CFL; and therefore CF is to the radius as 
LH to the verſed fine of the ſpherical angle ABC. and fince 
the triangle AED is equiangular (to the triangle MFD, and 
therefore) to the triangle MGL, AE will be to the radius of 
the ſphere AD, as (MG to ML; that is, becauſe of the pa- 
rallels as) GK to LH. the ratio therefore which is compound- 
ed of the ratios of AE to the radius, and of CF to the ſame 
radius; that is, (23. 6.) the ratio of the rectangle contained 
by AE, CF to the ſquare of the radius, is the ſame with the 
ratio compounded of the ratio of GK to LH, and the ratio 
of LH to the verſcd ſine of the angle ABC; that is, the ſame 
with the ratio of GK to the verſed fine of the angle ABC: 
therefore the rectangle contained by AE, CF, the ſines of the 
ſides AB, BC is to the ſquare of the radius as GK, the exceſs 
of the verſed fines of AG, AK, of the baſe AC, and the 
arch AH, which is the exceſs of the fides to the verſed fine 
of the angle ABC oppoſite to the baſe AC. Q. E. D. 


PROP. XXX. Fic. 23. 


HE rectangle contained by half of the radius, and 

the excels of the verſed fines of two arches, is e- 

qual to the rectangle contained by the fines of half the 
* and half the difference of the ſame arches. 


Let AB, AC be any two arches, and let AD be made e- 
qual to AC the leſs. the arch DB therefore is the ſum, and 
the arch CB the difference of AC, AB. thro” E the center 
of the circle let there be drawn a diameter DEF, and AE 
joined, and CD likewiſe perpendicular to it in G; and let 
BH be perpendicular to AE, and AH will be the verſed ſine 
of the arch AB, and AG the verſed fine of AC, and HG the 
exceſs of theſe verſed fines. let BD, BC, BF be joined, and 
FC alſo meeting BH in K. 

Since therefore BH, CG are parallel, the alternate angles 
BKC, KCG will be equal, but KCG is in a ſemicircle, and 

therefore 
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therefore a right angle; therefore BKC is a right angle. and 
in the triangles DFB, CBK, the angles FDB, BCK in the 
ſame ſegment are equal, and FBD, BEC are right angles; 
the triangles DFB, CBK are therefore cquiangular ; wherefore 
DF is to DB, as BC to CK, or HG; and therefore the rect- 
angle contained by the diameter DF, and HG is equal to that 
contained by DB, BC; wherefore the rectangle contained by 

2 fourth part of the diameter, and HG, is equal to that con- 
tained by the halves of DB, BC. but half the chord DB is 


the fine of half the arch DAB, that is, half the ſum of the 


arches AB, AC; and half the chord of BC is the ſine of half 
the arch BC, which is the difference of AB, AC. Whence 
the Propoſition i is manifeſt, 


PROP. XXX. F1c 19. 24. 


HE rectangle contained by half of the radius, and 
the verſcd fine of any arch, is equal to the ſquare 
of the ſine of half of the fame arch. 


Let AB be an arch of a circle, C its center, and AC, CB, 
BA being joined. let AB be biſected in D, and let CD be 
joined, which will be perpendicular to BA, and biſect it in E. 
(4. 1.) BE or AE therefore is the fine of the arch DB or 
AD, the half of AB. let BF be perpendicular to AC, and 
AF will be the verſed fine of the arch BA. but becauſe of the 
fimilar triangles CAE, BAF, CA is to AE as AB, that is, 
twice AE to AF; and by halving the antecedents, half of the 
radius CA is to AE the fine of the arch AD, as the ſame 
AE to AF the verſed fine of the arch AB. W by 
16. 6. the Propoſition is manifeſt. 


P RO FP. XAXI, Frs. 25. 

N a ſpherical triangle, the rectangle contained by the 
the ſines of the two ſides, is to the ſquare of the ra- 
dius, as the rectangle contained by the ſine of the arch 
which is half the ſum of the baſe, and the exceſs of the 
ſides, and the ſine of the arch, which is half the diffe- 
rence of the ſame to the ſquare of the ſine of half the 
angle oppoſite to the baſe. 
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Let ABC be a ſpherical triangle, of which the two ſides 
are AB, BC, and baſe AC, and let the leſs fide BA be pro- 
duced, ſo that BD ſhall be equal to BC; AD therefore is the 
exceſs of BC, BA; and it is to be ſhewn, that the rectangle 
contained by the ſines of BC, BA is to the ſquare of the ra- 
dius, as the rectangle contained by the fine of half the ſum 
of AC, AD, and the ſine of half the difference of the ſame 
AC, AD to the ſquare of the fine of half the —_— ABC, 
oppoſite to the baſe AC, 


Since by Prop. 28. the rectangle contained by the ſines of 


the ſides BC, BA is to the ſquare of the radius, as the exceſs 
of the verſed fines of the baſe AC and AD, to the verſed 
ſine of the angle B; that is, (1, 6.) as the rectangle contained 
by half the radius, and that exceſs, to the rectangle contain- 
ed by half the radius, and the verſed fine of B; therefore 
(29. 30. of this,) the rectangle contained by the fines of the 
ſides BC, BA is to the ſquare of the radius, as the rectangle 
contained by the ſine of the arch, which is half the ſum of 
AC, AD, and the fine of the arch which is half the diffe- 
rence of the fame AC, AD is to the ſquare of the fine oc 
half the angle ABC. Q. E. D. 
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SOLUTION of the twelve CAsEs of oblique- 


angled SPHERICAL TRIANGLES, 


| 


| Girvex. 'Sovenr.| 
B, D, an Co 8, BC ; R:: Co T, B: T, BCA. 
T | BC, two an- 19. Likewiſe by 24. CoS, B: 8, BCA: : 
gles and a fide C. Co 8, D :S, DCA. wherefore BCD is 
oppoſite to the ſum or difference of the angles DCA, 
one of them. BCA according as the perpendicular CA 
| | falls within or without the triangle BCD ; 
that is, (16. of this.) according as the 
angles B, D are of the ſame or different 
affection. 
| B, C, =) ; Co 8, BC: R:: Co T, 3: . BCA. 
2 BC two angles D | 19. and alſo by 24. 8, BCA: 8, DCA: : 
and the ſide [Co s, B Co 8, D. and according as the 
between them. angle BCA is leſs or greater than BCD, 
the perpendicular CA falls within or with- 
out the triangle BCD; and therefore 
(16. of this.) the angles B, D will be of 
the ſame or different affection. 
e R: Co 8, B:: T. BC: T, BA. 20. 
and B. and Co 8, BC: Co 8, BA: : Co 8, DC: 
Cos, DA. 25. and BD is the ſum or dif- 
| ference of BA, DA. 
BC, DB, CD Nees Di. . 
4 and B. r and Co 8, BA: Co 8, BC :: Co S, DA: 
Co 8, DC. 25. and according as DA, AC 
are of the ſame or different affection, DC 
will be leſs or greater than a quadrant. 
4. 


GIYEX. 
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| Grvex, \SoucuT 


— — — — — — — — —ũ — — 4. 


» 


f f | « R: Cos, B:: T, BC: T. BA. 20. 
ique- 5 B. D and DB. and T, D: T. B ;: 8. BA : S, DA. 26. 
* BC. | * | and BD is the ſum or difference of BA, 


| DA. - | | 
— —— — 28 — . cw — 
| | | Ri CoS,.Ki iT, BCT BA. 20. and 
— — 6 | BC, BD 4 S, D 8, BA * 1 B: T5 D. and'ac- 
and B. D. | cording as BD is greater or leſs than BA, 
„BCA. the angles B, D are of the ſame or diffe- | 
BCA : : | | rent affection. 16, | 
30D is +04 3 8 
s DCA, | 5 a : i 
lar CA | Co 8, BC: R:; Co T, B: T, BCA. 
BCD; 7 | BC. DC 10. and T, DC: T, BC; : Co 8, BCA: 
as the and B . _ | CoS, DCA. 27. che ſum or difference of 3 
ifferent CE": the angles BCA, DCA is equal to the | 
| | angle BCD. ; 4 i 
mmm — — — — — — ny axis vo ado wm its ö 
BCA | 20 | Cos, BS R; Cor, B T. BCA. | 
YCA 57 | : 19. alſo by 27. Cos, 1 * BCA :: 

* FF ? af I, BC: T, DC. 25. if DCA and B be 
22 1 , 4. * ö DC. | of the ſame affection; that is, (13. ) if | | 
wich. | ; Ab and CA be ſimilar, DC will belefs | 
ene than a quadrant, 14. and if AD, CA be | 
U be of not of the ſame affection, DC is greater 

than a quadrant. 14. 

BC, DC 
Te 0 a1 | D 8. CD; 8, B:: 8, BC: 8, D. | 
5, DC 2 | — — — — — my ; PE 1 
| or dif- „ . 8, D;: 8, BC :: 8, B: 8, DC. 
e 1 * N 

, DA: BC, BA, 2 
A, AC 11 | AC B. XS, AC—AD : 89, ABC. See Fig. 25. 
on, DC Fig. 25. 2 2 . 
adrant. 8 8 being the difference of the ſides BC, 
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Given, SouGnHT 


8 wn 


= we See FIG. 7. 


In the triangle DEF, DE, EF, FD are Pag 
reſpectively the ſupplements of the mea- 
A, B C. The | ſures of the given angles B, A, C in the 
Fig. 7. ſides. | triangle BAC. the ſides of the triangle 
DEF are therefore given, and by the pre- 
ceeding caſe the angles D, E, F may be 
found, and the ſides BC, BA, AC are the 
ſupplements of the meaſures of theſe 
angles. | 


The 3d, sth. 7th, gth, 10th baſes, which are common- 
ly called ambiguous, admit of two ſolutions, cither of which 
will anſwer the conditiens required; for in theſe caſes, the 
angle or fide ſought, may be either greater or leſs than a 
quadrant, and the two ſolutions will be ſupplements to each 
other, (Cor. to Def. 56. PI. 'Tr.) 

If from any of the angles of an oblique-angled ſpherical 
triangle, a perpendicular arch be drawn upon the oppoſite 
fide, moſt of the baſes of oblique-angled triangles may be re- 
ſolved by means of Napier's rules. 


e mea- 
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* theſe 
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be re · 


The following Exrons muſt be corrected, as they obſcure 


the Senſe. 
Inſtead of 2 RAD 

Page. 478. J. 33+ Point GK, | Points G, K, 

400. J. 14. 1 and 

486. J. 18. (Def. 3. 11) (8. Def. 11.) 

487. I. 2Z+. AF, GF 

488. |. 20. Semicircle, Circle. 

490, J. 12. D the, E the 

491. J. 21. nearer GB, nearer to GA 

493- J. Fo ABG, ABD. 

496. J. 12. (13, 18. 1. Theor.) (13. x5+ 1. Theod. Spher,) 

500. J. 12. CoT, BX, T, AC, Cor, BX T, AC 

got. Caſe 3. by 25. by az. 

503 | 15. Fig. 17. 18. Wanting on the margin, 

_ $03. I. 19. D, CD, 

504. | 22. AD reciprocally, are, AD, are reciprocally 

$07. L 20. of AG, AG © 

510. af the top of the Margin. Fig. 26. 27. wanting. 

511. bales, Caſes 

Adem. baſes, Caſes. 
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